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Existence and uniqueness of solutions of the initial boundary value
problem for the flow of a barotropic viscous fluid, local in time

W. FISZDON and W. M. ZAJACZKOWSKI (WARSZAWA)

IN THIS PAPER the existence and uniqueness of local in time solutions of the initial boundary
value problem for the flow of barotropic viscous fluid in a bounded domain 2 < R", n = 2, 3,
is proved. Only the case where the fluid enters the domain is considered. Density and the velocity
vector are assumed as initial and boundary conditions. The paper is divided into three main
parts: 1) for a given velocity vector, the proof of existence and estimate for density; 2) for a given
density, the proof of existence and estimate for the velocity vector; 3) the existence and unique-
ness of solutions of the considered problem using the method of successive approximations.
The existence of generalized solutions such that density and the wvelocity vector belong to
Lo(0, T; H3(£2)) and L, (0, T; H2(£2))nL,(0, T; H3(£2)), respectively, is shown.

W pracy pokazano istnienie i jednoznaczno$¢ rozwiazan lokalnych w czasie problemu poczat-
kowo-brzegowego dla przeptywu $cisliwego barotropowego w ograniczonym obszarze {2 < R",
n = 2, 3. Rozpatrzony zostal przypadek, gdy ciecz tylko wplywa do rozwazanego obszaru.
Jako warunki poczatkowe i brzegowe przyjeto gestos¢ i predkosc. Praca dzieli si¢ na trzy glowne
czgsei: 1) dowod istnienia i oszacowanie na gestos¢ przy danej predkoscei, 2) dowéd istnienia
i oszacowanie na predkosé¢ przy danej gestosci, 3) dowod istnienia rozwiazan rozpatrywanego
problemu przy zastosowaniu metody kolejnych przyblizen. Pokazano istnienie rozwigzan
uogodlnionych takich, ze gestosé nalezy do Lo (0, T; H?(£2)), a predkos¢ do L (0, T; H2(2)r
NL,(0, T; H3(82)).

B paGoTe mMoKasaHO CYIIECTBOBaHHE M E€IMHCTBEHHOCTh PEIIEHMI, JIOKATBHBIX BO BPEMCHH,
HauaJbHO-KPacBOH 3afauM I CKHUMaeMOro OGapOTPONHOTrO TEUYEHHMA B OrPaHMUCHHOH 00-
sactd 2 < R", n = 2, 3. PaccMoTpeH ciiyyail, KOTAa HAKOCTh TOJBKO BTEKAeT B PaccMar-
puBaemyio obsacte. Kak HauasypHbIE M FPaHHYHbIE YCJIOBHSA 3a/1aI0TCA IIOTHOCTh M CKOPOCTS.
PaGora pasgensiercsi Ha TpW TJaBHbIe yacTH: 1) JOKa3aTesIbCTBO CYLECTBOBAHMsI M OLICHKA
TTOTHOCTH IPH 33JJaHHOH CKOpOCTH, 2) JOKa3aTeIbCTBO CYLIECTBOBAHHS M OIlEHKA CKOPOCTH
TPU 3a[dHHOM TIJIOTHOCTH, 3) JIOKAa3aTeNbpCTBO CYIIECTBOBAHMS PpElIeHWH paccMaTpHBaeMoi
3aflayM, IIPUMEHSs METOJ TOCHEeOBATENbHbIX NpuOImKeHuid. I[lokas3aHo CYIeCTBOBaHUE
0000IIeHHbLIX PEIIeHHH TAKUX, YTO MIIOTHOCTh NPHHAIIEKUT K Lo (0, T3 H*(£2)), a cCKOpocTh
K Ly(0,T; H*$2)) nn L (0, T; H3(£2)).

1. Introduction

IN THIS PAPER we consider the initial boundary value problem for a compressible viscous
barotropic fluid flow in a bounded domain. We assume that the fluid enters the domain
only. This paper is an introduction to show the existence of global solutions of the problem,
what will be the matter of the next paper.

