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147.

A MEMOIR ON THE SYMMETRIC FUNCTIONS OF THE ROOTS
OF AN EQUATION.

[From the Philosophical Transactions of the Royal Society of London, vol. CXLVIL for
the year 1857, pp. 489—499. Received December 18, 1856,—Read January 8, 1857.]

THERE are contained in a work, which is not, I think, so generally known as it
deserves to be, the ¢ Algebra” of Meyer Hirsch [the work referred to is entitled
Sammlung von Beispielen Formeln und Aufgaben aus der Buchstabenrechnung und
Algebra, 8vo. Berlin, 1804 (8 ed. 1853), English translation by Ross, 8vo. London,
1827] some very useful tables of the symmetric functions up to the tenth degree -
of the roots of an equation of any order. It seems desirable to join to these a set of
tables, giving reciprocally the expressions of the powers and products of the coefficients
in terms of the symmetric functions of the roots. The present memoir contains the
two sets of tables, viz. the new tables distinguished by the letter (@), and the tables
of Meyer Hirsch distinguished by the letter (b); the memoir contains also some
remarks as to the mode of calculation of the new tables, and also as to a peculiar
symmeétry of the numbers in the tables of each set, a symmetry which, so far as I
am aware, has not hitherto been observed, and the existence of which appears to
constitute an important theorem in the subject. The theorem in question might, I
think, be deduced from a very elegant formula of M. Borchardt (referred to in the
sequel), which gives the generating function of any symmetric function of the roots,
and contains potentially a method for the calculation of the Tables (b), but which,
from the example I have given, would not appear to be a very convenient one for
actual calculation.

Suppose in general
@, b c¢..01, 2)°=(1—a) 1 —Bz)(1 —y2)...,
so that
; —b=3a, +c=3a8, —d=3uby, &,
and if in general
(pgr...) =2a2B%" ...,
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418 A MEMOIR ON THE SYMMETRIC FUNCTIONS [147

where as usual the summation extends only to the distinct terms, so that e. g (»
contains only half as many terms as (pg), and so in all similar cases, then we have

=b=Q1), +ec=(1) -—d=(I), &c;
and the two problems which arise are, first to express any combination bPc?... in terms

of the symmetric functions (#*mv...), and secondly, or conversely, to express any
symmetric function (/*m¥...) in terms of the combinations b¥c?....

It will conduce materially to brevity if 1#2¢... be termed the partition belonging
to the combination b%¢t...; and in like manner if *m¥... be termed the partition
belonging to the symmetric function (*m?...), and if the sum of the component
numbers of the partition is termed the weight.

Consider now a line of combinations corresponding to a given weight, e.g. the
weight 4, this will be
e bd ¢ bc b (line)
A R i Ll
where I have written under each combination the partition which belongs to it, and
in like manner a column of symmetric functions of the same weight, viz.

(4) (column)

(31)

(29

(21%)

(19,
where, as the partitions are obtained by simply omitting the ( ), I have not separately
written down the partitions.

It is at once obvious that the different combinations of the line will be made up
of numerical multiples of the symmetric functions of the column; and conversely, that
the symmetric functions of the column will be made up of numerical multiples of the
combinations of the line; but this requires a further examination. There are certain
restrictions as to the symmetric functions which enter into the expression of the com-
bination, and conversely, as to the combinations which enter into the expression of the
symmetric function. The nature of the first restriction is most clearly seen by the
following Table :

: Combinations . . : Number of |
Number of | Greatest ; : Contain Multiples of the Greatest Part A
Parts, Part. mthpgﬁgi;i:ml Symmetric Functions. does not-exceed ;; ';’;t:h':;: i
|

1 4 6 4 (1%, 1 4

2 3 bd 13 (@) (212 2 3

2 2 EE (1%, (213), (2, 2 2

3 9 b2 129 (19, (219, (23, (31), 3 9

" . o1 1Y, @1, () (31), (4) t 1
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147] OF THE ROOTS OF AN EQUATION. 419

Thus, for instance, the combination bd (the partition whereof is 13) contains multiples
of the two symmetric functions (1), (21?) only. The number of parts in the partition
13 is 2, and the greatest part is 3. And in the partitions (1¢), (21?) the greatest part
is 2, and the number of parts is not less than 3. The reason is obvious: each term of
the developed expression of bd must contain dt least as many roots as are contained
in each term of d, that is 8 roots, and since the coefficients are linear functions in
respect to each root, the combination bd cannot contain a power higher than 2 of any
root. The reasoning is immediately applied to any other case, and we obtain

First Restriction.—A combination bPc¢%... contains only those symmetric functions
(I*mv...), for which the greatest part does not exceed the number of parts in the
partition 1729..., and the number of parts is not less than the greatest part in the
same partition.

