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Remarks on the semigroups method in linear thermoviscoelasticity
K. CHELMINSKI (WARSZAWA)

THIS PAPER presents an example in which the semigroups theory is applied to the problem of
existence and uniqueness for the equations arising in linear thermoelasticity with fading mem-
ory. The boundary-initial history value problem will be transformed to an initial value problem
dx/dt = Ax+f, x(0) = x, in the Hilbert space X, where the operator A4 will satisfy the assump-
tions of the Hille-Yosida theorem:.

W pracy przedstawiono przyklad, w ktorym teorie polgrup zastosowano do zagadnienia istnie-
nia i jednoznacznosci rozwigzan rownan liniowej termosprezystosci z zanikajaca pamiecia.
Zagadnienie brzegowo-poczatkowe z historia zostalo przeksztalcone na zagadnienie poczatko-
we dx/dt = Ax+f, x(0) = x, w przestrzeni Hilberta X, przy czym operator 4 spelnia zatoZenia
twierdzenia Hille-Yosidy.

B pabore npencrapiieH npumep, B KOTOPOM TEOPHA TOMYTPYIIT MPHMEHEHa K 3a7jauaM CyILecT-
BOBaHHA W €AWHCTBEHHOCTH DEIIEHHA JIMHEHHOM TEPMOYMPYrOoCTH C HCUE3AIOMIEH MaMSTHIO.
KpaeBo-HauaneHasa 3ajjaua ¢ ucTopHeil npeofpas3oBaHa K HauaeHOH 3amaue dx/dt = Ax+f,
x(0) = xo B mpoctpancTBe I'minsbepra X, npuuem omepatop 4 YOOBIETBOPSAET IpPeAONO-
HeHuAM Teopembl Xmie-Hocupa.

WE AssUME that the body composed of an inhomogeneous, anisotropic linear thermo-
viscoelastic material occupies a bounded region B = R® with a smooth boundary &B
and that the reference configuration is a natural state in which the stress is zero and the

base temperature 6, > 0. Moreover, we assume that the Cauchy stress tensor f and spe-
cific entropy e are given by the functional H

(tCx, 1), e(x, 1)) = H(Vu(x, - ), 6(x, +)*),
where the function Vu(x, s)* = Vu(x, t—s) ¥V s = 0 is a history of the displacement gradi-
ent and the function 0(x, 5) = 0(x, t—s)V s > 0 is a history of the temperature differ-
ence from 6,. From the general fading memory theory the constitutive relations are
given in the following form:

1(x, 1) = g(x, 0)Vu(x, H—1I(x, 0)0(x, t)+f [g'(x, )Vu(x, t—s5)—1'(x, s)0(x, t—s)]ds,
0

rXe(x, 1) = I(x, 0)Vu(x, 1) +r(x)c(x, 0)0(x, 1)+ [ [I'Cx, )Vulx, 1—s)
0
+r(x)c’(x, 5)0(x, t—s5)/0,]ds,

where the functions g(x, s), I(x, s), ¢(x, s) for s > 0 are the relaxation tensors of fourth,
second and zero order, respectively; r(x) is the mass density (“’” denotes the derivative
0/0s).
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Let us assume we have also the ‘equation for the heat flux vector
" 9(x, 1) = —k(x)VO(x, 1),

where k(x) is the thermal conductivity.
From the linear thermoelasticity equations

dive(x, t) = r(x) [ii(x, )—f(x,t], f(x,t)—body forces,
Opr(x)e(x, t)+divg(x,t) =0

and the constitutive relations we obtain the following linear thermoviscoelasticity equations:

#(x, 1) =7(1?)div{g(x,0)w(x, 1)—0(x, t)z(x,0)+0f [g'(x, $)Vu(x, t—5)—I'(x, 5)

a0 x OCx, t—)]ds|-+/(x, 1) £ L(Vu, 6)+7,
B(x, 1) = Bo/r(x)c(x, 0) {divIk(x)VOCx, 1)/0o]—I(x, O)Vir(x, )+ [ [I'(x, s)
0