The existence and uniqueness of local in time solutions were obtained by Nasu [15]
and ItAya [4, §] for the initial value problem. Theorems for the first initial boundary
value problem, local in time, were obtained by TaNI [18], SoLonnikow [16] and LUKA-
szewicz [13].
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The existence of solutions global in time for the initial boundary value problem in
the one-dimensional case was considered by KANEL [6] and KazuiHow [7, 8, 9]. In the
three-dimensional case the existence of global in time solutions for the Cauchy problem
was considered by MATSUMURA and NisHIDA [14] for small initial values only.

~ In this paper we consider the two- and three-dimensional initial boundary value problem
in a bounded simply connected domain 2 = R", n = 2, 3. The conservation equations
of a compressible viscous fluid flow are [12]

(1.1 oi+ (v =0,
1.2) vl +o'vivki— uvl g —v o+ pa = o'f},
where o' — density, ¢’ > 0, v = (2!, ..., o") — velocity, p’ — pressure, f = (f1,...,f")—
external force, u',»" — shear and bulk viscosities, u' > 0, »" > 0.
The summation convention is used and the subscripts x!, ¢ denote partial derivation

with respect to the corresponding variable, i = 1, ..., n.
We assume the barotropy condition

(1.3) p = Ro",
where R’ is a constant. Moreover, the following initial and boundary conditions are as-
sumed:

(1.4) ‘ 0'li=0 = 0'(x), V=0 = a(x),

(1.5) Voo = n(x', 1), 0'lao = b'(x', 1), x'€df.
Equations (1.4) and (1.5) imply the following compatibility conditions:

{1.6) Ni=o = aloa, 0'lag = b'li=0.

As will be seen in the next paper about the existence of global solutions, to have a glo-
bal estimate and hence a global existence theorem, we must assume that o’|s5 is given and
the condition
{1.7) —nn=dx,t)=zd, >0, x'eodf, L, = const,
has to be imposed. Here n is the outward unit normal vector to the boundary and the
above relation says the fluid enters the considered domain £.

This paper is an extended version of [3].

2. Notations and basic lemmas

We introduce the function 8 such that

’(2.1) ﬁlaa = n(xls t)’ x’ € BQ’
and a new dependent variable
2.2) u=ov—4f.

Moreover, we assume that density and its initial and boundary values have small deviation
from the equilibrium condition, hence we can denote

23 "=po(l+e), b =pgo(l+h), o =po(l+9),
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where o, is a constant and denotes the equilibrium magnitude. Using the above new
variables, Egs. (1.1) and (1.2) can be written in the form

Q4 o= -1+,

. . . R[]t e
25 wu= —1_*:9 ULk ok + 5 wli—wul — _h—[(l-:-é;)l Bl — Bl S
where
“ v e
=&, v=2, R=Re,

“" 0o 00 Qo
(2:6) =S g Bt Bl B PR,
with the following initial and boundary conditions:
@7 Wleeo = a—Blicos Uloa =0,
and
2.8) 0li—o =0, 0lon = b.

To prove the existence and uniqueness of solutions of the problem (2.4)=+(2.8), we
shall use the following method of successive approximations:

m m m—1
(29) Q== [(1 +Q) v ]:x'y
m m
(2-10) 9'::0 =0, Q|¢3.(J = b:
m=1 m-1
where v = u+f is a given function, and
m ; . m. m— lm m
2.11) u= ‘um Ustel + vm Wig—w ul— u’ Bii— it — }M +f'i
1+p 1+p 1+Q
m m
(2.12) Ui = a_"ﬂlt=01 Ulgg = 0,
where
m. i “ 7 {5
(2.13) JH - B:— BB,
l4+p I+
m m-1
and g, u are given functions. Moreover, we assume that
(2.14) u=0,

and m is a natural number.

