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Remarks on the semigroups method in linear thermoviscoelasticity 

K. CHELMINSKI (WARSZAWA) 

THIS PAPER presents an example in which the semigroups theory is applied to the problem of 
existence and uniqueness for the equations arising in linear thermoelasticity with fading mem­
ory. The boundary-initial history value problem will be transformed to an initial value problem 
dx/dt = Ax+ f, x(O) = x 0 in the Hilbert space X, where the operator A will satisfy the assump­
tions of the Hille-Yosida theorem. 

W pracy przedstawiono przyklad, w kt6rym teori~ p61grup zastosowano do zagadnienia istnie­
nia i jednoznacznoSc;i rozwi<tZan r6wnan liniowej termospr~i:ystoSci z zani~ajctcct pami~ict. 
Zagadnienie brzegowo-pOCZ(\tkowe z historict zostalo przeksztalcone na zagadnienie poczcttko­
we dx/dt = Ax+/, x(O) = x 0 w przestrzeni Hilberta X, przy czym operator A spelnia zaloi:enia 
twierdzenia Hille-Y osidy. 

B pa6oTe npe~CTaBJieH npHMep, B KOTOpOM TeOpiDI no.rryrpynn npHMeHeHa K 3a~al.JaM Cyi.UeCT­
BOBaHIDI H e~c:rneHHOCTH perneHHH JIHHeHHOH TepMoynpyrOCTH C Hcqe3a10t:neii llaMHTbiO, 
Kpaeso-Haqam,HaH 3a~aqa c HCTOpHeii npeoopa3oBaHa K Haqam,Hoii 3a~aqe dx/dt = Ax+ f, 
x(O) = x 0 B npocrpaHCTBe rHnL6epTa X, np~eM onepaTop A y~osneTBOpHeT . npe~ono­
»<eHIDIM TeopeMbi Xrume-HocH~a. 

WE ASSUME that the body composed of an inhomogeneous, anisQtropic linear thermo­
viscoelastic material occupies a bounded region B c R 3 with a smooth boundary oB 
and that the reference configuration is · a natural state in which the stress is zero and the 
base temperature 00 > 0. Moreover, we assume that the Cauchy stress tensor t and spe­
cific entropy e are given by the functional H 

(t(x, t), e(x, t)) = H(Vu(x, · )t, O(x, · )t), 

where the function Vu(x, s)t = Vu(x, t-s) V s ~ 0 is a history of the displacement gradi­
ent and the function O(x, s)f = O(x, t-s) V s ~ 0 is a history of the temperature differ­
ence from 00 • From the ge:t?-eral fading memory theory the constitutive relations are 
given in the following form: 

00 

t(x, t) = g(x, O)Vu(x, t)-l(x, O)O(x, t)+ J [g'(x, s)Vu(x, t-s)-l'(x, s)O(x, t-s)]ds, 
'· 0 

00 

r(x)e(x, t) = l(x, O)Vu(x, t)+r(x)c(x, O)O(x, t)/00 + J [l'(x, s)Vu(x, t-s) 
0 

+r(x)c'(x, s)O(x, t-s)/00 ]ds, 

where the functions g(x, s), l(x, s), c(x, s) for s ~ 0 are the relaxation tensors of fourth, 
second and zero order, respectively; r(x) is the mass density ('"" denotes the derivative 
Ofos). 
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Let us assume we have also the 'equation for the heat flux vector 

q(x, t) = -k(x)V(}(x, t), 

where k(x) is the thermal conductivity. 
From the linear thermoelasticity equations 

divt{x, t) = r(x) [ii(x, t)-f(x, t], f(x, t)-body forces, 

eor(x)e(x, t)+divq(x, t) = 0 

K. CHELMINsKI 

and the constitutive relations we obtain the following li~ear thermoviscoelasticity equations: 
00 

u(x, t) = -(
1

) div{g(x, O)Vu(x, t)-{}(x, t)/(x,O)+ j [g'(x, s)Vu(x, t-s)-l'(x, s) 
r x 0 

(I) x (}(x, t-s)]ds}+f(x, t) ~ L(Vu, (})+f, 

00 

O(x, t) = (}0 /r(x)c(x, 0) {div[k(x)V(}(x, t)/(}0 ]-l(x, O)Vu(x, t)+ J [l'(x, s) 
0 