X Vit(x, 1—$)+r(x)'(x, )6(x, 1—5){00]ds} £ M(Vu, 0).
Moreovef, we assume the boundary conditions
u(x,t) = U(x,t) for (x,t)edBx]0, T[(})
O(x,t) =Q(x,t) for (x,t)edBx]0,T[
and “history conditions”
u(x, —s) = W(x,s) s

=0
B(x, —s) = A(x,s), s=0, xeB,

@

©)

where the functions U, Q, W, A are given.
PrROBLEM 1: to find two curves

(0, T2t u(-, ) e H'(B), @eC*((~w, T); H'(B),
(—00; T12t™0(-, ) e H'(B), yeC'((—w,T); H'(B))
such that Eqgs. (1) and the conditions (2) and (3) hold. Using the trace theorem we obtain
the problem (1) which is equivalent to the following problem: to find two curves
(=0, TIat P u(-, ) e H'(B), ¢eC*((—w, T); H(B)),
(=00, T12 ™5 0(-, 1) e H'(B), yeC'((—o0, T): H'(B))
satisfying
i(x,t) = L(Vu(x, 1), 0(x, t))+F(x, 1),
6(x, 1) = M(Vu(x, 1), 0(x, 1)) +G(x, 1)
the homogeneous boundary conditions
ux,t) =0 for (x,t)edBx]0, T,
0(x,t) =0 for (x,t)edBx]0,T[

(*) for any finite T.
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and “history” conditions

u(x, —s) = W(x,s), s=0

0(x, —s) = A(x,s), s=0, xeB,
where the functions F, G, W, A are given.

. . d
We want to resolve our question to the initial value problem @ x = Ax+f, x(0) = x,

in the Hilbert space. To do that we give some assumptions:

I functions r(x), k(x), g(x, s), I(x, s), c(x, s) for all fixed s > O are Lebesgue measur-
able and essentially bounded on B,

II functions

ot { ar o
’ a5 g(s)' = Wg(us) wa),
| ot ar || & J
L = el s I=1,;2
‘! a5 B Ry o’

are continuous and integrable on [0, o0),
III g(x,s) = g"(x,s) for all s >0 (g"(x,s) the transpose of g(x, s)),
IV essinf r(x) = ro > 0,
V essinf ¢(x,0) = ¢, > 0,
VI 3 g > 0 such that

[ Vy(x)g(x, ©)Vy(x)dV 2 glIVylldam for all  yeC(B),
B

where g(x, c0) denotes limg(x, s),
5= 0

VII 3 K > 0 such that

be(x)k(x)Vb(x)dV; K||Vb||}.s, for all beCP(B),
B
VIII there exists a function g,(s) = 0 such that
JOr@g . 9V@AY > gVl forall yeCsm),
IX there exists a function c¢,(s) = 0 such that

— [ e"(x, 982XV = ¢3()|Bllawy  for all  be CR(B),
B

X a function ||I'(s)|| £ [1I'(+, $)||Leepy is integrable on [0, c0),
X1 |[I"(9)]] € (ro/B0)"2c2(s)"2g2(s)!? for all s3>0,
XII F(.,t) e L*(B), G(-, t) € L*(B) and the functions

10, T[>t F(-, 1) e L?B,
G(t)

10,T[s¢t > G(-,t)eL?B

are of class C! (have continuous derivative of order one).
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REMARK 1
a) Assumptions X, XI and the Schwarz inequality give
'@ < (ro/b0)' e (s) g1 (s) "2,

where
o0

ey (s) = f c(p)dp,  gi(s) = f g:(p)dp,
s

S

b) definition of the function c;(s) and assumption VIII
— [ V¥ (x, HVY@ AV > gi(&)I[VyllEam  for all  y e CF(B),
& .

similarly
[ ¢x, 962V > e, ()Iblliaey  for all b e CP(B).
=
Let us denote
X, = C(B)x C§(B)x Cg(B)x C*([0, c0); H5(B))x C*([0, 0); H3(B))

and introduce the bilinear form for elements of X,

(u, 0,0, w(s), a@), (,9,0,7(),3)> = | [Vug(oo>va+w6+7,l~ rc(O)eé]dV

B
- f f [Vu—Vw(s)]g'(s) Vit — Vw(s)] +a(s) I’ (s) [Vu— Vw(s)] +a(s)'(s) [Vu — Vw(s)]
B 0

