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114.

ANALYTICAL RESEARCHES CONNECTED WITH STEINER'S
EXTENSION OF MALFATTI'S PROBLEM.

[From the Philosophical Tramsactions of the Royal Society of London, vol. CXLIL. for the
year 1852, pp. 253—278: Received April 12,—Read May 27, 1852 ]

THE problem, in a triangle to describe three circles each of them touching the two
others and also two sides of the triangle, has been termed after the Italian geometer
by whom it was proposed and solved, Malfatti's problem. The problem which I
refer to as Steiner's extension of Malfatti’'s problem is as follows:—“To determine
three sections of a surface of the second order, each of them touching the. two others,
and also two of three given sections of the surface of the second order,” a problem
Proposed in Steiner’s memoir, “Einige geometrische Betrachtungen,” Crelle, t. 1. [1826
Pp. 161—184]. The geometrical construction of the problem in question is readily
deduced - from that given in the memoir just mentioned for a somewhat less general
problem, viz. that in which the surface of the second order is replaced by a sphere ;
1t is for the sake of the analytical developments to which the problem gives rise, that

I propose to resume here the discussion of the problem. The following is an analysis of
the present memoir :—

§ 1 Contains a lemma which appears to me to constitute the foundation of the
analytical theory of the sections of a surface of the second order.

§ 2. Contains a statement of the geometrical construction of Steiner’s extension
of Malfatti’s problem.

§8. Is a verification, founded on a particular choice of coordinates, of the con-
Struction in question.

§ 4. In this section, referring the surface of the second order to absolutely general
coordinates, and after an incidental solution of the problem to determine a section
touching three given sections, I obtain the equations for the solution of Steiner’s
extension of Malfatti’s problem.

C. II, 8
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58 ANALYTICAL RESEARCHES CONNECTED WITH [114

§ 5. Contains a separate discussion of a system of equations, including as a
particular case the equations obtained in the preceding section.

§ 6 and 7. Contain the application of the formule for the general system to the
equations in § 4, and the development and completion of the solution.

§ 8. Is an extension of some preceding formule to quadratic functions of any
number of variables.

§ 1. Lemma relating to the sections of a surface of the second order.

If
az® + by? + c2® + dw® + 2fyz + 2gzx + 2hzy + 2law + 2myw + 2nzw = 0

be the equation of a surface of the second order, and
Az + By + C2* + DBw? + 2 ffyz + 2Gizz + 20y + 2Waw + 24Wyw + 2Rzw =0
the reciprocal equation, the condition that the two sections
Ae+py+vz+pw=0,

Ne+ py+vz+pw=0,
may touch, is

(AN + B2 + Cv* + Dp* + 24 uv + 2Gvn + 230p + 2Hp + 2 up + 2Rwp)?
X (AN? + B+ v+ W™ + 24f v + 26N + 23N p’ + 2N o'+ 2 Ww'p’ + 2400
= (@AM + Bup' + @’ + Bpp’ + Ff (wv' + p'v) + G (N 4+ vN) + T (' + V)
+ L "+ Np) + I (up” + wp) + B (vp" + Vp));
and in particular if the equation of the surface be
ax® + by? + c2* + 2fyz + 2gzx + 2hay + pw? = 0,

the condition of contact is

3

(ﬂﬁ +Bpr +C* + 24 w + 2Gwr +2%Xy+§p2)
7 7/ / ) /5 / y I( ’ i
x<ﬂ7\2 + B + " +24F wv' + 26N + 25 Nu +;p2>

= (ﬁ)\)\' + Bup' + v’ +  ff (W' + w'v) + G (N +VA) + 3 W' + V) + %{ pp’) ;

in which last formula
A=bc—f*, BW=ca—-¢g*, € =ab-"h,

F=gh-of . G=lf—by, W=fy—oh,
K = abc — af* — bg? — ch® + 2fgh.
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§ 2.

In order to state in the most simple form the geometrical construction for the
solution of Steiner’s extension of Malfatti’s problem, let the given sections be called
for conciseness the determinators!; any two of these sections lie in two different cones,
the vertices of which determine with the line of intersection of the planes of the
determinators, two planes which may be termed bisectors; the six bisectors pass three
and three through four straight lines; and it will be convenient to wuse the term
bisectors to denote, not the entire system, but any three bisectors passing through the
same line. Consider three sections, which may be termed tactors, each of them touching
a determinator and two bisectors, and three other sections (which may be termed
separators) each of them passing through the point of contact of a determinator and
tactor and touching the other two tactors; the separators will intersect in a line which
passes through the point of intersection of the determinators. The three required
sections, or as I shall term them the resultors, are determined by the conditions that
each resultor touches two determinators and two separators, the possibility of the
construction being implied as a theorem. The @ posteriori verification may be obtained
as follows :— :

ST

Let =0, y=0, z=0 be the equations of the resultors, w=0 the equation of the
polar of the point of intersection of the resultors. Since the resultors touch two and
two, the equation of the surface is easily seen to be of the form

2yz + 22x + 2zy + w* = 0. (?)

The determinators are sections each of them touching two resultors, but otherwise
arbitrary ; their equations are

1 1
—aw+§a3/+2—az+w—0,

1 1
278w—;8y +§—Bz+w=0,

: .ac+L —yz +w=0
27 273/ v N
The separators are sections each of them touching two resultors at their point of
contact (or what is the same thing, passing through the line of intersection of two

resultors), and all of them having a line in common. Their equations may be taken
to be

cy—bz=0, az—ce=0, bx-ay=0,
''I use the words ¢ determinators,” &c. to denote indifferently the sections or the planes of the sections;

the tiontext is always sufficient to prevent ambiguity.
* The reciprocal form is, it should be noted,

a2+ y?+ 2% - 2z - 222 - 2wy - 2uw?=0.
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the values of @, b, ¢ remaining to be determined. Now before fixing the values of
these quantities, we may find three sections each of them touching a determinator at
a point of intersection with the section which corresponds to it of the sections
cy—bz=0, az—cx=0, bz—ay=0, and touching the other two of the last-mentioned
sections; and when a, b, ¢ have their proper values the sections so found are the
tactors. For, let Az + uy + vz + pw=0 be the -equation of a section touching the deter-

minator —a.x+21—ay+ 2la2+'w=0, and the two sections bz —ay=0, az—cz=0; and

suppose
A= N+ p? + 1® — 2uv — 20N — 2\p — 2p?;

the conditions of contact with the sections bz —ay =0, az —cx =0 are found to be

G+a)A=0b+a)A—0b+a)u—(b—a)v,
@ +A)A=@+ar— (=) u—(c+a,

" values, however, which suppose a correspondence in the signs of the radicals. Thence
(b+a)u=(c+a)v; or since the ratios only of the quantities A, u, », p are material,
p=c+a, v=>b+a, and therefore

A=AN—-22a+b+ec)A+ (b —c)—2t=AN—b—c),

or p*=—2(ax + be).

