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Two existence theorems for a rigid heat conductor 

L. SIDZ (WARSZAWA) 

THEORY of Garding operators is used to get existence theorems for boundary-value problems 
of a rigid heat conductor in a weak form. 

Zastosowano teori~ operator6w Gardinga do wyprowadzenia w slabej postaci twierdzen o ist
nieniu dla zagadnien brzegowych dotyc:l(lcych sztywnego przewodnika ciepla. 

IIpHMeHeHa TeOplUI orrepaTOpOB rap,wmra ,ll;.ijH BbiBO,ll;a B CJia6oM BH,ll;e TeopeM ~eCTBO
BaHIUI ,ll;JIH I<paeBbiX 3a,ll;aq, I<aCaiOillHXCH >KeCTI<OrO TeiiJIOIIpOBO,ll;HHI<a. 

WE APPLY two theorems given by ODEN' [3] to a stationary equation of a rigid heat con
ductor in a weak form. 

Generally Q is a bounded domain in R3 with smooth boundary aQ, and U, V are 
reflexive separable Banach spaces such that the injection i: U -+ V is dense, continuous 
and compact. By Un .-+ u we denote weak convergence un to u and by U' topological dual 
of U. ( • , ·) is duality pairing on U' x U. 

We consider the problem: 
For a given f E U' find () E U that for any v E U 

(E) f Q(X, ()(X), V()(X)) · Vv(X)dX + f q(X, ()(X))v(X)dX = - J f(X)v(X)dX. 
Q D D 

Here () denotes the temperature, f is a density of heat sources, Q represents a vector field 
of flux of heat, q is a scalar field of density of heat sources depending on the temperature. 
We assume that we know how Q and q depend on X,() and ve. The equation (E) was ob-
tained from the local form of the heat equation -· 

DIVQ(X, ()(X), V()(X)) = q(X, ()(X))+f(X), 

(see, e.g. MARSDEN-HUGHES [4]). 
We recall the following definitions from [3]: 
DEFINITION I. A: U-+ U' is a Carding operator if A can be expressed in the form A(u) = 

= A(u, u), where A: Ux U-+ U' satisfies: 
I. V v E U the map U 3 u-+ A{u, v) E U' is a radially continuous(!) operator from U 

into U'. 

2. There exists a continuous function H:R+ x R+ -+ R+, R+ = [0, + oo), with the 
property 

1
. 1 
1m -H(x, ty) = 0 

t-+0+ t 
for any X, y E R+ 

(1) A is radially continuous if the function R 3 t-+ (A(u+tv), v) is continuous for all u, v E U. 
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614 L. Smz 

such that for every u andv in the ball Bm(O) = {wE U:llwllu < m} the following inequality 
holds: 

<A(u, u)-A(v, u), u-v) ;;::: -H(m, llu-vllv). 

3. If Un -+ u w~akly in U, then for any v, w E U 

lim inf<A(v, un)-A(v, u), Un-u);;::: 0, 
n-+ +oo 

liminf(A(v, un)-A{v, u), w) = 0. 
n-++oo 

DEFINITION 2. A: U-+ U' is a variational Gording operator if A can be expressed in 

the form A(u) = A(u, u) where A: Ux U-+ U' satisfies: 
1. The condition 1. from Def 1 holds. 
2. The condition 2. from Def 1. holds. 

3. VuE U the map U3 v-+ A(u, v) E U' is a bounded operator. 

4. If Un-+ u weakly in U and lim (4(un, un)-A(u, un), Un-u) = 0, then for any 
n-+oo 

VEU 

A(v, Un) __.. A(v, u) weakly in U'. 

5. If Un-+ u weakly in U and for any v E UA(v, un) converges weakly to some element 
· fEU', then 

We recall the two theorems which were given by OoEN [3]. 
THEOREM 1. A coercitive (2) bounded Gording operator is surjective. 
THEOREM 2. A coercitive bounded variational Gording operator is surjective. 
These two theorems will be used to prove the existence of a solution to two problems 

of the equation (E). 
We shall denote by C a positive constant which is not necessarily the same at each 

occurrence. For a positive integer p we denote by p' such a number that 1 /p + 1 /p' = 1. 
We shall supress the dependence on X in notations. 