• } df x Vu(x, t-s)+r(x)c'(x, s)(}(x, t-s)j(}0 ]ds = M(Vu, (}). 
I 

Moreover, we assume the boundary conditions 

u(x, t) = U(x, t) for (x, t) E oBx]O, T[(l) 

(}(x, t) = Q(x, t) for (x, t) E oBx]O, T[ 
(2) 

and "history conditions" 

(3) 
u(x, -s) = W(x, s) 

.... e(x, -s) = A(x, s), 

s ~ 0, 

s ~ 0, 

XEB, 

XEB, 

where the functions U, Q, W, A are given. 
PROBLEM 1 : t(} find two curves 

T]
. .. qJ(t) 1 

(- oo , 3 t -+ u( •. , t) E H (B), 

(- 00; T] 3 t 'P~) (}(. ' t) E H 1 (B)' 

cp E C 2 
((- oo, T); H 1(B) ), 

'IJl E C1 
(( -oo, T); H 1(B)) 

such that Eqs. (1) and the conditions (2) and (3) hold. Using the trace theorem we obtain 
the problem (I) which is equivalent to the following problem: to find two curves 

satisfying 

(- oo, T] 3 t 91~> u( ·, t) E H 1(B), cp E C2 ((- oo, T); H 1(B) ), 

( -oo, T]3 t w~> (}( ·, t) E H 1(B), 'IJl E C 1 (( -oo, T): H 1 (B)) 

ii(x, t) = L(Vu(x, t), (}(x, t))+F(x, t), 

O(x, t) = M(Vu(x, t), (}(x, t))+G(x, t) 

the homogeneous boundary conditions 

u(x, t) = 0 for (x, t) E oB X ]0, T[, 

(}(x, t) = 0 for (x, t) E oBx]O, T[ 

(1) for any finite T. 
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and "history" conditions 

u(x, -s) = W(x, s), s ~ 0, x E B, 

O(x, -s) = A(x, s), s ~ 0, x E B, 

where the functions F, G, W, A are given. 

We want to resolve our question to the initial value problem ~ x = Ax+ f, x(O) = x 0 

in the Hilbert space. To do that we give some assumptions: 
I functions r(x), k(x); g(x, s), l(x, s), c(x, s) for all fixed s ~ 0 are Lebesgue measur­

able and essentially bounded on B, 
II functions 

II ::, g(s)ll ~ II::, g( ·' s)/L0 (B)' 

II ::.- c(s)ll ~ II ::. c( ·, s)t'<B), i = I, 2 

are continuous and integrable on [0, oo ), 
III g(x, s) = gT(x, s) for all s ~ 0 (gT(x, s) the transpose of g(x, s)), 

IV essinf r(x) ~ r 0 > 0, 
V essinf c(x, 0) ~ c0 > 0, 
VI 3 g > 0 such that 

f Vy(x)g(x, oo)Vy(x)dV ~ g !!Vyl!f.2c8 > for all y E C~(B), 
B 

where g(x, oo) denotes limg(x, s), 
S-+00 

VII 3 K > 0 such that 

J Vb(x)k(x)Vb(x)dV ~ KI!Vblli.2<B> for all bE C~(B), 
B 

VIII there exists a function g2 (s) ~ 0 such that 

J Vy(x)g"(x, s)Vy(x)dV ~ g2(s)IIVylli2cB> for all y E C0 (B), 
B 

IX there exists a function c2 (s) ~ 0 such that 

- J c"(x, s)b2(x)dV ~ c2(s) 1!blli.2c8 > for all bE C~(B), 
B 

X a function lll'(s)l! ~ Ill'(·, s)I!Loo<B> is integrable on [0, oo ), 
XI 11/"(s)ll ~ (r0 /0o) 112c2 (s)112g2 (s)1