Hence the equation to a séction touching bz —ay =0, az—cx=0 is

re+(c+a)y+(b+a)z+V =2 (ar+bc)\w=0;
and to express that this touches the determinator in question, we have
ta(i=b=0)=(a+;)A=a@a+b+o)+2V=2@+bo);

and selecting the upper sign, \

N —20a= 2V =T (@ H B

whence

N=—2a(aa—~ —2bc), ¥ —2(ar+bc)=(2aa—V - 2bc);
or the section touching the determinator and the sections bz —ay=0, az—cx=0 is
—2a(ax—~V —2bc )z +(c+a)y+(b+a)z+(2aa—V =2bc )w=10;

and at the point of contact with the determinator

S A A |
%27 7 % T

2yz + 22z + 20y + w? = 0.
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114] STEINER'S EXTENSION OF MALFATTI'S PROBLEM. 61

Eliminating w between the first and second equations and between the second and
third equations,

e 1 1
v = 2bc (m.+%g/+§&z>+cy+bz=0,

A S B
+2ay %’ TR e

and from these equations (cy— bz)*=0, or the point of contact lies in the section
cy—bz=0. It follows that the equations of the tactors are

—2a(aa—V =2bc)z+(c+a)y+ (b+a)z+ (2aa— ¥V = 2bc) w =0,

(c+b)a— 2808 —~ —2ca)y +(a+b)z+ (2B — ¥V — 2ca) w=0,

G+c)z+(a+c)y —2y(cy — V= 2ab) z + (2cy — ¥V — 2ab) w =0,
where a, b, ¢ still remain to be determined.

Now the separators pass through the point of intersection of the determinators ;
the equations of these give for the point in question, :
z:y:z:w=2By+1)(—a+B+qy+2aBy)

: (2ya +1)( a—B+y+ 2aBy)
:(2a3 +1)( a+B— v+ 2a8y)
4a282,./2_1 +aﬂ+Bﬂ+,),2-
and the values of a, b, ¢ are therefore
a:b:c=(2By+1)(—a+B+q+2By)
: 2ya+1)( a—B+y+2aBy)
: (2a8+1) ( a+B—ry+2aBy),

which are to be substituted for @, b, ¢ in the equations of the separators and tactors
respectively.

Now proceeding to find the bisectors, let Az +puy+vz+pw=0 be the equation
of a section touching the determinators,

1 il 1 1
=Byt ——sz+w=0, —c+—y—yz+w=0;
2Ba: By 2}32 w=0, 27.'0 2fyy vz + w 3

and suppose, as before, A?=A?+ u?+ 1*— 2uv — 20\ — 2Au — 2p*; the conditions of con-
tact are

iBA=B>»—<.3+%>#+Bv—-2p,

(|
$7A=fy}»+'y,u—<'y+&)1’—2py
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where it is necessary, for the present purpose, to give opposite signs to the radicals.
For if the radicals had the same sign, it would follow that

%{Bh—(ﬁ+%>n+/8v—2p]—é[ryx+w_<y+$),,_2p]=o;

hence the section Az + wy+vz+ pw=0 would pass through the point
Two. 1 2 2

ol 2 tz:w=0:=:=:—=+-;
i L R

or the section would be a tangent section of the two determinators of the same
class with the resultor =0, which ought not to be the case. The proper formula is

1 1 1 i

o )\,_< +_) _2] _I:)\,.}. _( e __2jl=();

B[B B 3 w+PBr—2p +'y YA+ yu 'y+'y)v 0
.and this equation being satisfied, the section

A+ py +vz+pw=0

passes through a point
x . . z . w —— 2 C — l ® — —1_ P — g — g
AT &y (e e

The bisector passes through this point and the line of intersection of the determi-
nators ; its equation is

L e L ST L 45
5\28 Y 2Bz+'w/ - 2(ym+2vy—ryz+w>— ?
or reducing and completing the system, the equatious of the bisectors are
1 1 it 1 il
(o-a)e-(1r3) v+(1+5p) #+(5—3)w-0
1 hops ! dalk. 1 Loisda
(1+5p) o+ (Gp-m)v-(+a) s+(G-3)v=0

) or4d) sl e -Deno

In order to verify the geometrical construction, it only remains to show that
each bisector touches two tactors. Consider the bisector and tactor

i g 1 1 1 1L
(1 gg) o+ (14 3a) v+ (s 38) =+ (G- g) v =0
—2a(aa—~/—2bc)x+(c+a)y+(b+a)z+(2aa—\/—2bc)w=0;
and represent these for a moment by

Aty +vz+pw=0, Ne+uy+ve+pw=0;
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114] STEINER'S EXTENSION OF MALFATTI'S PROBLEM. 63

if A be the same as before, and A’ the like function of N, u/, v/, p’, also if

D =M+ pp’ + v’ — (uv’ + p'v) — (DN + v'N) — (' + N ) — 2pp,

(e+3)

A” = (200% — 2a v = 2bc + b+ ),

then

D =aa’(2+a118> —2aV = ubc<2+£—8>+c(2+%2>§

and the condition of contact AA’=® (taking the proper sign for the radicals) be-
comes

(2+a-1[§> (2aa2—2a'\/——2lm+b+c)=aa2<2+&173>2—ZaM/Tbc<2+£§>+c(2+%2);

or reducing,

B

b,3+02/3+1

0,
an equation which is evidently not altered by the interchange of @, @ and b, B. The
conditions, in order that each bisector may touch two tactors, reduce themselves to
the three equations,

B

b,3+c2/3_i_1 0,
B ¥ T,

— 'y =
aaz+b2 +1+c'y 0,

which are satisfied by the values above found for the quantities @, b, c. The possi-
bility and truth of the geometrical construction are thus demonstrated.