We denote by II· llw
0
m, p the norm in Wg'·P(.Q) and by II· liP the norm in LP(.Q). 

APPLICATION 1. Let p > 2, fE (Wt.P(.Q))'. We consider a stationary equation 

A(O) = f, 
where 

A: W1·P(.Q) -+ ( W1·P(.Q) )', A(O) = DIY Q (X, O(X), VO(X) ), 

with the boundary condition 

(2) A is a coercitive operator if lim 
llu ll v-++oo 

(A(u), u) 

llullu 
= 00. 
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There exists e E Wl.P(.Q) such that OTa.o = ()0 (see e.g. [5, s. VII], [6 s. VI]). If a solution() 

exists, then 0-0 E WJ·P(.Q), so we can formulate our problem in the following. form: 

For a givenfE (W1•P(.Q))' find() E WJ·P(.Q) such that for any v E WJ·P(.Q) 

(1.1) (A(O+O), v) = <f, v). 

We show that if Q is suitably restricted, there exists at least one solution of the problem 

(1.1). We assume 
I. Q(X, (), V()) = Q0 (VO, X)+Q 1 (VO, (),X), where Q0 (w, X) is Gateaux differentiable 

in w E R 3 and continuous in X E .Q and Q 1 ( w, d, X) is Gateaux differentiable in w E R 3 

and d E R and continuous in X E .Q. 
II. For any u, v E W1·P(.Q) such that u-7f, v-7f E WJ•P(.Q) the following inequalities 

hold 
1 

a. f dQ0 (Vu+tVv, X) d . n In jP 
dt t vV ~ a 1 vV for X E .Q, 

0 

b. 

III. For any wE R3 , () E WLP(.Q), X E .Q 

a. IQt (w, (),X) I ~ a2(l + !Oiq + !wlq), 

b. I aio, (w, 0, X)l ,;; b2(1 + ror•-l + fwr•-1), 

c. 

In these conditions a1 , b1 , a2 , b2 are positive constants and 0 < q < p-1. 

THEOREM 1.1. Suppose the assumptions I, II, III are fulfilled. Then there exists at least 

one solution of the problem (1.1 ). 

Proof. We shall show that A 1 (v) = A(O-+v) is a bounded coercitive Garding oper

ator from WJ·P(.Q) into (WJ·P(.Q))'. We have WJ·P c LP(.Q) and the imbedding is dense 

continuous and compact, so the assumptions about spaces U, V, are fulfilled. 

Step 1. A 1 is bounded. 

For u, v E WJ·P(.Q) we have 

( A(O +u), v) = J Q0 (VO + Vu, X)· VvdX + _[ Q1(Vii+ U, 0 + u, X)· VvdX . 
.Q .Q 

From the Holder's inequality and the assumption lib we have 

jJ Q0 (VO+Vu,X)· VvdX j ~ IIQo(VO+Vu,X)IIP'IIVviiP ~ C(II IVO+VujP-liiP' 
.Q 

3 
3 . }; oQll 

()t.e. -- (w,O,X)·a1 ·a1 ~0. . . ow, 
1,}= 1 

http://rcin.org.pl



616 L. Smz 

By similar calculations we get 

I J Q1 (VO+Vu, O+u, X)· Vvdxl ~ C(lllO+ulqiiP'+IIlVO+VulqiiP'+C) · IIVvllp· 
D 

Since q < p-1, then p' • q < p and we have 

I J Q1 (VO+Vu, O+u, X)· Vvdx! ~ C(IIO+ull~ •. ,+C)llvllwA·" 
D 

Taking together these two estimates we have 

IIA(O+u)ll<w• ·"<D>Y = sup l(A(O+u),v)l ~ C(llull~f.~+llull~··"+C) 
o il"llwA·"= 1 o o 

so A is bounded. 

Step 2. A is a Garding operator. 