Consider a partition such as 122, then replacing each number by a line of units
thus,

11,

and summing the columns, we obtain a new partition 31, which may be called the
conjugate of 1?°2. It is easy to see that the expression for the combination b% (for
which the partition is 122) contains with the coefficient unity, the symmetric function
(31), the partition whereof is the conjugate of 122. In fact b% = (—Z2a)*(2aB), which
obviously contains the term + 1¢®8, and therefore the symmetric function with its
coefficient +1(31); and the reasoning is general, or

THEOREM. A combination b%¢... contains the symmetric function (partition conjugate
to 1#22...) with the coefficient unity, and sign + or — according as the weight is even
or odd.

Imagine the partitions arranged as in the preceding column, viz. first the partition
into one part, then the partitions into two parts, then the partitions into three parts,
and so on; the partitions into the same number of parts being arranged according to
the magnitude of the greatest part (the greatest magnitude first), and in case of
equality according to the magnitudes of the next greatest part, and so on (for other
examples, see the outside column of any one of the Tables). The order being thus
completely defined, we may speak of a partition as being prior or posterior to another.
We are now able to state a second restriction as follows.

Second Restriction.—The combination b?¢?... contains only those symmetric functions
which are of the form (partition not prior to the conjugate of 172¢...).

The terms excluded by the two restrictions are many of them the same, and it
might at first sight appear as if the two restrictions were identical; but this is not

1 The notion of Conjugate Partitions is, I believe, due to Professor Sylvester or Mr Ferrers. [It was due to
Mr now Dr Ferrers.]
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420 A MEMOIR ON THE SYMMETRIC FUNCTIONS [147

so: for instance, for the combination bd? see Table VII (a), the term (41%) is excluded
by the first restriction, but not by the second; and on the other hand, the term
(8%1), which is not excluded by the first restriction, is excluded by the second restriction,
as containing a partition 3°1 prior in order to 322, which is the partition conjugate
to 13?% the partition of bd%. It is easy to see- why bd* does not contain the symmetric
function (3°1); in fact, a term of (8°1) is (a®B%y), which is obviously not a term of
bd? = (— Za) (ZaBy)*; but I have not investigated the general proof.

I proceed to explain the construction of the Tables (a). The outside column
contains the symmetric functions arranged in the order before explained; the outside or
top line contains the combinations of the same weight arranged as follows, viz. the
partitions taken in order from right to left are respectively conjugate to the partitions
in the outside column, taken in order from top to bottom; in other words, each square
of the sinister diagonal corresponds to two partitions which are conjugate to each other.
It is to be noticed that the combinations taken in order, from left to right, are not
in the order in which they would be obtained by Arbogast’'s Method of Derivations
from an operand a® a being ultimately replaced by unity. The squares above the
sinister diagonal are empty (i.e. the coefficients are zero), the greater part of them in
virtue of both restrictions, and the remainder in virtue of the second restriction; the
empty squares below the sinister diagonal are empty in virtue of the second restriction;
but the property was not assumed in the calculation.

The greater part of the numbers in the Tables (a) were calculated, those of each
table from the numbers in the next preceding table by the following method,
depending on the derivation of the expression for b”*%¢c?... from the expression for b2cq...
Suppose, for example, the column.cd of Table V (a) is known, and we wish to calculate
the column bed of Table VI(a). The process is as follows:

Given
}221 { 213‘ 13

ot
we obtain
331 ) ;28 L 312 [ 25X DI L 18

1 3 2
e g 1
10 | 60

1 . 3~ 35822} 40

where the numbers in the last line are the numbers in the column bed of Table
VI(a). The partition 2°1, considered as containing a part zero, gives, when the parts
are successively increased by 1, the partitions 321, 23, 2?1% in which the indices of the
increased part (ie. the original part plus unity) are 1, 3, 2; these numbers are taken
as multipliers of the coefficient 1 of the partition 221, and we thus have the new
coefficients 1, 3, 2 of the partitions 321, 2% 2212 In like manner the coefficient 8 of
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147] OF THE ROOTS OF AN EQUATION. 421

the partition 21% gives the new coefficients 3, 6, 12 of the partitions 313, 2212, 214
and the coefficient 10 of the partition 1° gives the new coefficients 10, 60 of the
partitions 214 and 1% and finally, the last line is obtained by addition. The process
in fact amounts to the multiplication separately of each term of ¢d=