§ 4.

Let it be in the first instance proposed to find the equation of a section touching
all or any of the sections =0, y=0, z=0 of the surface of the second order,

aa® + by? + c2* + 2fyz + 292 + 2hay + pw =0

Any section whatever of this surface may be written in the form

(a)»+h,u,+gv)a:+(h7\+by+fu)y+(g>»+f/z+cv)z+«/———p Vw=0,
where
V2 =an? + bu? + cv? + 2fuv + 29vA + 2”p —
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64 ANALYTICAL RESEARCHES CONNECTED WITH [114
and A, u, v are indeterminate. And considering any other section represented by a
like equation,

(aN + bl + V) &+ (BN + b +fv') y +(gN +fw +ov') 2 + ¥ —p Vw =0,

where
V2 = aN2 4 b + cv” + 2fu'v’ + 29v'N + 2hN'y’ — K,

it may be shown by means of the lemma previously given, that the condition of
contact is

AN + bup’ + oo’ +f (wv’ + p'v) + g (N + N+ h (M + N p) £ K=VV',
Suppose that A/, w/, v’ satisfy the equations
Y=o
B\ + b’ +fv' =0,
g\ +fp + o’ =0,
so that the last-mentioned section becomes #=0; and observing that the first of

the above equations may be transformed into

’ ’ K
a7\,'+hp +9V =X_,”

e o
it is easy to obtain A = Na, p/=3%, v = '\7§ The condition of contact thus becomes

K
N/ﬂ)"+K =0;

and taking the under sign, A=#@, so that if in the above written equation we

establish all or any of the equations A= N&, p=~1, v=V&, we have the equation
of a section touching all or the correspondmg sections of the sections \

=0, y=0, 2=0.

In particular we have for a solution of the problem of tactions, the following
equation of the section touching =0, y =0, 2= 0, viz.

(@VA+ VB +gV@) 2+ VB +NB +fVE)y+(gVA + VB +c V&) 2

V=%
+z Y 2(VBEC - ) VAT - &) (VB — 1) = 0.

Anticipating the use of a notation the value of which will subsequently appear,
or putting

t=JAJVBE - f, g=JBJIVAC -G, h=JTVVaB-1m, J=v2JaBC,

VB ol s sl £
NW.rcin.org.p



114] STEINER'S EXTENSION OF MALFATTI'S PROBLEM. 65

values which give

Kr= — fo— gt — bt 4 2g%he + 2haf* 4 2f2gs — wf:y’
the equation of the section in question is
3 g h? fghvV —pvVEK
Tg(—f2+g’+h’)w+vﬁ f-g*+h)y +VaE (f’+g’—h”)2+g—Jp—— w=0.

I proceed to investigate a transformation of the equation for the section with an
indeterminate parameter A, which touches the two sections y=0, z=0. We have
aV? = (a\ + hp + gv) + (Cp + Bv* - 24fuwr) - BE + f*;
or putting for x and » their values ¥48, V@ in the second term,

aV? = (aX + hp + gv) + (VBE — )
and introducing instead of A an indeterminate quantity X, such that
ar+hu+gv=VBC - §f) X,

we have A e
aV:=(VBC - ) V1 + X2;
also introducing throughout X instead of A, and completing the substitution of v38, vV,
for u, v, the equation of the section touching y =0, 2= 0, becomes
(ax+hy +92) X + yVC + 2V B +wV —ap V1 + X2 =0.

It may be remarked here in passing, that this is a very convenient form for the
demonstration of the theorem; “If two sections of a surface of the second order touch
each other, and are also tangent sections (of the same class) to two fixed sections,
then considering the planes through the axis of the fixed sections and the poles of
the tangent sections, and also the tangent planes through this axis, the anharmonic
ratio of the four planes is independent of the position of the moveable tangent sections;”
where by the axis of the fixed sections is to be understood the line joining their poles.

The sections touching z=0, =0, and z =0, y=0, are of course
aNT +(he+by +f2) Y+ 2 V& +wV —bpV1+Y2=0,
_w\/';ﬁ+y4/ﬁ+(gw+fy+cz)z+w‘\/—cp~/l + 4* =0,

where
W+ +f =(VER-G) Y, N =V& p =p, V=V
gxl/ +ff"” +CII” s (,lgaﬁ _;a) Z, AL= ,\/g, ;l.” . aﬁ’ e 3t

The conditions of contact of the sections represented by the above written equations
Would be perhaps most simply obtained directly from the lemma, but it is proper to
deduce it from the formula for contact used in the present memoir. If for shortness

q’(i)=a7\.'7\." i b#I#H +cv /Vl/ +f(#lyll +/L”V,) +g (lell_‘l_ vﬂ)"l) i h()\',u,"+ X"p/) i K,

C. 1I1. 9
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where the symbol ®(+) is used in order to mark the essentially different character
of the results corresponding to the different values of the ambiguous sign, then

bod (=)= f (KN +bu’ + ") (GN' + " + "),
+ @y =GN ) (g +fu +ev”),
+ (@~ /N (AN + by’ + /"),
+ o'’ (= BF)+ NI+ N fG NN (K - fff)
— @K - fK.
= f(WN +bp' +fv") (gN' + fu” +cv”)
+ VB (VAL — &) (g\” +fu” +ov”)
+VANAB -3) (N +by + fv')
+f(-AVBC + | VTA+GVAB - Af — (G - AF))
= f(WN + b’ + /") (gN" + " + ov”)
+VA (VAE — &) (N +fw" +cv”)
+NA (VAL - 1)) (N +bp + fv')
~-f (VAT - &) (VAB - 1),
that is, bed ()= (VAL — &) (VAB — ) (fYZ + VA (Y +2) - f}.
What, however, is really required’, is the value of ® (+); to find this, we have
be® (+) = be® (=) + 2bcK
=(VAL - G)(VAB - 1) { fYZ + VA (Y + 2) + f)
+2bcK — 2f (VAE — G) (VAL - 1), \
the second line of which is