Let A(u, v) = A(u)+O · v. Then A(u, u) = A(u) and the conditions 1 and 3 in Def. 1 
hold because of the assumption I. We must prove t.he condition 2. For u, v E WJ·P(.Q) 
we have 

\A(O+u, O+u)-A{O+v, O+u), u-v) = J0 (0+u, 0+v)+J1 (0+u, O+v), 

where 10 and 11 correspond to Q0 and Q1 , respectively. Let us denote z = u-v E WJ·P(.Q). 
Using the assumption Ila we get 

J0 (0+u, O+v) = J [Q0 (VO+Vv+Vz)-Q0 (VO+Vv)] · VzdX 
D 

and similarly using the assumption Illc we obtain (w = O+v+tz) 

l 1 (0+u, O+v) = J [Q 1 (VO+Vu, 0+u,X)-Q1 (VO+Vv, O+v,X)]VzdX 
D 

1 

~ J J - Q1 w ~ w' X z · V z dt dX. 
D 0 

Therefore by the assumption Illb 

1 1 

J,(li+u, li+v),;;;; J I I~~· (Vw, w, X). z. vz/ dtdX,;;;; If bz(l + lwlq-1 + IVwl<-1) 
D 0 D 0 

x lzllVzldtdX. 
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We shall estimate all parts of this sum. Let s denote h = IVwlq- 1 and 

1 

I= f f jVwlq-1lziiVzl dtdX. 
fJ 0 

Since for any e > 0 and any function g 

f 
eP 1 

jVzllgldX ~ llzWw1,p ·-+---,-P' llgll~; 
n o p pe 

we get, taking g = hz, 

We have also 
JJ(q-1) 

llhzii~:<P- 1 > ~ llzll~llhii~,<P-2> and llhii~~~:=H = -IIVwll prq-_
1
1> . 
~ 

617 

Because p(q-
1
) < p, then IIVwll p(q-1> ~ CIIVwiiP and therefore for u, v E Bm(O) in 

p-2 P-2 

WJ·P(.Q) 

(1.2) I~~ llzWwt,p++P' l!zll~'(p- 1 ). cm<q- 1)P'. 
p o p e 

Observing that for u, v E Bm(O) c WJ·P(.Q) 

1 1 

J (IIO+v+tzi!P)kdt ~ C J mk(l +2t)kdt < C(m), 
0 0 

where C(m) is a constant depending only on m, and doing similar calculations we get 

1 p 

f f 10+v+tzlq-1lziiVzldtdX ~ c!_ llzii~+C(m) 
fJ 0 p 

(1.3) 1 l!zWI<P-1) 
p' eP' P' • 

Next we have 
1 

{1.4) J J lziiVzjdXdt ~ ~ l!zii:;,J·~'+-h, l!zll~:. 
on p pe 

Since p > 2, -therefore 

llzllr = f lziP'dX ~ C /l lziPllp-1 ~ Cllzii~1<P- 1 >. 
D 

Putting this estimate into Eq. (1.4) and taking into account Eqs. (1.2) and (1.3) we have 

- - 3eP -
lt((}+u, (}+v) ~ -- llzll~-~.p+C(m)llzii:'<P- 1 >. 

P. ..o 

- Combining thus with the estimate of 10 we get 

l 0(0+u, 0+v)+l1 (0+u~ O+v) ~ (c- 38P) llzll~1,p-C(m)llzii:'<P-l). 
p 0 . 
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J.sP 
If we choose .s such as to have C-- > 0 for u, v E Bm(O) we have 

p 

(A(O+u)-A(O+v), u-v) ~ - C(m)llu-vii~I<P- 1 > . 

Let us define 

H:R+ x R+--+ R+, H(x, y) = C(x)yPI<P- 1 >. 

His continuous and lim 2_ H(x, ty) = 0 because p/{p-1) > 1 for p > 2. 
t-+0+ t 

Furthermore we have for u, v E Bm(O) 

which me(tns that the condition 2 of Def. 1 is satisfied. 

~tep 3. A is coercitive. 