1(2:1) + 3 (21°) + 10 (1°)

by b=(1). It would perhaps have been proper to employ an analogous rule for the
calculation of the combinations c¢%d"... not containing b, but instead of doing so I
availed myself of the existing Tables (b). But the comparison of the last line of each
Table (a) (which as corresponding to a combination b? was always calculated in-
dependently of the Tables (b)) with such last line as calculated from the corresponding
Table (b), seems to afford a complete verification of both the Tables; and my process
has in fact enabled me to detect several numerical errors in the Tables (b), as given
in the English translation of the work above referred to. It is not desirable, as
regards facility of calculation and independently of the want of verification, to calculate
either set of Tables wholly from the other; the rules for the independent calculation
of the Tables (b) are fully and clearly explained in the work referred to, and I have
nothing to add upon this subject.

The relation of symmetry, alluded to in the introductory paragraph of the present
memoir, exists in each Table of either set, and is as follows: viz. the number in the
Table corresponding to any two partitions in the outside column and the outside line
respectively, is equal to the number corresponding to the same two partitions in the
outside line and the outside column respectively. Or, calling the two partitions P, @,
and writing for shortness, combination (P) for the combination represented by the
partition P, and for greater clearness, symmetric function (P) (instead of merely (P))
to denote the symmetric function represented by the partition P, we have the following
two theorems, viz.

THEOREM. The coefficient in combination (P) of symmetric function (@) is equal
to the coefficient in combination (@) of symmetric function (P);

and conversely,

THEOREM. The coefficient in symmetric function (P) of combination (@) is equal
to the coefficient in symmetric function (@) of combination (P).

M. Borchardt’s formula, biée referred to, is given in the ¢Monatsbericht’ of the
Berlin Academy (March 5, 1885)%, and may be thus stated; viz. considering the case of
7 roots, write

@, b, ¢ ... k01, =1 —az)(1 — B=)...(1 — kz) = fz,
then

! 1 1 \ 1, . fefy.fu d d dIll(=zy..u
(1—0:.93 l—ﬁy"'l—/cu>—ﬁ(_) (z, y,...u) de dy"""du  fafy...fu ’

1 And in Crelle, t. liii. p. 195.—Note added 4th Dec. 1857, A. C.
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422 A MEMOIR ON THE SYMMETRIC FUNCTIONS [147

where II (=, 9,...u) denotes the product of the differences of the quantities z, y, ...,
and on the left-hand side the summation extends to all the different permutations of
a, f3, ... k, or what is the same thing, of @, v, ... w

Suppose for a moment that there are only two roots, so that
1, b, Y1, @p=(1-az)(1—p2),

then the left-hand side is

1 i |
A—az)(1-By) " (T =ay) (1 - Ba)’

which is equal to
2+ (a+B8) (z+y) + (@ + B (& + ¥°) + 2aBay + (& + B°) (& + ¥°) + ('8 + af°) (@Y + 2y) + &,

and the right-hand side is

1: fwfy d dx-y
¢ ' a—ydzdy fafy’
which is equal to
1 fafy {f ‘afy—fyfe+(@—y)f'af y}
6.3 (=) (fy» :

and therefore to

| =

il ey Y

or substituting for f, fy their values,

fafy —fyfe
s

[+

becomes equal to

2¢ — b — be (z + y) — 2cxy,
and f'zf’y is equal to

b* + 2be (z + y) + 4c*zy.
The right-hand side is therefore equal to

24+b(z+y)+ 2y
A +bz+ca®) (1 +by +cy?)’

and comparing with the value of the left-hand side, we see that this expression may
be considered as the generating function of the symmetric functions of (a, B), viz. the
expression in question is developable in a series of the symmetric functions of (=, ),
the coefficients being of course functions- of b and ¢, and these coefficients are (to
given numerical factors prés) the symmetric functions of the roots (a, B).
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147] OF THE ROOTS OF AN EQUATION. 423

And in general it is easy to see that the left-hand side of M. Borchardt’s
formula is equal to

(0] +[11(1) (1) +[2](2) (2) + [17] (1*) (1) + &e,,

where (1), (2), (1%), &c. are the symmetric functions of the roots (a, B, ... k), (1), (2),
(1?), &c. are the corresponding symmetric functions of (z, y,...w), and [0], [1], [2], [1%],
&c. are mere numerical coefficients; viz. [0] is equal to 1.2.3...n, and [1], [2], [1?], &e.
are such that the product of one of these factors into the number of terms in the
corresponding symmetric function (1), (2), (1%), &c. may be equal to 1.2.3...n. The
right-hand side of M. Borchardt’s formula is therefore, as in the particular case, the
generating function of the symmetric functions of the roots (2, B, ... k), and if a
convenient expression of such right-hand side could be obtained, we might by means
of it express all the symmetric functions of the roots in terms of the coefficients.