+(r/0o+ 1) (s)a(s)a(s)dsdV
(where dependence on x is omitted).
REMARK 2. )
The remark given by C. NAVARRO in the paper [3] p. 19 does not justify the statement
that the bilinear form

<(H,7), 69 w, a), (l‘_‘i 59 ga Ws E))l = <(Ll, v, 0, w, Cl), (ﬁs 7—)s éb l;, E))

— | [ ¢ atsyacs)dsav
B 0

is an inner product/,

Proof. We show that there exists an element z = (0,0, 0, w, a) € X, such that
z# 0 and {z,z); = 0.

Let us assume that there is an interval 7 = [p, g] < [0, ©), p < g < + o0 such that
for all sel

g>0 for xeAcB where A is a subregion of B such that {cB

Bija(x,5) = and r(x) = ry for xe 4,

0 for xeB\A4,
p 1>0 for xe€Ad,
1yl ) = 0 for xeB\ A4
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and
¢c>0, x€eAd,

0, x € B\ 4.

Let us take we C&([p, q]; H3(B)) such that (Vw);(x, s) = f(s) for x € A and similarly
ae Cy([p, ql; Hj(B)) such that a(x, s) = g(s) for x € A. We assume f(s), g(s) > 0 for
s€]p, q[ and there exists a constant A > 0 such that g(s) = hf(s). Then

Kz, 21l = | [ [ V()8 () V() ~ 2a(5) ' () Vw(s) —ro [Ooc () 2 (s) ds V|
A1

c'(x,s) = {

= [ [ & X A)f5)=2hf5)! ) f(5) = rolBo ch?f?(s)dsdV
A ij

1 ijkl
= [Al}[ B1g—18hI—ro/85chd)f(s)ds].
Let I
{z,z); =0 then 8lg—18hl—ro/0och® =0, A = 32412+4324r,/0,, cg > 0.
Using the assumptions XI, VIII and IX it is easy to show that /2 < ry/f, cg. This in-
equality impliesﬂ > 1/62_§1 =18 ]/2_1 so that A = 960(r0(|/f—1)1), ¢ > 0 thus w, a #

# 0 g.ed.
Let us denote

X, = {(u,v,0,w,a)eXy:{(u,v,0,w,a),(u,v,0,w,a)) < +w}.

REMARK 3
the form ¢,> is an inner product in X;.

Proof. Itis obvious that the form ¢,) is bilinear and symmetric. We show that this
form is nonnegative *

{(u,v,0,w,a), w,v,0,w,a)) = f[Vug(oo)Vu+rw+6L rc(O)Gz]dV
B 0
— f f =[Vu—Vw(s)]g’(s)[Vu—Vw(s)]+2a(s)l’(s)[Vu—Vw(.‘:)]—6i rc’(s)az(s)} dsdV
B 0 ) o
+ ff c'(s)a*(s)dsdV, since IV, V and VI,
B0

[ [vugteorvis oo ) re@02] v > gVt +rolt 5 -racol ol
B 0 [

hence the first integral is nonnegative. Using the Remark 1, the assumption V and the
Schwarz inequality second integral,

- f f {[Vu—Vw(s)]g'(s) [Vu—Vw(s)]+2a(s)!'(s) [Vu—Vw(s)]—Gch'(s)az(s)} dst
B O 0

>f (g1 ()M2[|Vu—Vw(s)||La— (ro/00) 2cy (5)12]|a(s) | o) ds >0 is nonnegative.
6
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Obviously
J | c@a@dsav > [ ei(@lia@litds > 0
B O 0
so
{(u,v,0,w,a), w,v,0,w,a)) = 0.
Furthermore we assume that ]
{(u,v,0,w,a), (u,v,0,w,a) =0,
then _ ;
u=0, v=0, 6=0 and a(s)=0 forall s>0 thus w() =0
forall s>0 q.ed.