2 (VAT - &) (VA - 1) {107 (VAT + 6) (VAT + 1) 7}

2 (VAT — %) (VAL — G anB
_2(vag ‘!5;{( AB - W) (VAT + G) (VAB + 1) - 619 + AF)

=2 (VAL - G) (VAL - 1) VAY,

1 It may be shewn without difficulty that the (-) sign would imply that the sections touching z=0, z=0,
and =0, y=0, were sections touching z=0 at the same point. By taking the (-) sign in each equation W€
should have the solution of the problem “to determine three sections of a surface of the second order, the twe
sections of each pair touching one of three given sections at the same point,” which is not without interest ;
the solution may be completed without any difficulty.
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114] STEINER'S EXTENSION OF MALFATTI'S PROBLEM. 67
where
o=]1{(vm+jv%+eﬁ~/§3+3a@);
and consequently
be® (+) = (VAL - &) (VAB - ) (fYZ + VA (Y +Z) +f+ 20V},

a reduction, which on account of its peculiarity, I have thought right to work out in
full.

The condition of contact is

O (+)=V'V" = % VAT — ) (VA - B) VI T TVIT 2
C

Hence finally, the condition in order that the sections
aVE +(ha+by+f2) Y +2VB+wV —bpV1+12=0,
aNB+yYVNA + (9o +fy+co) Z+wN —cpV1+22=0,

(the former of which is a section touching z=0, 2=0, and the latter a section touching
=0, y=0) may touch, is

fYZANAY+Z)+(f+20VR)—Vbe V1 + T2 V1 + 22 = 0.

The preceding researches show that the solution of Steiner’s extension of Malfatti’s
problem depends on a system of equations, such as the system mentioned at the
commencement of the following section.

g 5.
Consider the system of equations
a +B8 (Y+Z)+y YZ +8 V14 Y2N1+2: =0,
d +8 (Z+X)+yZX +8 V1+ 22 V1 + X2=0,
&+ B (X+)+y" XY+ 8 V1+ X2V1 4+ T72=0;

these equations may, it will be seen, be solved by quadratics only, when the coefficients
satisfy the relations

B = o BI = .__BL
y—a (y/_a/ 'y"—a”’
Bag—8_ frayi-8_gr+yr-8"

72 —q? e 7/2 & a12 7/12 79 a1,2 .
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It may be remarked that these equations are satisfied by
B=0, B=0, B"=0, y=8§, =8¢, ¢'=¢,
or if we write

od
_=_l, w7 Tl
) i /

the equations become by a simple reduction,
Y’+Z22+20 YZ =1 -1,
74+ X2 4-2mZX =m?— 1,
X4+ VP2 XY =n -1,

[114

which are equivalent to the equations discussed in my paper “On a system of Equations
connected with Malfatti’s Problem and on another Algebraical System,” Cambridge and
Dublin Mathematical Journal, t. 1v. [1849] pp. 270—275, [79]; the solution might have
been effected by the direct method, which I shall here adopt, of eliminating any one
of the variables between:the two equations into which it enters, and combining the

result with the third equation.
Writing the second and third equations under the form
A'+BX+0 N1+ X=0,
A"+B'X +C"V1+X*=0,

the result of the elimination may be presented in the form

A" + BB — ¢ =NA T B = WA T B 0%,

which is most easily obtained by writing X =tan¢ and operating with the

cos™'; but if the rationalized equations be represented by
N+ 20X +0v'X2=0 and N+ 20X +1"X2=0,
the form
4 — W) (W = W) = (V" + N — 2y
leads easily to the result in question. The values which enter are
A'=d +8'Z, @ A"=a" +8"7,
B=f+yZ, B =f'+y'7Y,
O=¥V1+25 O =8V1+ 1
whence, in the first place, by the equation connecting ¥, Z,

8y

CC'= 5

{a+B(Y+2)+8YZ).
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It is obviously convenient that A’A”+ B'B” should be symmetrical with respect to
Y and Z, and this will be the case if

aIBII +‘BI II=aIIBI+ B’I I,
that is, if B —a)=B'(y —d);

or assuming that the equations are symmetrically related to the system, we have the
first set of relations between the coefficients, relations which are satisfied by

a=7+2¢3’ al=7I+2¢BI, all='yll+2¢Bll’

and the values of @, a’, @” will be considered henceforth as given by these conditions.
We have

A/AII+BIBII_ G/CII=aIaII+B/BII+ (VIBII+VI/BI+2¢BIBII)(Y+Z) +(BIBII+VIVII) YZ

+8§ {a+B (Y +2)++YZ}.

The quantities 4+ B*— ("%, 4"+ B"— (" are quadratic functions of Z and ¥ respectively, '
and with proper relations between the coefficients, we may assume
(Alz + B~ 0’2) (Allg+ Bﬂg_cwa) = [2g? {Us +]c[(a+ B(Y+ Z) +,7YZ)2 . 82(1 + Y?) (1 4 Zs)]}’
in which U is a linear function of Y+ Z and YZ, and k and ls are constants. The
first side must, in the first place, be symmetrical with respect to ¥ and Z, or
a? + 82082 (d+9)B, B2+y?-8"
must be proportional to
o + ,8”2— 8"’, ( o + 'Y”) 8”, B’lﬂ 7 'yllg — &
But since
@+7)8, @ +4)B"
are proportional to
7/2 , alg’ '7”2 At a/l,’
It is only necessary that
BI’ + 'yla A 8[’, BII’ + 'yllg - 8[/2
should be proportional to
'ylg it alg’ ,y"a i ols 3
or

since the equations are supposed symmetrically related to the system, we must have
the second set of relations between the coefficients. Suppose

BUHAHED o 8 gt B8 O8N 4 oM 8™

,.yn P W ,),'a —a? ,y"a — a2

b

Sl »

then gince

v —at=—4(y+ ¢8) ¢B, &c.,
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70 ANALYTICAL RESEARCHES CONNECTED WITH [114
we have & =8 +9* —4s(y +¢8)8

o2 =BI2 +'Y’2 —4:8('7' +¢B,)B,
8 = B+ o = s (v + $8) B,

and §, &, & will be supposed henceforth to satisfy these equations.
We have next
A%+ B O =4y +$B) B (s+¢+Z +37)
A"+ B2 C"=4(y"+¢B")B" (s+ o+ Y +s1?),
which may be simplified by writing

k-9 14 pd
SFrig— Ty
14 p?

where u, v are to be considered as given functions of s and ¢. These values give
A” + B* —C* =4(y +¢B')B's (Z +p) (Z +v),
A+ B — 0" =4(y" + ¢B") B's (Y + p) (Y +v).
Hence, putting for simplicity
P=4(Y+¢B) (" + ¢B") BB,
we have
AZ+pZ+)(Y+u) (Y +v)=T+k[(@a+B (Y +2)+yYZyp-& (1 + V) (1 + 27)];

and the two sides have next to be expressed in terms of Y+ Z and YZ.