In the neighbourhood U(g), ¢ € 82 of the boundary let us introduce the curvilinear
coordinates 7,(x), ..., T,_(x), n(x), corresponding to the orthonormal vectors 7,(x), ...
.5 Tam1(%), n(x), such that 7,(x), ..., 7,_,(x), x € U(g) are tangent to 822 and n(x) is
the outward vector normal to 02.
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Now we introduce some spaces and inequalities. The norms of spaces W;(Q) ‘and
L,(£2) will be denoted by || [|;,,0 and || ||, respectively. We denote H'(Q) = Wi(Q).
We shall use the following Poincaré inequality [10, Chapt. 2]:

(2.15) [ullp,0 < C(PIQIMM=C2=UPfuy| |5 0 = o] |u]|3, 0,

which is valid for ue H{(2) = {we H'(Q):wlag = 0}, |2| = mes 2 < oo. From [2,
Chapt. 3] we have the following interpolation inequality:

1 "

(2.16) allull?,0 < el |DLull3o+Ca' ™" & 7 ||u||2q,

wherel = 1,2,% = ~’;—(l/2—l/p)<1, O<aeR,n=2,3and ¢ > 0,is in general a small

number. Moreover, from [2, Chapt. 3] we have

1 g
(2.17) allull2,20 < el|Diully,0+Ca'™" ' ||u]|Z g,
—1
where [ = 1,2, 0 = -;— (—%— " )<1, O<aeR,n=2,3, and ¢>0. Let B be a Banach

space, k a nonnegative integer and T some positive constant. Lk(0, T; B) is a Banach

space of functions f(¢) on [0, 7] which have values in B for every fixed ¢ € [0, T] and
T 1/p

its k-time derivative has the norm ( J |IDEf ]iﬁdt) bounded. Now we introduce the space
0

!
I (27 = (M L0, T; H'(2)), with the norm

i=k
1 T 1
1 &
(2.18) Wit = 3 ([ 11D wlIE 5,0d1),
i=k 0
where QT = Qx [0, T), and the space I}(£2) with the norm
1
\ ) 2
(2.19) #iea = 2, 1Dl 0.

i=k

For functions defined on the boundary 42 we introduce the spaces [7{+'/?(20Q7) =

1
= ifjk Li7H(0, T; H*+Y2(a0)) and I'}*1/2(302) with the norm
!
(2.20) [lig1/2, k80 = EHDIt—iuHi-f-l/Z, 2,82>
ik
where /, k, i are natural numbers.

3. The existence of local solutions of the problem (2.9) and (2.10)

At first we consider the lemma.
LeEmMMA 3.1.

m—1
Let d2 be of class C2, d = d, = const, b e 13(282), n e ' (02), v eI} (), then
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for an arbitrary smooth solution of the problem (2.9) and (2.10) the following differential
inequality holds:

m—1
(3.1) T |Q(t)|2 0,0 < C[(1 +|7’]|2 1,213, o,m"‘(l+|bi?2',0,69)|7’f§,2,!2

m-1 m m—1 m—1
c(1+] 2 13,1,9]+ Calol3, 0,001 +] © [5,10)+Ca| © [5,4,0,
Where Cl = Cl(dO, maXd’ max(|h;|, |Txl))9 CZ = C2(r9 Q)'
a0 a0

m—1 m
Proof. To prove the estimate (3.1) we assume that b, , v , p are smooth functions
in 2. Then from Eq. (2.9) we have
. .om m—1 m m m—1 .m
(3.2) Z fDiv(g,+ v-Vo+(1+p)div v )Divpdx = 0,
lv|=j<2Q
where

a Yo a Pn
Y= Yo, eers V), va=(§) ( ) , Vot . v, =].
From Egs. (3.2) and (1.7) we obtain

d m 5 .om m m m—1
(33 SrleBoe< Y [ diDbol?ds+Clol 0.0+ lol20.0) ® Is.1,0.

v[=j<2892

To estimate the surface integral appearing in Eq. (3.3) we assume that Eq. (2.9) is satisfied
on ¢f2. Then using the curvilinear coordinates introduced in Section 2, we have

m m-1m

(3.9 0= —— [@.+ 0,0,-,+(1 +Q)d1v v ],
where v, = v* 7,, v, = v n. Using Egs. (1.5) and (2.10) the expression (3.4) yields

(3.5) g,,.|au = by+n,b . +(l+b)(dlv v )[ag]