'
2 for all s ~ 0, 

XII F(., t) E L 2 (B), G(., t) E L 2 (B) and the functions 

]0, T[ 3 t F~) F(.' t) E L 2 B, 

]0, T[ 3 t ~> G( •, t) E L 2 B 

are of class C1 (have continuous derivative of order one). 
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REMARK 1 
a) Assumptions X, XI and the Schwarz inequality give 

where 
lll'(s)ll ~ (ro/Oo) 112ct(s)112g1(s) 112

, 

00 

c1 (s) = J c2(p)dp, 
s 

00 

Kt(s) = J K2(p)dp, 
s 

b) definition of the function c1 (s) and assumption VIII 

K. CHELMINSKI 

- f Vy(x)g'(x, s)Vy(x)dV ~ g1(s)IIVYIIL2<B> for all y E C0 (B), 
B 

similarly 

J c'(x, s)b2(x)dV ~ c1 (s)llhlli2<B> for all b E Co(B). 
B · 

Let us denote 

X0 = C0(B)xC0 (B)xC0(B)xC00([0, oo);HJ(B))xC00([0, oo);HJ(B)) 

and introduce the bilinear form for elements of X0 

( (u, v, 0, w(s), a(s) ), (ii, V, 0, W(s), O(s) )) = J [ Vug(oo)Vii+rvV + ;
0 

rc(O)Oil] dV 
. B 

00 

-J J [Vu- Vw(s)]g'(s) [Vu- Vw(s)] +a(s)l'(s)[Vu- Vw(s)] +a(s)l'(s)[Vu- Vw(s)] 
B 0 

+ (r/00 + l)c'(s)a(s)a(s)dsdV 

(where dependence on x is omitted). 
REMARK 2. 
The remark given by C. NAVARRO in the paper [3] p. 19 does not justify the statement 

that the bilinear form 

((u, v, 0, w, a), (u, v, ti, w, a))1 = ((u, v, 0, w, a), (u, v, ii, w, a)) 
00 

- J J c'(s)a(s)a(s)dsdV 
B 0 

is an inner product. 
Proof. We show that there exists an eleinent z = (0, 0, 0, w, a) E X 0 such that 

z =1: 0 and (z, z)1 = 0. 
Let us assume that there is an interval 1 = [p, q] c [0, oo ), p < q < + oo such that 

for all s E I 

l
g > 0 - for x E A c B where A is a subregion of B such that A- c;: B 

' ( ) and r(x) = r 0 for x E A, .J . 

KiJkl X, s = 

0 for x E B""-A, 

Jl > 0 
l(j(x, s)= lo 

for x E A, 

for · x E B""-A 
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and 

{
c > 0, 

c'(x, s) = O, 
XEA, 

X E B"-.A. 

607 

Let us take wE Cg>([p, q]; H6(B)) such that (Vw)i1(x, s) = f(s) for x E A and similarly 
a E Cg'([p, q]; HJ(B)) such that a(x, s) = g(s) for x EA. We assume f(s), g(s) > 0 for 
s E ]p, q[ and there exis~s a constant h _> 0 such that g(s) = hf(s). Then 

l(z, z)1 1 = I J J Vw(s)g'(s)Vw(s)- 2a(s)l'(s)Vw(s)-r0 /00 c'(s)a2 (s)ds-dVI 
A I 

=I J J g ~f(s)f(s)-2hf(s)l ~f(s)-r0/00 ch2/2(s)ds-dV 
A I ljk/ I) 

= IAIIJ (8lg-18hl-r0/00 ch2)f2 (s)ds-,. 
I 

Let 

(z, z)1 = 0 then 81g-18hl-r0 /00 ch2 = 0, L1 = 324J2+324r0 /00 , cg > 0. 