If for symmetry we write

E=1, in=Y+2Z, &=YZ,
then .
4 (WE+pn+8) PE+m+O+EE[(E—=E)+n]= U+ k (a + By + v&);

and U is now to be considered a linear function of & =, &

The condition that the first side of the equation may divide into factors, gives an
equation for determining k; since the condition is satisfied for k=0 and k=, the

equation will be linear, and it is easily seen that the value is k=812(,u,—v)2. In fact

4 (WE+ pn + &) (PE+vn + O + (p—v) [(E - ) + 7]

= (2uoE + (p+v) 1+ 207 +(u —v)P (E + §7;
hence

(2t + (ut vym+ 2802 - 0= E2 (a4 B 4oy — & (4 2,
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and we may assume

vk + (u+v)m+ 20+ U =B A {(af + B +98) - 8 (E+ O)),

2uvE+ (u+v)n+26—-U=

?>|'-'

subject to its being shown that

{(@E+Bn+yE)+8(E+ O,

sk +2(u+ ) n+ 4 =L5 (A4 1) @+ B 400 -8 (A - ) €+ )

gives a constant value for A. The comparison of coefficients gives

4,w=‘%”{<A +%)a—(A—%) 8},

_HK 1
2+ 20 = £ (A +A>B,

the first and third of these give

4(1 —,uv)—— <A+ ) (y—a),
which will be identical with the second, if

21— _ B _
m+ v y—a

= 8%,
which follows at once from the equation

_1+pd
=
Forming next the two equations
1 2
A +2) 9,
i ol LAY (n+v)
1

2
A (“ )B{(I‘+V)'7—2B}’

these will be equivalent to a single equation if

(+vp&={u+v)y—28+@—-2)F
that is, if

(p4 )2 8=+ ) (B +y)—4(u+v) By —4(w—-1)8;
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or finally, if

b= @y 458 (v + 1 ) = kot~ ds(y + 9B) B,

which is in fact the case.

Writing the equations for

in the form
1 28 1

A TR TR

(7 = 2Bs),

and substituting in

U=“2—”{( _%)(a§+13"l+'7§)_(A +jli) 32(5"'5)}’

we have

U=§[13—8{(fy—2/38)(af+/87)+'y§)—5’(§+§)}

=$S{(—B+28ry+2¢fy)f+(fy—28ﬁ)ﬂ+(‘3+28’7+48¢/8)§};

and consequently, multiplying by
l8= 2,\/(7/+¢B1) ('Y”+¢B”)BIBN)

we have

'\/A,2+B’2— 0/2 ,\/AIIQ 2 B/lg g 0//2

=%V(v’+¢,3’) (v +¢8") BB {(-B+ 28y +2¢y) E+ (v —238) 1 + (— B + 25y + 4s¢B) &},

or collecting the different terms which enter into the equation

A'A” + BB —-C'C" = NA? + B2 (" ;\/A"? 4R g

the result is

(a' /,+B,BII)E+(7’B”+7”B,+2¢Blﬁ,/)ﬂ+(8’6”+fy, r”

2 /’ 7 7 a4
— sV +208) (v +2¢B") BB\ ((— B+ 25y + 29y) E+(y ~ 25B) n + (— B+ 2y + 4s¢B)¢} =0,
which, combined with the first equation written under the form

(@€ +Bn+ 98 =& [(E- O+ 7] =0,
determines the ratios of & 7, & that is, the values of ¥ +Z and YZ

www.rcin.org.pl
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§ 6.

The system of equations
(f+20VR) + VA (Y +Z ) +fYZ - Nbe N1+ T2 N1+ 22 =0,
(9 +20VB) + VB (Z + X) +9ZX —NeaV1+ 22 N1+ X2 =0,
(h+20VE) + V& (X + Y)+hXY —Vab V1 + X* N1 + V2 =0,

where
1 LA WS o
0=% (VABEC + FVA+ G VB + ] VD),

on which depends the solution of Steiner’s extension of Malfatti's problem, is at once
seen to belong to the class of equations treated of in the preceding section, and
we have ¢ =0, s=0. The equations at the conclusion of the preceding section
become

WBE + gh+20 (g VE +h VIB) + 4 VBT} £ + (g VT + h VA + 20 VBT n + (VBE + gh) ¢

—a[(f+20VR) E+ V@ +f2] - 7“;_—0 V(g +0VIB) (h-+0 V) VIBE (VA —26f) E—fn + VAL =0,

(f+20VR) E+ VB + fE2 —be {(E—- ) +77} =0,

which may also be written

VBT + ) (E+ )+ (— a VR + gV T + h VI + 20 VBT) (n + 208)

_v—i—_cJ(g+0'\/ﬁ)(h+OV@)VQE—@\((\/Q_ng)E_fn_l_vgg)zo’

(F(E+ D)+ VAR (n+ 200 —be (E— 0+ = 0.
Hence observing that

g9+ 0~/ﬁ=%(«/§ﬁu+:ﬁ)(«/@+iﬁ); h+0«/®=;—f(~/§3@+f)(~/@+eﬁ);

— aNA + hVB +g VT + 20 VBE = 6 (VBT + ),

and putting for a moment

- 11{ JWVAT + &) (VAD + 19) VBT,

and therefore

V(g + 6 VI) (h+ 6 VE) VBE = (VBT + f) 1,
oAl j 10
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the first equation divides by (VA& + {f), and the result is
2 23
(E+0)+0(n+265)~ 7 (VR (E+8)—f (0 + 269} =0