—(;[
) m 1 m- 1
(36) Q,nnlﬁ!) = .6_1-_ Dn, n|69[b +77,ub +(l+b)(dlv v )laﬂ]+ d Q nt

nr—1 m m—1 m—1

+7-),u,n|69b r#+77,ug T +Q,n(div v )!an+(l+b)(d1"' v ),nla.Q]’

G omlea=— 5 dlb+n,b, +(1+b) (div U)!ag]+ [b,,+m 5,
m—1 X m-—1
+7p,1b,2, +b(div © )log+ (1+6) (div v¢ )lse],

(38) Q,n'r,,lf‘!) = -

1 =l 1
—7 Ao (b7l 0+ (148) (div 0 )leal + — [,

m—1 m—1
+7/u.t,,b,ru+77,ub,1#r,,+b.ry(div v )Io!)+(1 +b)(dlv v ).1,\89]-
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Moreover, we have
(39) OQ.nr, = 9,:,»."'('5':";“_75,:""‘()9, xt-
From Egs. (3.5)+(3.9) we have

m 1 m—1
fdle,..lzds < e [(1+1713,1,20)1613,0,00+ (1 +1b]3, 0,20) | vxleal3, 2],
o0 0

m .
f dlo,ml?ds < C(do) (1 + 14113, 2, 20) [(1 + 713, 1, 20) 1613, 0, 20+ (1 +1B13, 0, 202)
on

m—1
|l vs |an”%,z,ao],

(3.10) f de nl?ds < C(do) (1 +1d3,1,20) [(1+ 71,1, 20) 1613, 0, 20+ (1 + 1513, 0, 20

92

m—1 3 m-— "
(Il vxlaall, 2,00+ |1 ©,1xlo0l13, 20l

[ dig,mlds < Cldo, I, i) L1+ 1131, 10l s0+ 715 1.50)

20
« Bl3,0,00+ (1 +1B13, 0,00+ 13,1, 00+ 13,1, 001013, 0, 0+ 1013, 1, 20113, 0, 22)

m—1 m—1 m-—1 m—1 .
« (Il vzlaell%, 2,80+ 'leIaoH%,ag(S‘lal‘?I Velanl)? + | Vexlaol |3, 20

m-1 m-1
+| vexloal|3, a0+ || Vxilaell3, a2))-
Using Eqgs. (3.10) and (2.17) the surface integral in Eq. (3.3) is estimated by
1) N [ aipbelés < C(domaxd, max((n, 7)) [(1+I713,1,20
Iv/=j<2 %0
+|nlg.1,an+]"7|g.1,é‘ﬂ)|b|§.o,ao+(l+f”7|§,1,69+(1+|77|%,1.39+|77|g.1.89)

m—1 m=1
* Jb‘%.o,ar))f v Ig.z,ﬂ(l"'i v [;24,1..())]-

Therefore Eqs. (3.3) and (3.11) give Eq. (3.1). This completes the proof.
Now we prove the existence of solutions of the problem (2.9) and (2.10).
LEMMA 3.2. o
Let 92 be of class C?, d > d, = const, b ell},,(827)NII3, ,(007), n ell} . (827),

m—1
v ell3 (QMNIIZ, . (Q7), 6 € HX(RQ), a e H¥ (), f(0) € H*(2) and || < 1/2, then there

m
exists a unique solution of the problem (2.9) and (2.10) such that p € IT3 ,,(27) and the
following estimate is valid:

(3.12) f@(f)‘z 0,0 € CXP[Cz(T-f-T”ZI v |3 1, 2,00 C L+ 1718, 1, w,207)IBI3, 0, 2,207

m—1

+([+|n|§.1,m.aﬂr)(l 1613, 0, 00T 0 3,2, 2, QT(1+| v Iz 1,00,07)

+Cyl'0 121,207+ 0O, 0.0],
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for t € [0, T, where

(3.13) [Q(O)|z 0.0 < Cs(1+1all3,2,0+lall}, 2,0+ 110113, 2,0llall3, 2,0

+lel3%2,0+ 111013, 2,203, 2,0+

Proof The existence of solutions of the problem (2.9) and (2.10) follows from

the method of characteristics [13], [16], [19]. The estimate (3.12) is obtained from Eq.