We have for u e WJ·P(.Q): 

(A(ii+u), u) = (A(O), u)+J0 (u+0, O)+lt.(u+O, 0) 

L. Smz 

~ (A(O), u) + Clluii~A·"+lt (u+ if, if). 
Using 

, 
IIIVO+VuiH 111_'! 1 ~ IIO+ull~··" and IIIO+ulql l ~: ~ CIIO+uii~P', 

1+1 

we have from the assumptions lib and lila 

(A(ii), u)+l1 (u+0, 0) = f [Q0 (Vii, X)+Qt.(Vu+ Vii, u+ii, X)]· VudX 

Therefore 

{J 

~ J [b1 (IVOIP-1 + 1) + a2(1 + lu+ Olq-l + IVu+ v_tf,q-1)] IVul dX 
{J ' 

~ f [C+C(l+lulq+IVulq)] IVuldX ~ f (CIVui+CiulqiVui+·CjVulq+ 1)dX 
D D 

[ 
.sP . 1 ] q + 1 " ,._ 

~ C - llullwP •. ,+---,-P' (means (.Q))P' +C-- .s~+• lluiiPw•·" 
p 0 p.s p 0 

+ , 1 
P" (means (.Q) )P" + C _!!'__ llullwP •. , 

p .s p o 

1 A 

+ C -,--P' llullwP 1,, p .s o 
where II p 

p = p-q-1' 
A I 

p =pq. 
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eP , 
If we choose e such as to have 1 --- e H 1 > 0 we obtain 

p 

because p-1 > p -1. 

lim 
llullw&·"-->+ 00 

(A(O+u), u) 

llullw&·" 
=00 

619 

So A 1 is a coercitive bounded Garding operator and we conclude from Theorem 
that A 1 is surjective, so there exists u E WJ·P(.Q) that for any 

v E WJ·P(.Q), (A(O+u), v) = <f, v) 

and () = O+u E W1•P(.Q) satisfies (A(O), v) = <f, v) for any v E WJ·P(.Q) and Ola.a = 00 • 

Theorem 1.1 is proved. 
APPLICATION 2. Let us consider the map 

A: wJ·P(.Q)--+ w-1·P'(.Q), 

where 1 < p < oo, and formulate the problem: 
For a given f E w- 1·P' (.Q) find () E WJ·P(.Q) such as to have for any v E WJ·P(.Q) 

(A(O),v) = j Q(X, O(X), VO(X))· VvdX+ j q(X, O(X))·vdX =- f f(X)vdX, 
.a n n 

where 
I. Q(X, u, v): .Q x R x R3 --+ R\ q(X, u): .Q x R--+ R 

are continuous in u E R, v E R3 for almost every X E .Q and measurable in X E .Q for every 
u E R, v E R 3 • 

II. There exists k E LP' (.Q) such that for X E tJ 

IQ(X, u, v)l ~ C(luiP- 1 + lviP- 1 + lk(X)I), 

lq(X, u)i ~ C(luiP- 1 + lk(X)I). 
If these assumptions hold, , then we can easily verify that 

A: WJ·P(.Q)--+ W- 1 ·~'(.Q) = (WJ·P(.Q)r 

We give now two lemmata which are simple consequences from the theorem 2.1 in 
KRAsNOSIELSKIJ [1]. 

LEMMA 1. Let Un --+ u strongly in LP(.Q) and v, wE W1•P(.Q). Then 

Q(X, un, Vv) --+ Q(X, u, Vv) strongly in (LP' (.Q) ) 3
, 

q(X, un) --+ q(X, u) strongly in LP' (.Q). 

LEMMA 2. Let Un --+ u strongly in W1•P(.Q), v E LP(.Q). Then 

Q(X, v, Vun)--+ Q(X, v, Vu) strongly in (LP'(Q)) 3
• 

Now we can formulate an existence theorem. 
THEOREM 2.1. Let the assumptions I, II hold and 
3. A is a coercitive operator. . 
4. There exists H:R+ x R+ --+ R+ continuous and such that for any x, y E R+ 

lim __!_ H(x, ty) = 0 
t-+O+ t 

s• 
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and for 
u, v E Bm(O) ={wE WJ·P(.Q): II llwA·P < m}, 

[Q(X, u, Vu)-Q(X, v, Vu)] · (Vu-Vv) ~ -H(m, llu-viiP). 