Also, by an easy transformation, the second equation becomes
— (VR (E+ ) —f(n+208) + 4bet ((E+) +0 (n+208) — (1 + ) §) =0,

or puttin
1 i E+E +0(n+208)=06,

1
Voo VB(E+O —f(n+208) = P,
¢ =V,

the equations become
®-22P=0,

— O 4+ 4V (@ — (1 +6) ¥} =0;

85 o 1+
(2T—1+€2> _(1+02)“‘<1— 4;”)’

1D o i
146 = 7 (VBE + ) (VTR + &) (VAB + 1),

and reducing, we obtain

hence eliminating &,

or observing that

7

il K@ (1 gy VBT — ) VW)
WBC + ) VEA + ) (VAL +1H) VoBg
also ©® = 20P gives
214 . K®
2 J(VAT + &) (VAB + 1) VBE

Suppose
VBC + ff=1a ~BC- f=4d, .. aa,=Ka,
VA + G =8, VEA-G=p, BB =K

‘\/@‘*‘%:Iy’ ‘\/m—ﬁ:vﬂ 'Y’Y,=Kc,
then substituting
VoNa+a

0 - " Whe® =0,
VB,
4be Va
0 — b Sl
B/'Y/( +al)<1 \/a+a>‘y*0
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that is, Bections
E+§+0(n+29§)—%%% WR(E+0—f(n+208)}=0,

11/

£+ e+0(+20p) - LD (1 Ve ),

these may be written
LE+Mn+DNE=0,

LE+Mn+ NE¢=0,

where
'\/é'\/a+a = ' '\/Q'\/a+a N/é«/a+a =
L'8q feggnor S0 S Ich, N0 M =84 et f N w1 =t N
V8, ( ) iy By, % VB,
{ (A _4bc(a+a/) ngg ’\/E/ i i LA 13
L=14 2 (1 WM’), M=0 Sy

or since & #, { are equal to 1, Y+ Z, YZ respectively,
1:Y+Z:YZ=MN —MN :NL —NL:LM —-L'M

_«/é(a+a,)

oNA
VB, gk

4be (a2 +a,) (1 V2 m«/§> (1 Va, >+«/§ Va+a

B, VBy,  Wata, VB S Bt

I(Y/

. dbc(a+a) V2 Va +a, . Ve WNa+ta, Nz
. B, <0+ VBy, f>(1 N/a+a,>+ VB, (FafgR).
Also
x _ By _ Kbe
f+0va—7f_/3m’
whence
Pygs 2“/5“/“};“1 VA, (1 2 ﬁx;"'—@v@ (1 3 x/;/ilﬁ — 26,
/'YI 7/
i N2 Nata VB, VeNataf b Va, et
e i (i T ) <15

and by forming the analogous expressions for Z+X and ZX, X+Y and X7V, the
values of X, ¥, Z may be determined. But the equations in question simplify them-
selves in a remarkable manner by the notation before alluded to.

10—2
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Suppose
f— YANVBC -, g=VBIVTA-G, h=JTWVAB-T J=v2JABC,

these values give

(i),

%’i-c =2gh\/1—§,\/1—-3—:,

Kf =f’-—g’-—-h“+2g2hz

va .
Ko =—f’-—g"‘—h’+2J’,
B g h4+2g=hz+2h=p+2fag«—i“fi&5

Applying these results to the preceding formule and forming for that purpose
the equations

g V2Na+a J? Va f
\/ —— /= 7,3 —I=_
2¥2Va+a, VB, =4gh, vBy,  N@gh' Wata I

ghK0 + - Rt = (J* - gh) ("~ (g hy) - 2gh (g — b,

va

we have

K(V+2)+2K0=4 (P~ gh) 1 —§)

RYZ+E = ('~ gh) (P —(g — ) - 2h g~ by} (1~ 1)

the former of which, combined with the similar equations for Z+ X and X + ¥, gives
for X, Y, Z the values to be presently stated, and these values will of course verify
the second equation and the corresponding equations for ZX and X7.

Recapitulating the preceding notation, if #=0, y=0, 2=0 are the equations of the
given sections, w=0 the equation of the polar plane of their point of intersection
with' respect to the surface,

a@® + by? + c2* + 2fyz + 292w + 2hay + pw* = 0
the equation of the surface, @, 1, @, §f, €, 3B, K as usual, and

0——(«/* FVA+ G VB + P VD),
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then the equations of the required sections are
(az +hy+g2) X +yNC + 2 VB + wV —ap V1 + X* =0,
eV +(hao+by+f2) Y + 2 NB+wV —bp V1 + Y2 =0,
ENB+yV&+(ge+fy+c2) Z+wV —pN1+ 2% =0,
where X, ¥, Z are to be determined by the following equations,
(f+20VR)+ VR (Y +Z)+fYZ - Nbe V1 + V*V1+ 22 =0,
(9 +20VB) + VI (Z + X) + g ZX —VeaV1+ 2 V11 X* =0,

(h +20VE&)+ VT (X + V) + hXY ~Nab VT + V1 + V2 =0;
and the solution of which, putting

t=JAWBC- ff, g=IBJVTA-G, h=JCIVAB -1, J=J3VABC,
1s given by the equations

KX — 2fgh

5 +(—f+g+hyp-2(-f+g+h)J,
Ry =280 fogany-a( f-g+h),
Khigh( f+g—hp-2( f+g—h)J. ()

Instead of the direct but very tedious process by which these values of X, ¥, Z
have been obtained, we may substitute the following & posteriori verification.
We have

K (1+X°) =4 frg+hyr (1 +—§)( —§)(1_3>,
BNTT I 2 =4-(f’—(g’—h))J’(1—§>«/1—%/\/1—3—2,
K21+ Y2) =4(1-3) (7"~ gh) (&~ (g~hY) — 2gh (g — by,

K (Y +2)-20 - 2g - 2t + 471=4 1 _9 (J* — gh).
Putting also
fﬂ_ga__ h2+,2_g‘;h’_= (fz_(g_h)z)_gg_h_i“ff_:___gyl

’