(3.1) by integrating with respect to time. The estimate (3.13) follows from Egs. (2.4) and

(2.5) for © in the initial moment where we used the initial values (1.4). In this case the
assumption |o| < 1/2 must be used. This ends the proof.

, 1 .
Let us introduce a new variable p = ——, then instead of Egs. (2.9) and (2.10)

I+o
we obtain
m m—-1 m m m—1
3.19) v+ v -Vy—npdive =0,
(3.15) < WS PSS SN TN,
. ’P|r=0— 1+U - 2 'Paﬂ_' 1+b - =

Therefore we can formulate the following lemma:
LeEMMA 3.3.

Let 92 be of class C2, d > dy = const, b 12 ,(8RQT)NI1Z (327), nell? »(827),
m-—1 .
v ell} ,(QT)NI1}(27), oe H}(Q), ac H*(Q), f(0)e H' () and |o| < 1/2, then

there exists a unique solution of the problem (3.14) and (3.15) such that y € II3 ,,(£27)
and the following estimate is valid:

(3.16) |1l’(t)|2 0,0 < exp[C,(T+ T1’2| v J:s 1,2,97)] [C1(1+|”7|2 1,00,807) \bfz 0,2,007

m—1
+(1+|7ﬂ 1,00, EQT)(1+|b|2 0,w,007)| 0 13,2,2, .r)T(l+| v |z 1,0 ﬂ"')
+C2| 4 |§,1.2.D"+|’S‘J(0)[§.O.Q],-
for t € [0, T], where

(3.17) |1P(0)|2 0.2 = < G,(1 +Ha||3 2, g+||a||3 5, s')'+'”0'”2 3, D||‘1H3 2,9
+lo]13%2, 0+ /)13, 2,0l I0l13, 2,0

The proof is the same as the proof of Lemma 3.2.
Let us assume

(3.18) R, = |lall3, 2.0+ 10]13, 2.0+ [ fO)13, 2.0+ 113, 1 0,507 + 1613, 0, 2,207 + |bI3, 0, w, 20T,
(3.19) R_z = ”ang.z.n'l'||C—TH%.2.9+”f(o)”%.z.r"H”]I%.1.oo.an"'+l_b|§.o,2.39T+|_b|§.o.w,60"r

m—1 m—1 m—1 m-1 .
(3.20) U1 =| 0 |3,1,2.07 V2=17 [2,1,00,07s

m m
(3.21) o, = min(l+p), e* = max(l+g).
aT nT



504 W. F1sZpDoN AND W. M. ZAJACZKOWSKI

Using‘the above assumptions we obtain from Egs. (3 13) and (3.16)

(3.22) o* 1+SUPIQ(£)I: 0.0 < exp[C(T+ 15, )]C[gx (R:)

m—1 m—1
+82(R) v (1 + 9,22 +1,

where limg, (R;) = 0, hmgz(R ) =1and
Ry—0

(3.23) —Q’_ < SUPI(Dz.0.0 < CexplCT+ T, lgs(Ry)

m~—1 m—1
+8a(R) v, 2(14 v, 2 +1,
where lim g;(R,) = 0, llm g4(R;) = 1. We see that the functions g;, i = 1, ..., 4, are

R;—0

ncreasin g.

4. The existence of local solutions of the problem (2.11) and (2.12)

At first we shall obtain an estimate for solutions of the problem (2.11) and (2.12).
LeEmMMA 4.1.
Let us assume that 622 is of class C3,

1) 14+e=20>0, 1+b2Db,>0,

(2) [fell5(27), [f.eL,(Q7), f0)eH*(Q), [f(0)eH (D), _
(B)  Bell§ ,(27), Puxcl(2), BOEH*Q), B[OeH' (D), P.(0)¢eL,(Q),
4 aeH*), oceH D), oceHD),

L ez .,
I+p

() o elld oY),

m—1
() v eIl o(QT)NII3, ,(27).