Tables relating to the Symmetric Functions of the Roots of an Equation.

The outside line of letters contains the combinations (powers and products) of the
coefficients, the coefficients being all with the positive sign, and the coefficient of the
highest power being unity; thus in the case of a cubic equation the equation is

B+ brt+cz+d=(x—a)(x—B)(z—1y)=0.

The outside line of numbers is obtained from that of letters merely by writing 1, 2, 3...
for b, ¢, d..., and may be considered simply as a different notation for the combinations.
The outside column contains the different symmetric functions in the notation above
explained, viz. (1) denotes Sa, (2) denotes S, (1?) denotes ZaB, and so on. The Tables
(a) are to be read according to the columns; thus Table II (a) means §*=1(2)+2 (1),
¢=(1?). The Tables (b) are to be read according to the lines; thus Table II(b)
means (2)=— 2¢ + 18, (1*)=+1c.

I (a). II (a). III (a).

1 9 12 S A I B I
nl b i|e | 8 Wl d|be |8
(Ty (=7 @ ||+ o S N

) [F1[+2 @)  |=1]-3

i ) [=TI=31=%]

I(b). 1I (b). 111 (b).

¢ 1 9 12 3 SRR s

— b = c b* & _d__b_c_ ¥
6y 1 @) |=2|+ L (= E 3~
e a)|=1 | @y|+s8 -1
revial AT =T )
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1V (a). IV (b).
4 13| 2| 12| 14 4 |13 22| 122 1¢
-3 se bttt ble b = g Libd il s pibiel | 1B
(4) + 1 4)|—4|+4|+2|—-4|+1
Bl + 1|+ 4 (B1) [+ 4|=1|-2/+1
(2% +1({+ 2[{+ 6 2|+ 2|-2|+1
(212 +1|+2|+ 5|+12 @217 |—4(+1
(19 |+ T1[+4[+6|+12]+24 ayf+1
V (a). V (b).
o T S e R e s S 549 5 | 14| 23 | 123 | 122] 132| 1I°
B ey o P R A e A Sl A 0" = | f [be |cd | 0°d] bc* | Bc| O°
(5) 2 o LB o (65)|=5|+5|+5(—5|=5|+5|—1
(41) |70 L SR Ny (D HGEBHBRNE AR SR ey
88y |- 57 — 1|— 3= 10 (32)[+5|=5[+1|+2-1 .
(312 — 1|— 2|— 7|— 20 G| =5|+1|+2|-1 I -
(2°1) — 1{— 2|— 5(—-12|— 30 (221) | —5|+3|-1 i
(213 —1(— 3|— 7|=-12|-2T|— 60 1) | +5|-1
(1) |—1|—5[—-10]—20|—30|—60]|— 120 1) |-1 Vil
VI (a).
67115 "2 I e 128 S B 12 1¢
n|g | & | ce be | d® | bed | bd b gt bie b®
(6) Fl
(51) + 1|+ 6
(42) + I|+ 4|+ 15
(3% + 1+ 2[+ 6|+ 20
(41%) 1 L]y O s b 80
(321) + 1{+ 3|+ 3+ 8|+ 22|+ 60
(2% + 1|+ 3|+ 6|+ 6|+ 15|+ 36[(+ 90
(31%) + 1] ... |+ 3|+ 10|+ 6|+ 18|+ 48|+ 120
(2°12) + 1|+ 2+ 2|+ 8|+ 18|+ 15|+ 34|+ 78[+ 180 "
(21%) +1|+ 4|+ 9|+ 6/+22/+ 48|+ 36|+ 78|+ 168|+ 360
1% |+ 1|+6]+15|+30|+ 20|+ 60|+ 120|+ 90|+ 180+ 360+ 720
VI (b).
6. 15 | 24 | 1*4] '3%.) 123 | 1%8| 2*|1%2%) 19{ 1
= g ifbf | ce | Bl | idtl Ged | b | S || ble | e
6)|— 6[+6(+6/—6{+3/—12|+6(—2/+9|—6/|+1
B[+ 6[—1|—6(+1|—3|+ T|—1|+2|—4[+1
(42) |+ 6|—6|+2(+2|—=3|+ 4|—2|-2[+1
3|+ 3|-3(—-3|[+3[+3|- 3|...|+1
41)) |— 6|+ 1(+2|—-1{+3|— 3]|+1 !
(321) [—12|+7(+4(=38/=8/+ 1| | | |
(PR= Skt BTk %1 ... 1L i
B1) |+ 6|—1|—2|+1 iy
(211%) [+ 9|—4|+1 e b i
(219 | = 6|+ 1| |
=1 | |
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VII (a).