Then A is surjective from WJ·P(.Q) onto w- 1·P'(.Q) 

Proof. 

Step 1. We show that A is a variational Garding operator. 

L. SIDZ 

Let us put WJ·P(.Q) as U and LP(.Q) as V inDef. 2. We denote for u, v, wE WJ·P(.Q) 

a1 (u, v, w) = J Q(X, u, Vv) · VwdX, 
n 

a0 (u, w) = J q(X, u)w(X)dX. 

The map w-+ a(u, v, w) = a1 (u, v, w)+a0 (u, w) is continuous from WJ·P(.Q) in R for 
any u, v E WJ·P(.Q). We define 

A: WJ·P(.Q) X WJ·P(.Q)-+ w-l·P(.Q) by <A(v, u), w) = a(u, v, w). 

Then A(u, u) = A(u). Other conditions from Def. 2 are proved in the following way. 
1. ·Because of Lemma 2 limQ(X, u, Vv1 +tVv2)-+ Q(X, u, Vv1) strongly in {LP'(.Q))3

, 
t-+0 

therefore for any u E WJ·P(.Q) the map v-+ A(v, u) is radially continuous from WJ ·P(.Q) 
into w-t.p' (.Q). 

2. We can check this condition easily using the assumption 4. 
3. We can verify similarly to the next step of the proof that the operator u-+ A(v, u) 

is bounded for any v E WJ·P(.Q). 
4. Let u, v, w, Un E WJ·P(.Q), Un -+ u weakly in WJ·P(.Q). Then 

(A(v, Un), w) = J Q(X, Un, Vw) · VwdX + J q(X, Un)w(X)dX. 
n D 

If we choose a sqbsequence Unk, Unk -+ u strongly in LP(.Q), then from Lemma 1 we have 
Q(X, Unk' Vv)-+ Q(X, u, Vv) s_trongly in {LP'(.Q))3 and q(X, Unk)-+ q(X, u) strongly in 
LP'(.Q). Thus we conclude that A(v, unk)-+ A(v, u) weakly in w-l·P(.Q) for any v E WJ·P(.Q). 

Because this convergence holds for any subsequence which converges strongly in LP(.Q), 
then we have it for the sequence un. 

5. Let un-+ u weakly in WJ·P(.Q), A(v, un) __,. f weakly in w-LP'(.Q) for v E WJ·P(.Q). 
From Lemma 1 we have 

Q(X, un, Vv)-+ Q(X, u, Vv) strongly in {LP'(.Q))\ 

q(X, un) -+ q(X, u) strongly in /f' (.Q). 
Hence 

a1 (u, v, un)-+ a1 (u, v, u). 

Using the Holder's inequality we get from the Assumption II 

laz(Un, Un-u)l ~ Cllun-ullP' 
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Choosing a subsequence unk-+ u strongly in LP(Q) we have 

a2(un"' u)-+ (/, u)-a1(u, v, u). 

As a result we get for the sequence Un 

(4(v, Un), Un) = a1(un, v, Un)+a2(un, un)-+ (/, u). 

621 

Step 2. We must show that A is a bounded operator. From the Assumption II we 
have 

I(A(u), w)l ~ f IQ(X, u, Vu)l· IVwldX+ f lq(X, u)l·lw(X)IdX 
{) {) 

~ f C(jVujP- 1 + luiP-1 + lki) · !Vwl dX + C f (iu!P-1 + iki) · lwi dX 
{) {) 

~ C(lliu!P- 1 + IVuiP-1 + lklllP' + lliuiP-l +jk!JI~·) llwllwA·P · 
Hence 

IIA(u)iiw-l,p' = sup l(A(u), w)l ~ C(iiuliwb.p + llkllp.)· 
· llwllw 1 .P= 

So A is bounded from WJ·P(Q) into W- 1·P'(Q). Therefore all assumptions of Theorem 2 
I :~ld and we conclude that A is surjective from wJ·P(Q) onto w-1·P'(Q). 
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