DEFINITION. X = com X, i.e. X is obtained as the completion of X, under the inner
[CHED

product {-, -> (obviously X is the Hilbert space).
We define the operator 4 in the space X

I, g
v —:- div{g ) Vu—010)+ [ [g(s)Vw(s)—I'(s)a(s)] ds}
0
o bo { —I'(0)Vu—I(0) Vo +div [L kva] — L e 0)0- fm [l"(s)Vw( )
A7 =] @ : fo 0o ¢ :
| + —6-1,— rc"(s)a(s)] ds}
w —w(s)
[ a_ —a'(s) |

with the domain
D) ={(u,v,0,w,a)eX: Alu,v,0,w,a)eX and wO0)=u a() =06}

REMARK 4.
Our problem is equivalent to the following evolutionary equation
“u(t) u(?)] [0 u(0)] [WO) T
(1) o(1) F(r) 2(0) lim W’ (s)
d §—
@ | 6@ | =460 |H| 6| 2md 6@ |=] 40
w(t) w(t) 0 w(0) w
| a(r)_ [a() ] 10 _ | a0) | L4 4
THEOREM. The operator A is the generator of a C, semigroup.
Proof.

LemMMA. Let Y be the Hilbert space with an inner product {,» and 4 operator in Y.
A is the generator of a C, semigroup if and only if:
i) there exists a constant § € R such that {4y, y> < f(y, y) for all y e D(4),
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ii) Y is the range of the operator (A—4) for i > B,
iii) D(A) is dense in Y;
proof of the Lemma: see HILLE, PHILLIPS [2].
We show that the assumptions of the lemma hold
i) Let (u,v,0,w,a) e D(A) then

{A(u,v,0,w,a), u,v,0,w,a)) = —1/2 f f [Vu—Vw(s)lg"(s) [Vu—Vw(s)|dsdV
B 6
i [6—a(s)]!"(s) [Vu—Vw(s)dsdV+1/2 r/0oc” (s) [0—a(s)]*dsdV
fJe /]
—-Bféf '(s) — ds [l/2a(s)]dst—-— fVHkVOdV

< -1/2f {821V = Vw()IIE. =2/ ()10 — a()ll: |[Vee— Vw(s)||L
0

+C:ES)[IG—0(S)ii§a}dS—;—O KIIVOI[Z.+1/21lc’ Q)1 1161]£-

< = 1/2[g:() 2|V~ VYw(s)||a— c;(s) 2] |0 — a(s)||c.]>ds -+ 1/2] [’ (0)]] [1611F=
hence

<A(u!v! 6’ w, a),(u,v, 69 W,H)) < ﬁ 6 rOCOHB lLl = ﬂ(u U, 9 w, a) (u v, 0 w, (1)>,

where
B = 1lc’(0)/|6/2roco-
ii) Let (4,v,0,w,a) eX, we find the element (u,v,0,w,a) e D(A) such that
A-AWw,v,0,w,a) = @,v,0,w,a) forall 1>p>0.

From the last two equations we have

w(s) = e {u+ fe"’v_v(p)dp},
0

as) = e {6+ [ e¥a(p)dp,
0

thus we obtain the following system: .
o u E Fl[u hy
6] ~ lc plle] ~ |rt

Eu= Azu—% div {[g(0)+j° e“’g’(s)dv] Vu} ,

where
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F = %div{[1(0)+ f I'(s)e"ds]6),

Cu = rc(O) [1(0)+f l(s)e“‘ds]Vu,
DO = 60— 0(‘6) { dv(alo kV())——— f c(s)e'“ds@}

hy = a+/uz+% div j' [ f e=g'(p)dp| Vi (s)ds - f [ fm e~ *#1'(p)dp| ea(s)ds},
0 s 0 s

1 =
hy = =0+

rc(O) { 10)Vu +— 7 f [l (S)VW(S)+—C(s)asds

e} o0

—-f [f e‘*”l’(p)dp] eH*Vw(s)ds— fo [f e""’c’(p)dp] e“ﬁ(s)ds}.
o o s

§ .
We show the existence of a unique pair (u,0) € HL(B)x H&(B) such that A'(u,0) =
= (hy, h,). Let us denote <,>, an inner product in L?*(B)x L?(B) with weights r and

1 rc(0). Let us define the bilinear form

60 .
Bl(u, 0), (', 0)] = <A'(u, 0), (', 0)),.