O e S e R b I R T o R e L O R e L r

W | Ak |bg | of | 8F | de | bee | be | b | d | bed | bd | b | b bc v
) T T
L A T —
(62)f——f 7 O SRR R e
(43) | | T RH R T A T
(Bl | T T T L BT
(421) | ‘ W R S S T B
(3°1) | ; B T R T g e P I e S ST IR )
(322) 1 = SR SR T T F 010
AT P 2 TR P, S R 1T T AR 7 B SR 4 P T
@yt B e e e T Y e ey e G = Ty
(1) S N Y P 2 [ U B T R S W T 1 R i
.7 Rt — 1| .. |- 4 — 13|— 6|— 12|— 34(— 88|— 60|— 150|— 360|— 840
(221%) S S B PO B S S B T e L N R P B ) R
(215) O ETSE | RIS 10 B85 85 2R g5 = | 50//— 80— 170 |—360|— 270 |- 870120022520
(1) [=T|=7[=21|=42| =385 |—105 | — 210|— 140 |— 210 |— 420 | — 840 | — 630 |— 1260 | — 2520 | — 5040

VII (b).
7 | 16| 25 | 1%5| 34 | 124 | 1°4 | 122| 223 | 1223 | 143| 12°%) 1%22 | 12| 17

= | h |bg |cf |0 |de |bce |b%| bd?| cd| bPd | b*d | be® | b3 | b% | &7
(D)= Ol TP ST T T P T+ 20 =7 | 7 = 1457 [ —{
1) |+ 7T|—=1|—T|+1|—-T7|+ 8|—1|+4(+7|— 9|+1|—-5+ 5(—1
G2){+ T|=7|+3[+2|—T|+ 4]=-2(+7—-3/— 6/+2(+3|— 1

43) |+ T|=T7|=7[+7|+b|+ 2|—3|—5(+1|+ 3|.. =1
G| — T +1|+2|—1|+7|— 3/ +1|—4(—2|+ 4|—1 Ry
(421) |— 14|+ 8|+ 4|—3|+2|— 8|+3|+1|+2|— 1 | e
31)|— 7|+4|+7[—4|-5|+ 1 +2(—1 i

(329 |— 7|+ T7{=38[-2]+11+ 2] ..|-1 |

413 |+ 7|—1|—2|+1(—-3|+ 3|—1 1
(321%) |+ 21| —9(—6|+4|+3|— 1 !

2°1) [+ 7|=5|+3]... =1 ]

Bl |- 7T +1[+2|-1 y'

(2213 [~ 14|+ 5(—1 $hi e 4 g

@ry|+ 7\1-1 1,

(I |=1 i hondl o L
C. 1. 54
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Il
(8)
(71)
(62)
(53)
(4
(61)
(521)
(431)
(42)
(3:2)
(519
(4212)
(3°17)
(32:1)
(29
(419
(321)
(21)
(319)
(2219
(219
(19)

1l
(8)
(71)
(62)
(53)
(#)
(619
(521)
(431)
(427)
(3:2)
(517
(4217
(311
(32:1)
(29
(419
(321%)
(@19
(317
(219
(21)
(19)