Using the assumptions XI, VIII and IX it is easy to show that [2 ~ r 0 f0 0 cg. This in­

equality implies 0f ~ j/628 I= 18 y21 so that h = 900 (ro(v2 -1)1), c > 0 thus w, a::/: 

=I 0 q.e.d. 
Let us denote 

X1 = {(u,v,O,w,a)EX0 :((u,v,O,w,a),(u,v,O,w,a)) < +oo}. 

REMARK 3 
the form (,) is an inner product in xl. 

Proof. It is obvious that the form(,) is bilinear and symmetric. We show that this 
form is nonnegative 

((u, v, 0, w, a), (u, v, 0, w, a)) = j [ Vug(ro)Vu+rvv+ ;
0 

rc(0)0 2
] dV 

- J Joo {[vu- Vw(s)]g'(s)[Vu- Vw(s)] + 2a(s)l'(s)[Vu- Vw(s)] --f- rc'(s)a2 (s)} ds-dV 
B 0 . 0 

00 

+I I c'(s)a2 (s)ds-dV, since IV, V and VI, 
B 0 

J [ Vug(ro)Vu+rvv+ io rc(0)0 2
] dY '?- !fiiVul/1, +rollvllf, + ;

0 
roCo 11011.1., 

B ~ 

hence the first integral is nonnegative. Using the Remark 1, the assumption V and the 
Schwarz inequality second integral, 

- I J {[vu-Vw(s)]g'(s) [Vu- Vw(s)] +2a(s)l'(s) [Vu- Vw(s)] --f- rc'(s)a2 (s)} ds-dV 
B 0 0 

00 

;?;· J [g1 (s) 112 j/Vu- Vw(s)IIL2- (r0 /00)
1

'
2 c1 (s) 1

'
2 lla(s)IIL2]2ds ~ 0 is nonnegative. 

0 
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608 K. CHELMINSKI 

Obviously 
00 00 

J f c'(s)a2 (s)dsdV;;::: J c1(s)lla(s)lli.2ds;;::: 0 
B 0 0 

so 
((u, v, (), w, a), (u, v, (), w, a)) ;;::: 0 . 

Furthermore we assume that 

((u, v, (), w, a), (u, v, (), w, a)) = 0, 

then 

u = 0, v = 0, () = 0 and a(s) = 0 for all s ;;::: 0 thus w(s) = 0 

for all s ;;::: 0 q.e.d. 

DEFINITION. X = com xl i.e. X is obtained as the completion of xl under the inner 
< ••• > 

product < ·, ·) (obviously X is the Hilbert space). 
We define the operator A in the space X 

00 

v _!_ div {g(O)Vu- ()1(0)+ J [g'(s)Vw(s)-l'(s)a(s)]ru-} 
r o 

A 0 ,:(~) { -/'(O)Vu-:-I(O)Vv+div[ ;
0 

kVO]- ;o rc'(O)O-1 [l"(s)Vw(s) 

+ ;~ rc"(s)a(s)] ds} 
w -w(s) 

a -a'(s) 

with the domain 

D(A) ={(u,v,(),w,a)eX:A(u,v,(),w,a)EX and w(O) = u a(O) = ()}. 

REMARK 4. 

(4) 

Our problem is equivalent to the following evolutionary equation 

-u(t) u(t) 0 -u(O) 

v(t) v(t) F(t) v(O) 

d 
dt ()(t) =A ()(t) + G(t) and ()(O) = 

w(t) w(t) 0 w(O) 

a(t)_ a(t)_ 
- 0 a(O)_ 

THEoREM. The operator A is the generator of a C0 semigroup. 

Proof. 

W(O) 

limW'(s) 
S-+00 

A(O) 

w 
A 

LEMMA. Let Y be the Hilbert space with an inner product (,) and A operator in Y. 