This form is the inner product in H}(B) x H}(B) such that the norm induced by this inner
product is equivalent to the norm || - [[gi+]| ||u, since it is easy to see that there exist
two constants /, L > 0 such that

Il +11011m3) < Bl(u, 0), (u, O] < L(|lullgi+110]1a)

for all (u,60)e Hix H}. Thus H}(B)x H}(B) with the inner product B[(u,0), (u,0)]
is the Hilbert space. Now we show that (4, , h,) € H=! x H~! with the norm || ||g-1+|| ||g-1.
Let y € Hj(B); then

iﬂf ryh' di/l éof {[gf V(= [ g@edp)evyav || [vuis) (- [ g e ap)
$ B E
xe#*va(s)dv | + | [ 1()e2dp|| I 1Vylalla(o) ] ds-+ 15+ Al el
note that
fvyf g'(pe”*dpVydv > % nyg’(S)Vde
B - 5

and

0 ) 1 1/2
I(pe~dp| < - [fi AOTAG
A6




REMARKS ON THE SEMIGROUPS METHOD IN LINEAR THERMOVISCOELASTICITY 611

since ||g’(s)|| is integrable and (#,0,0,w,a)€X | [ ryh,dV| < Cllyllu; (C— constant)
B

we obtain # € H-1(B). Similarly it can be shown that &, € H~1(B). Thus using the Riesz’s
theorem we have the result that there exists the unique pair (u, 0) € H3(B) x H{(B) such
that
{(ys ko), (W, 02 = Bl(u, 0), (', 03] = <A'(u, 6), (', 0,
for all (v, 6" e Hyx H}
hence
A'(u, 0) = (hy, hy).

It should be shown that (w,v,0,w,a) e D(4). From the definition w(0) = u and
a(0) = 0; moreover, the element (¥, v, 0,0, 0) € X since u, v, 0 € Hj. We show that the
element (0, 0,0, w, a) € X. Note that

e} 1 0 B B
- Viw(s)g'(s)Vw(s) € ——5 Vw(s)g' (s) Vw(s)dsdV
Bf 6f . A Jof ‘

+% f —Vug’'Q)VudV < + 0,
B

@

r ' 2 r (N72
J(J (60+1) c'(s)a*(s)dsdV < Bf(;{ (I—H)C(S)a (s)dsdV

+ L f(-i+1)c'(0)62dV< + oo,
7 )\

and

«Q «®Q £
l f f a(s)l’(s)Vw(s)dst‘ < f f [(6 + 1) c'(s)at(s)— Vw(s)g'(s) Vw(s)] dsdV < +
B 0 B 0 0

thus ||0,0,0, w, a|| < co. The last inequality and (1—A)(u, v,0, w, a) = @,7,0,w,a)
implies that (u, v, 0, w, a) € D(A4),
iii) the set
Y ={(u,v,0,w,a) e C&(B)x C&(B)x C&(B)x C([0, c0); H(B))
x C& ([0, 00); H5(B)): w(0) = u  and  a(0) = 0}
is dence in X and obviously ¥ = D(A4)
q.e.d.
LemMA. Let X be the Banach space, 4 the operator in X satisfying the assumptions of

the Hille Yosida theorem and additionally a function f:[0, T] - X of class C* and
Xo € D(A); then there exists a unique curve x(¢): [0, T]— X of class C* such that

%x(t) = Ax(t)+f(t) and - x(0) = x,.
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This function is given by the formula
t
T x(1) = U X0+ [ Ult—s)f(s)ds,
0

where U(f) is the semigroup generated by A.
Proof: see T. KaTO [5]. .
COROLLARY. There exists the unique solution of Eq. (4).
Proof: from the last lemma and the theorem.
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