A MEMOIR ON THE SYMMETRIC FUNCTIONS

VIII (¢). Runs on infra.
8¢ 1 Tdl: 26 126 | /86 125 125 42 134 224 1224 144 232 |
v | bh | cg g | df bef D futie bde c% bce ble cd? |
\
e I
[ + 1
+ 1
TR T R | PTG e )
s sy oo G 61+ 2
o 0 N a7 L3 e i [0y e
+ 1l+ 4]+ 6|+ 12|+ 24|+ 12
+ 1 i + 4|+ 17
e | i I e e e e e e e G e
+ 1|+ 3|+ 6+ 2|+ 11|+ 18|+ 39|+ 84|+ 31
SRS o S| TN o T ] U D R | FE RO TV RS T3 | SR W o R
R S e e 1 R S B e D e W O A | R e =
+1|+ 6|+13|+156|+ 51|+ 108|+ 20|+ 95|+ 150|+ 315|+ 660 + 210,
+1|+8|+28|+56|+56|+168|+336|+ 70|+ 280+ 420!+ 840+ 1680 + 560
1287 g14s FORS 1523 1%3 24 1292 1423 192 18
bd? be*d bPed ‘b°d ¢t b*® bic? bse b8
- 1
e 1|+ 8
+ 1|+ 6|+ 28
+ 1|+ 4+ 15| + 56
+ 1|+ 2|+ 6|+ 20 | + 70
+ il A + 21+ 13| + 56
- 1|+ 5} . + 3|+ 14| + 51|+ 168
+ 1]+ 31+ 10|+ 4+ 11|+ 32| + 95|+ 280
+. 1]+ 2|+ 71+ 20|+ 6|+ 18|+ 53|+ 150+ 420
+ 20+ 5|+ 12+ 30|+ 12|+ 31|+ 80|+ 210|+ 560
L e + 3|+ 16 + 6|+ 30|+ 108|+ 336
+ 21+ 5+ 18|+ bBb|+ 12|+ 39|+ 114|+ 315|+ 840
+ 414+ 12|+ 30+ 80|+ 28|+ 68|+ 172+ 440|+ 1120
+ 12|+ 24|+ 58|+ 140+ 48|+ 117|+ 284(+ 690(+ 1680
+ 28|+ 48|+ 108+ 240+ 90|+ 204(+ 468|+ 1080|+ 2520
+ 6|+ 12|+ 46|+ 140|+ 24|+ 84|+ 246|+ 660|+ 1680
+ 30|+ b58|+ 141{+ 340|+ 108|+ 268|+ 612+ 1440|+ 3360
+ 68|+ 117|+ 258|+ b570(+ 204|+ 453|+ 1008|+ 2250(+ 5040
+ 80({+ 140|+ 340|+ 800(+ 240|+ 570+ 1320|+ 3000|+ 6720
+ 172+ 284|+ 612]+ 1320+ 468+ 1008|+ 2172+ 4680|+ 10080
+ 440+ 690 |+ 1440| + 3000 | + 1080 | + 2250 | + 4680+ 9720 |+ 20160
+ 1120 | + 1680 | + 3360 | + 6720 | + 2520 | + 5040 | + 10080 | + 20160 | + 40320
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VIII (). Runs on infra.

17 26 | 126 '35 | 1250 135 |42 | 134 924 [ 1224 44 |0 232
= bh | cg | V% | df | bef | B3f | € | bde | c% | bPe | ble | cd?
@B)|— 8|+ 8|+ 8|—8|+8|—16+8|+4/ —16/—8|+24|—8—38
(TH)|+ 8|— 1|— 8|+1|—8|+ 9|—1|—4|+ 9[+8|—10|+1|+8
62) |+ 8|— 8|+ 4|+2|—8|+ 4|—2|—4|+16(—4|— 6|+2|+2
53) |+ 8|— 8|— 8|+8|+T7|+ 1|—3|—4|+ 1[+8|— 9|+3|-7
4|+ 4|— 4|— 4|+4|—4|+ 8| —4|+6|— 8|—4|+ 4| .. |+4
(612)—8+1+2—1+8—3+1+4—9—2+4—1»—5
(521) |=16(+ 9f+ 4| -3|+1(— 8|+3|+8/—10(—4/+11|—-3]+5
(7% BB T TR W R I T T O O L T e LT
(s VTR S e e T e e oA e I P R PR e = oY
(32) | = 8l+ 8+ 2(=5|-T|+ 5| .c. |+4|— 1{—=2} ... | . |+1
(618iEe Ale 1lo il L3l u St i Sir 2l 4l E]
AN £ 28t 10 Lo I8 At S LU LLES SR M L e S
(3212)+12—5—9+5 +3|— 1 KO SN | BT
ERbE28 STl o Leile Bl 3 — 4 1
(00 et D0 VIR 0 (AT (501 N s oy 1 7
IO | R AT T SR BTl T R
(321%) (— 32|+ 11|+ 8|—5|—3|+ 1
L L D St sl s et
(N by (RN DR e
2214 |+20/— 6|+ 1
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A MEMOIR ON THE SYMMETRIC FUNCTIONS