A is the generator of a C0 semigroup if and only if: 
i) there exists a constant pER such_ that (Ay, y) ~ p(y, y) for all y E D(A), 
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ii) Y is the range of the pperator (A.:- A) for ,\ > {3, 
iii) D(A) is dense in Y; 

proof of the Lemma: see HILLE, PHILLIPS [2]. 
We show that the assumptions of the lemma hold 
i) Let (u, v, (), w, a) E D(A) then 

()(} 

609 

(A(u,v,e,w,a),(u,v,(),w,a)) = -1/2 J J [Vu-Vw(s)]g"(s)[Vu-Vw(s)]dsdV 
B 0 

()(} ()(} 

+ f f [()-a(s)]l"(s) [Vu- Vw(s)]dsdV + 1/2 f f rj()0 c"(s) [()-a(s)]lds'dV 
B 0 B 0 

()(} 

-J J c'(s) ~ [1 f2a(s)]dsdV-} J V()kV()dV 
B 0 ° B 

()(} 

~ -1/2· J {g2(s)IIVu- Vw(s)lliz-211/"(s)llll()-a(s)IIL211Vu- Vw(s)llu 
0 

- 1 
+ c2(s)lle-a(s)lli2 }ds-~ KIIV()lliz + 1/2llc'(O)IIIIellt: 

~ -1/2 [g2(s) 1
'
211Vu-Vw(s)IILz- c2(s) 1

'
2 lle-a(s)IIL2]2ds+ 1/2llc'(O)IIII()IIi: 

hence 

(A(u, v, (), w, a), (u, v, (), w, a)) ~ {3 ;
0 

r 0 c0 ll()lliz ~ {3(u, v, (), w, a), (u, v, (), w, a)), 

where 
f3 = llc'(O)II()f2roCo. 

ii) Let (ii, v ;-e, w, a) EX, we find the element (u, v, (), w, a) E D(A) such that 

(J.-A)(u, v, (), w, a)= (U, v, 7i, w, a) for all A > {3 > 0. 

From the last two equations we have 
s 

w(s) = e-J.s {u+ J elPw(p)dp}, 
0 

If 

a(s) = e-.ts{e+ J eAPa(p)dp}, 
0 

thus we obtain the_ following system: . 

where 

1 00 • 

Eu = A2u-- div {[g(O)+ j e-ug'(s)tb] Vu}, 
r o 
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00 

. FO = +div{[/(0)+ J l'(s)e-Asds]o}, 
. 0 

0 00 

Cu = rc(~) [1(0)+ j l'(s)e-.tsds]vu, 

00 

DO= 0- ,:(~) { ~ div{;
0 
m)- ;o J c'(s)e-''dsO}, 

. 0 

00 00 00 00 

h1 = v+Ail++div{f [f e-APg'(p)dp]e).sVw(s)ds- I [J e-APf'(p)dp]eAPa(s)ds}, 
0 s 0 s 

00 

h2 = ~ 0+ ,:(~) {-}t(O)ViJ+ ~ J [l'(s)VW(s)+ ;
0 

c'(s)lisds 
0 

00 00 00 00 

-J [f e-'•l'(p)dp] e"VW(s)ds-J [f e-••c'(p)dp] e"a(s)ds}. 
0 s . 0 s . 

We show the . existence of a unique pair (u, 0) E HJ(B) x HJ(B) such .that A'(u, 0) = 

= (h 1 , h2 ). Let us denote (,)2 an inner product in L 2 (B) x L 2 (B) with weights r and 

0
1

0 
rc(O). Let us define the bilinear form 

B[(u, 0), (u', 0')] ~ (A'(u, 0), (u', 0'))2 • 

This form is the inner product in HJ(B) x HJ(B) such that the norm induced by this inner 
product is equivalent to the norm II · IIH~ +II IIH~' since it is easy to see that there exist 
two constants /, L > 0 such that 

/(lluiiH~+IIOIIH~) ~ B[(u, 0), (u, 0)] ~ L(lluiiH~+IIOIIH~) 

for all (u, 0) E HJ x HJ. Thus HJ(B) x HJ(B) with the inner product B[(u, 0), (u, 0)] 
is the Hilbert space. Now we show that (h1 , h2) E n-1 x n-1 with the norm II IIH-1 +II IIH-1. 