4g%h 4g°h? (g — h)
K = (#~@-by) (@+by-# - ) - EE
! It is perhaps worth noticing that the value of the quantity N previously made use of,
12 2fgh o .4 ool i
A= —{ —gd—h2+(J+f-g-h)} .
Ka.\/ﬂ{ ol ( }

WWW.rcin.org.p



78 ANALYTICAL RESEARCHES CONNECTED WITH [114

we have

(fz g —hit J )K2(1+YZ)

=4 (1-2) (0 - @) (0" ~gh) (€~ (g ~ bY) ~ 2¢h g — by — 20 LT

1T S )

R (R (Y + Z) — 2f2— 2g*— 2h? + 4J%}

=4 (1-){ P-@-0) [ —gb) (E+br P

b 4%*112)] _4ghi(g —33” (J* - gh)} :

Also, since
aghe Ji— gh
(2= (g =) + (g + by — £ = 2E2) —agn T8,
we have
(B-g—p+ 2?,?’) R (1+ YZ)+ K* (K (Y + Z)—2f* — 2 — 2h)

= 4 (1—:9 (f2— (g —h)) 2ghJ® ( —%) (1— %)

and the values obtained above give also
2gh«/1 - —«/1 - —K?«/1+ YN1+ 22

47 (1 a g) (f2— (g — h)y);2ghJ? (1 b :f) (1 o }) ’

which shows that the relation between ¥ and Z is verified by the assumed values of
these quantities, and the. other two equations are of course also verified. The solution
of the problem will be rendered more complete if the equations of the required sections
and of the auxiliary sections made use of in the geometrical construction are expressed
in terms of f, g, h, J.

3/

First, to substitute in the equations of the required sections or resultors. Writing
the first equation in the form
2‘\/QBQ‘E{(I,Xac+(hX+’\/QD)y+(_qX+N/aﬂ)z+\/—a,p\/l-{—X2 }
the coefficient of # will be
f2 2fgh
v (1= ) B8 trgriy—2r - regm),
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or, as it is convenient to write it,

(1+§)f(—f+g+h)%(l -g) {ﬁ%—f+g+h—2J}.

The coefficient of y is

1 2g*h?\ /2fgh
Bl wi £ o (—
Waﬁ{( K e ( +(=f+g+h)-2J( f+g+,h))

— gt o4 2gehe 4 2hefe 4 aprge — 48 2} :

or, after all reductions,

(1—§)f(—f+g+h)%§<1—g){t,(_—;f_%}:_—h—)+f-—g+h+2‘](f2 g hg)},

and similarly the coefficient of z is

1 2h?f?\ /2fgh
[ —f24 g2 P2 f
oy {( +g & J2)( +(=f+g+hp—2J(- f+g+h))

— gt —he 4 2gth? 4 2hep 4 ofrge — AF f’h2} ]

or, after all reductions,

£ h o/, hy(  —2fgh L 2T (B—g+hY)
(1+.7>f(‘f+g+h)¢@(l ﬂ{m”*g h+T 1

and the coefficient of w is

(1+§)f(—f+g+h)2«/1?\/l——«/ J«/1- N

Hence, forming the equation of the resultor in question, and by means of it those
of the other resultors, the equations of the resultors are

< J(= ?EZM) f+g+h-2J )v—;[(l—;)x
+(J(_+f§h+h)+f g+h+2,ff2+2*5}g hZ)fﬁ(l—%)y
+(rerrgamt eV ) e (1= 5)

+2'\/}?&/1—-§«/l—% l—g —pw=0,
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(m%fgl‘ﬂ)—f+g+h+2Jﬂ—J’%lf )L_(l ;j)w

£
(J—(f%—h)+f—g+h—2gf )V%(l -&J>y
h

—P;§;+hﬂ>%<1

+2'\/K«/1——«/ 1——~/ —pw=0

(_—2%*1_ PSR el oo ) (1-3)a

— 2fgh
s I U O
+<J(f—g+h)+ RS

TG+g—h) 2fh 7a
» 26k PN B
DAE SR e SEARE Ry By B
(J(f+g R e AT )@3( 5
2fgh B e b
+<J(f+g—h)+f+g—h_2'] )ve(1-7):

+2'\/R\/1—§«/1—‘3,\/1—§«/$w=0,

values which might be somewhat simpliﬁed by writing £, 7, { o instead of

«/%(“?f)“’”’ %(1"%% @ —Z: 2\/1— \/1—%/1_}}«/:;“,;

and it may be also remarked, that the coefficients as well of these formula as of those
which follow may be elegantly expressed in terms of the parts of a triangle having
f, g, h for its sides.

The equations of the separators are found by taking the differences two and two
of the equations of the resultors (this requires to be verified & posteriort); thus sub-
tracting the third equation from the second the result contains a constant factor,

1 2h2 2 2 2 2
J (= (g—h))gh {af2g*h — J (£ — (g —hy) ((g+hyr-£)},

equivalent to
1 4f2g2h2 ) Tes i e
J(f* — (g—h)*)gh J? ) (f*—(g—h)y)gh"
Rejecting the factor in question and forming the analogous two equations, the equa-
tions of the separators are

<4f’g2h2 —p (K“ &

G0-Her KOG dgl-Peno
w%(l No=rp -8y -3
w0 DT g-5)e-o
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and from the mode of formation of these equations it is obvious that the separators
have a line in common.