[147

IX (a). Runs on to p. 430.
9 |18 27 | 1?7 | 85 | 126 | 1°6 | 45.|:135 | 25 | 126 | (15 | 14
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9)
(81)
(72)
(63)
(54)
(71%)
(621)
(531)
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(52%)
(432)
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(61°)
(521%)
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(42°1)
(3:21)
(32°)
(519
(4219)
(3:19)
(32212)
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(41°)
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OF THE ROOTS OF AN EQUATION. 429
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(72)
(63)
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(71%)
(621)
(531)
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(62°)
(432)
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(61%)
(521%)
(431?)
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(32°)
(519
(421%)
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A MEMOIR ON THE SYMMETRIC FUNCTIONS

1423 1¢3 12¢ 1323 1522 172 1®
bied b°d bet b*® b%e? bc b®
— i
1]|— 9
— 1 7|— 36
- 1(— 5 21| — 84
- 1|— 3| — 10 35 |— 126
— i - 2 15| — 72
— 1(— 6 — 3| — 17 70 | — 252
— 4| — 15| — 4| — 15| — 50 161 |— 504
- 6|— 20| — 9|— 24 | — 70 210 | — 630
- 9|— 30| — 6| — 24 | — 81 252 | — 756
— 22 | — 60 | — 22 | — 60— 165 455 |— 1260
— 36 | — 90 | — 36 | — 93 |— 240 630 |— 1680
— 3h— 19 — 6|— 36 147 | — 504
- 23 | — 81| — 12 | — 51 |— 172 525 |— 1512
— 54 |— 155 |— 48| — 129|— 350 945 |— 2520
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— 158|— 390|— 136|— 333|— 820 2030 | — 5040
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— 241|— 645|— 168|— 459 |— 1200 3045 | — 7560
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147] OF THE ROOTS OF AN EQUATION. 431

IX (b). Runs on to p. 432.
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(531)
(4:1)
(52°)
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A MEMOIR ON THE SYMMETRIC FUNCTIONS

[147
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(10)
(91)
(82)
(73)
(64)
(5)
(81%)
(721)
(631)
(541)
(627)
(532)
(42)
(43?)
(71%)
(6212)
(5312)
(4°1%)
(52°1)
(4321)
(31)
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(32:13)
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OF THE ROOTS OF AN EQUATION, 433
X (@). Runs on to p. 436.
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A MEMOIR ON THE SYMMETRIC FUNCTIONS