Let y E HJ(B); then 
00 00 . 00 

If ryhj dvl ~ f {[ f Vy (- f g'(p)e-APdp) e).sVydV r'2
• [ f Vw(s) (- f g'(p)e-APdp) 

B 0 B s B t 

00 

X eA"Vw(s)dV r'2 +II f l'(p)e-APdpll eASIIVYIIulla(s)llu} ds+ llv + AUIIL211YIIH~' 
s . 

note that 
00 

f Vy f g'(p)e-APdpVydV ~ ! f Vyg'(s)VydV 
B s B 

and 
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since llg'(s)l·l -is integrable and (u, v, 0, w, a) EX I f _ryhldv l ~ CIIYIIH~ (C-constant) 
B 

we obtain hE H- 1(B). Similarly it can be shown that h2 E n-1 (B). Thus using the Riesz's 
theorem we have the result that there exists the unique pair (u, 0) E HJ(B) x HJ(B) such 
that 

((h1 , h2), (~~' 0'))2 = B[(u, fJ), (u', O'r)] = (A'(u, 0), (u', 0'))2 

for all (u', 0') E HJ x H6 
hence 

A'(u, 0) = (h17 h2). 

. It should be shown that (u, v, 0, w, a) E D(A). From the definition w(O) = u and 
a(O) = fJ; moreover, the element (u, v, 0, 0, 0) EX since u, v, 0 E HJ. We show that the 
element (0, 0, 0, w, a) EX. Note that 

and 

00 00 

-J J Vw(s)g'(s)Vw(s) ~ - ; 2 J J Vw(~)g'(s)Vw(s)dsdV 
B 0 B 0 • 

+ ~ f -Vug'(O)VudV < +oo, 
B 

00 00 

J J (i-+I) c'(s)a2 (s)dsdV,:; J J (i- + 1) c'(s)a 2 (s)dsdV 
B 0 ° B 0 ° 

+ + 1 ( -;
0 

+I) c'(O)OZdV < + oo, 

00 00 

l J J a(s)l'(s)Vw(s)dsdvl .~ J J [(i-+ 1) c'(s)a2 (s)- Vw(s)g'(s)Vw(s)] dsdV < + oo 
B 0 B 0 ° 
thus 110, 0, 0, w, all < oo. The last inequality and (J.-A)(u, v, 0, w, a)= (u, v, 0, w, a) 
implies that (u, v, 0, w, a) E D(A), 

iii) the set 

Y = {(u, v, 0., w, a) E C(f(B) x C(f(B) x C(f(B) x Cg>([O, oo); HJ(B)) 

x C(f ([0, oo); HJ(B) ): w(O) = u and a(O) = 0} 

is dence in X and obviously Y c D(A) 
q.e.d. 

LEMMA. Let X be the Banach space, A the operator in X satisfying the assumptions of 
the Hille Y osida theorem and additionally a function f: [0, T] ~ X of class C 1 and 
x 0 E D(A); then there exists a unique curve x(t): [0, T] ~X of class C1 such that 

d dt x(t) = Ax(t)+f(t) and · x(O) = x 0 • 
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This function is given by the formula 
t 

.. x(t) = U(t)x0 + J U(t-s)f(~)ds, 
0 

where U(t) is the semigroup generated by A. 
Proof: see T. KATO [5]. 
CoROLLARY. There exists the unique solution of Eq. (4). 
P r o o f: from the last lemma and the theorem. 
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