The equations of the determinators being =0, y=0, z=0, the equations of the
tactors are

‘\/Q—Bz—\/@y:O, VCz—NBz=0, ’\/ﬁy—'\/ﬁm=0;
and if az 4+ By + vz + 8w =0 be the equation of the tactor touching

z2=0, V@2 —VA2z=0 and VAy - VB2 =0,

the conditions of contact are

a (Saa2+

[

&) = (Aa+ 18 + Gy,

2/ O3 (VAT —18) (m e

2
’

») = {(‘\/@—!ﬁ)(a VA -BVE) + 3 (G VB -1 «/@}

2
)

BN SR IR

2«/@;(«/M-@)(aa=+... ss)={(«/a—@—aﬁ)(a@—y@)waa«/@—ﬁV@)}

whence

o
E“/wmﬁ(“/mf’*?ﬁ)(ﬁa+¥aﬁ+q&y)=
(VAT - 1) VAa — (VAL - 1)) VBB + (G VB - ff VA)y,
1 — ———
Vg Y 2VAC (VAT - G) (A + 198+ Giv) =

(VAC - G)VAa+ (JQVT - FVA) B - (VAL — )y,
08 + byt — 28y + % $=0,
and putting for a moment
u=VAL - G — V2 VAT (VAT — &),
v =VAB -3 - /2 VAB (VAB - 1);

after some reductions, and observing that the ratios only of the quantities a, B, v, &
are material, we obtain

K
a=7§(1{+hv+g,u),

K

B=V—Q( bv + fu),

'72«/—]‘{@( S+ op),

K :
8=~Tgv—p(by2+c,u.’+2f,uu):
| C. 1II, 11
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and it is easily seen also that the coordinates of the point of contact are

w=0 :]/:y Z:F, w=_§l\/. ;
) > t] p K
also
J Jh h
=75 0=5) »=-(-3)

Hence substituting and introducing throughout the quantities f, g, h, J, also forming
the analogous equations, the equations of the tactors are

{fz(—f”+g2+h2)+(g+h)J(f2_(g__ hy — 2fgh>}%

—{fﬂ-—(g—h)2+——2gh(§_h)} %( 5)
=K

_{p_(g_ h)? — 2gh(§ h)} <

+WE \/gh (1 & §> (1 * f-}) (f:—(g—hy) v —pw=0,

—{g“’—(h_f)z oAt f)} m<1—§)$

+{g’(f“—g2+hﬁ)+(h+f)J( s (h— £ — Qfgh)}%gy

_{g‘a’—(h—f)?—g]f(t}}—_f)}J%(l—g)z

+2VEK \/hf 1 - j) (g2=(h—1f)) ¥V =pw=0,

—{h2—(f—g)2+2fg(§ Q)U@< oy ¥

- G - )

+{h2(f2+g2—h2)+(f+g)J<h‘~’—(f— gy — 2@2)} «/1@

+ WK \/fg (1 i ;) (1 s §) (he—(f—g)) ¥ = pw=0.
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It is obvious, from the equations, that each separator passes through the point of
contact of a tactor and determinator, it consequently only remains to be shown that
each separator touches two tactors. Consider the tactor which has been represented
by az+ By + vz + 8w = 0, the unreduced values of the coefficients give

Aa +PB+Giy= K VA,
92 + BB +gy=%(;a+u>,

QEa+;j}?,8+QE«y=j%(€B+p),

W/ aer . E . 2¥= J5 @+ + Gy = K
Represent for a moment the separator
f f g g —g h h
— (1 =5 SR o -_— S T =
«/sa( J>”:~/a3(1 J)y h «/@;(1 J)Z g
by Iz + my +nz+sw=0. Then putting &L+ . %{32 (] since

Aal+ ...+~ Ss_Kﬁ{va+J'i(§3+v)+ (QE+;L)}

-t e~ %) (-9 -0 (- )0 )
~ - -gran - 2EY,
the condition of contact becomes
D%.{ (f—g)2+h(f+g)—2f—gh},
or, forming the value of []? and substituting,

(1= 3 - (- 3o Eo-oe(- 0

- e-ar(-30-5) (-2t
= 5(-E-pr+h+g - 2B,

Whmh may be verified without difficulty, and thus the construction for the resultors
15 shown to be true.
11—2
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§8

Several of the formule of the preceding sections of this memoir apply to any
number of variables. Consider the surface (i.e. hypersurface)

aa? + by? + c2* + 2fyz + 29zx + 2hay ... + pt? =0,
and the section (i.e. hypersection)

(A +hup+gr.)e+(n+bp+fr.)y+@r+futov..)z...+V—pVi=0,

where
V2 = a2 + bu? + cv® + 2fuv + 2gv\ + 20 ... — K,

. the condition of contact with any other section represented by a similar equation is

O + bupt! + o+ f (utf + ) + g N + V) +h O + V) ... £ K=VV,
where K is the determinant formed with the coefficients a, b, ¢, f;, ¢, b, -... And con-
sequently, by establishing all or any of the equations A=+v@&, u=+2B, »=VC,
we have the condition in order that the section in question may touch all or the

corresponding sections of the sections =0, y=0, 2=0, ...

Let n be the number of the variables #, ¥, 2..., then K™ 1 =

@%@

a 1
" B
& §

also K2 {(an+hp+gv..)e+(A+bp+fr..)y+(h+fu+ov..)z...}

% B =&
S BY <
& &6

whence also

K (V! + K)=— or Kn—2V2=_

Vi

. T
Sy ® >
S BY
&% & «
aEn >
S EBY
@%@f

4k
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and the equation of the section in question becomes

- &l 9 Vg + K Zp/ T A p v 1E=0,

ra B &G A4 B G

v 3B B F v B B ¥

v & ff € v & f @

also the condition of contact with the corresponding section is

| 65201 SR Vi R A =T e XY #.. P N1  NCESTED
vV a B & ra B G vV A& B &
¥ B B F LB B F v B B F
vy & f @ v & Ff @ v &G f @

In particular the equation of the sections which touches all the sections 2=0, y =0,
2 = 0uiiaise

- p of g com +EKiVZpd—| 1 V& VB VC.. |)t=0
va @ B G v . o
VB 1) B F VB T B F
VG G ff € V& & f ¢

Again, the equations of the section touching y=0, z=0,... and the sections touching
=0, z=0, ... are

- BT T +K§““1’\/-——p\/— 1.0 ki 48 V& .. Wt=0,
A4 B G » a P &
Vi 1 B F VB 18 B F
V€ & f € Ve & § &

- T RV _pd =] 1 V& u NE .. ||t=0,
VA & 1 G VA a 1 &
» BB F w BB F
V& & f @ V@ & §f €
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and the condition of contact of these two sections is

SE T On VB WL TSV T e v Wk 1w VR ey Y8
VA& a 1B G » a4 B G va a 1 &
v B BRF v ¥ B F w BB F
vV & ff € VE & f C© NE &G f C©

It would seem from the appearance of these equations that there should be some
simpler method of obtaining the solution than the method employed in the previous
part of this memoir.
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