[147
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147] OF THE ROOTS OF AN EQUATION, 435
1334 234 12934 1424 154 138 2232 13233 1ea2 1233
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t+ 2030 |+ 1470|+ 3360|+ 7560|+ 16800|+ 1260+ 2100|+ 4760|+ 10640 |+ 7770
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436 A MEMOIR ON THE SYMMETRIC FUNCTIONS [147
13223 123 173 20 2939 1428 1622 12 i»
[ b*e*d bed bv'd ¢ b3 bic® bse? b oy |
(10) - 1|
(91) + 1|+ 10
(82) + 1|+ 8+ 45|
(73) + 1+ 6|+ 28 | + 120
(64) 4 1{+ T 15|+ 56 | + 210
(5% + ) + 6|+ 20 | + 70| + 252
(81%) + 1 + 2|+ 17| + 90|
(721) + 1|+ 7 + 3|+ 20 | + 92| + 360|
(631) ] + I+ 5|+ 21 + 4|+ 19| + 72| + 252 | + 840
(541)| + S% 7 35 |+ L e 14 | + 42 1% 130 | + 406 | + 1260
(62%) | + 2|+ 11|+ L] e + 6|+ 30|+ 116+ 392+ 1260
(532) | + 117 & 35|+ 105|+ 10| + 82 I's- 99 | 55 296 | 868 |+ 2520
42+ 18| + 50+ 140+ 20 | + 53|+ 144|+ 400(+ 1120|+ 3130
(43 |+ 31|+ 80+ 210+ 30 | + 80|+ 213|+ 570(+  1540|+ 4200
(713) ki 3l 22 : 3 6|+ 42|+ 192 | + 720
(621%) | + 5|+ 28+ ° 112 f + 12|+ 63|+ 242|+ 82|+ 2620
(531%) | + 26 | + 85|+ 266 |+ 20| + 68|+ 210|+ 622|+ 1792+ 9040
(17| * 42+ 120|+ 350+ 46|+ 114|+ 306|+ 840|+ 2310+ 6300
(5221) |+ 48|+ 156 |+ 462+ 30|+ 108|+ 339|+ 990|+ 2772|+ 1960
#321)|+ 128|+ 335|+ 8756|+ 110|+ 284|+ 735|+ 1900|+ 4900 |+ 12600
(31)[+ 210|+ 510|+ 1260|+ 180|+ 444|+ 1092|+ 2700|+  6720|+ 16800
(42°)|+ 228|+ B585|+ 1470+ 180|+ 468|+ 1194|+ 3015|+ 7560 |+ 18900
(3%2)(+ 370|+ 880|+ 2100|+ 310|+ 740|+ 1776|+ 4280|+ 10360|+ 20200
(614 |+ 12| + 70|+ 280 . + 24|+ 132|+ b510|+ 1680|+ 0040
(521%)|+  112|+  368|+ 1092+ 60+ 228+ 720|+ 2082|+ b712|+ 15120
(431%) [+  294|+  775|+ 2030|+ 240+ 612 |+ 1566|+ 3990|+ 10080 |+ 20200
(42°1%)| + 523+ 1340+ 3360 |+ 390+ 1008|+ 2547|+ 6330|+ 15540 |+ 371°0
(321%)|+ 844 |+ 2000+ 4760 |+ 680 |+ 1604 |+ 3792+ 8980 |+ 21280|+ 5040
(32°1)[+ 1479+ 3390 |+ 7770|+ 1170|+ 2688|+ 6180 |+ 14220|+ 32760|+ 70000
(2°) [+ 2580|+ 5700|+ 12600 + 2040 |+ 4530+ 10080+ 22500+ 50400 |+ 11340
(51|« 260|+ 860|+ 2520 |+ 120|+ 480|+ 1530+ 4380|+ 11760(+ 30240
(4214 |% 1196 |+ 3050 |+ 7560 |+ 840 |+ 2172+ 5436 |+ 13290|+ 31920|+ 79000
(319! 1920|+ 4520|+ 10640 |+ 1500 |+ 3480 |+ BI100|+ 18840|+ 43680|+ 10080
(3201%)|+ 3358|+ 7610|+ 17220 + 2580 + 5844 |+ 13212 |+ 29820+ 67200|+ 15120
(29%) [+ 5844 |+ 12720+ 277301+ 4530 |+ 90876 |+ 21564 |+ 47160 |+ 103320|+ 22080
(41%|+ 2730|+ 6900| + 16800+ 1800 |+ 4680+ 11610|+ 27900 + 65520 + 10120
(3219 |+ 7610+ 17000|+ 37800 + 5700 |+ 12720 + 28260|+ 62520 |+ 137760+ 30240
(2’19 [+ 13212 | + 28260 |+ 60480 + 10080 |+ 21564 |+ 46152 |+ 98820 | + 211680 + 4990
(317)| + 17220 |+ 37800 |+ 82320 | + 12600 + 27720 + 60480 | + 131040 | + 282240+ 60450
(2°19)| + 20820 |+ 62520 | + 131040 | + 22500 |+ 47160 |+ 98820 |+ 207000 |+ 433440 | + 90720
(21%)| + 67200 | + 137760 | + 282240 | + 50400 | + 103320 | + 211680 | + 433440 |+ 887040 1’18,1&00
(11| + 151200 | + 302400 | + 604800 | + 113400 | + 226800 | + 453600 | + 907200 | + 1814400 «;}552/890‘1
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(10)
(1)
(82)
(73)
(64)
(5"

1) =

(721)
(631)
(541)
(62°)
(532)
(422)
(439
(71%)
(6212)
(5312)
(4217)
(52:1)
(4321)
(1)
(429)
(329)
(61¢)
(5213)
(4312)
(42212)
(32212
(32°1)
(2)
(517)
(4214)
(3:1¢)
(32213)
(2412)
(419)
(3217
(2014
(317)
(219)
(21¢)
(110)

OF THE ROOTS OF AN EQUATION,

437

X (b). Runs on to p. 439.
10 19 | 28 138 SR8 T (L2 Tr AR PR A6 T IVES 6 W26 26N A A5 i 145
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L JOFL A0+ L6 £ 20— 10N S 4§ = Tl = £ DO F L F 6l ¥ 6 - 2L F B 1S90
10 = A0V F0LS 404+ 11 [~ 1T} = 3P o= 1P a0F—— 9%+ =3 | =5+ 20
+ 10— 10f— 101+ 10| — 101+ 20— 10|+ 14| — 44— 2|— 6|+ 4]|— 5|~ 4
+ . b5|— b|— b+ H|— H({+10|— 5|— 5|+ 10|+ 5|—15|+ 5|+ 10|— 15
104+ =L+ 220144 40030+ 11510 — A1 =2+ 2 4=+ 114 =521
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