m
Then for an arbitrary solution ue 1 ., (2T)NI1} ,(27) of the problem (2.11) and (2.12)
the following estimate is valid:

m m
(4.1)  oxlul3,0,0+pluls, 1,2 00 < GU(RAIN+G(R)M,

for t < T, where
2 n—1

+19 13, 0.0, 00+ B13.0.. 0t +1I013. 2.0

m
R = 19'%.0,00,9'
' l+p ‘2. 0,00, 0
+lloll3. 2.0+ lall3, 2.0,
m
N =lel3,0.2.00+f1},0,2 o+ 1 fel 13, 00 + || Brseel 3.0t + 1813, 0. 2. 2

M = ||a||3,2.a+119113, 2.0+ 1Blz2.0.ali=o+ | f13.1.al:=0>
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G,, G, are positive, increasing functions such that G; > const > 0 if R  minR =
L (1Y,

=0, + (—) + —,i=1,2.
* Q* O—i

Proof. To simplify the proof we consider the equations

4.2 @ +div(pr) = 0,
4.3) o+ v - Vu—pdu—yVdivu = —Vp(p)+of '—gv- Vg,
m m—1 m—1 m
where ¢ = 140, v = v = u +f, u=u and we assume that ¢ is a given solution

of Eq. (4.2). Moreover, we introduce the following notations:

f1 = iffl,o.z,n', fz = an“z.r)'» f3 = iflz,l.,.()ln::o,

ﬂl = Iﬁis.o,z.nn ﬁz = |.3|z.o.oo.gf, ﬂs = |ﬁ[z,o,a|x=o, ,54 = ||ﬁxm”2.9‘:
(4.4) @1 = |l@lso,2.0t 92 = |®]2,0,0,015 Y = [%l2.0.2,0° Y = [%l2.0, 0.9

a; = llalla,2.0, @ = llallz, 2.0, 1 = ll0ll3,2,0, 02 =[l0]l2,2.0,
51 = ||EHS.2.:), a2 = ]|a'”2.2.a’
m m
vy = |9]a,1.2.0ts V2 = |¥]z,0,m,05 01 = [0l2,0.2,0t, 02= lelz, 0,0, at-

Using Eq. (4.4) we have

R = gi+yi+oi+fi+oi+oi+al, N =oi+f7+f7+pi+6i,
M= a2 +a3+pi+f12.

Multiplying Eq. (4.3) by u, integrating the result over £ and making use of the fact that

(4.5)

[cp,+div(cpv)]%u2 = 0, we get

: 2
@ 5 f gurdc+ 5. [ uidcty f (@div)?ds < 5= (lIp .o +12 3.0
2 dt ) 2 p 2u

az
+lgv - VBIIZ,0) < *i [RZ(SEP‘P)ZW_U“(P:JI%,Q‘*‘ 1f113.0+1B3.1.0
+ ((sup 1) + (sup [D*)I113, 0] (Supg)*,
where the Young inequality was used and «, is the constant from the inequality (2.15).
Integrating Eq. (4.6) with respect to time, we obtain

@7 oullul3 ot pllud3 o < Crp37= Vet +Cagl Lf7 + 51 + (B3 +03) A1)
+0x (@i +F3) = gs(p2, B2, v2)N+04: M,
where we used Eq. (2.12). From Eq. (4.7) we see that gs(¢;, f2,%;) . const > 0 if

@2 N\ ming, = 0, [Q2[Y2, B, 0, v, N 0.
Multiplying Eq. (4.3) by u, and integrating over {2, we obtain

@8 [ pudery 9 [ g vaivirds < [ Guplel (ilz.o
Q Q !
”ﬁxnz.n)‘i'RQ*Y—lePx”z,o""f|f||2,n+I|ﬁ:||z.9+51!1lp|m 1Bxll2, )+ 1Bxxll2, ] 1t 2,0

5 Arch. Mech. Stos. nr 4/83
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Using the Young inequality, from Eq. (4.8) we have

1
4.9)  o4llullz, at2r (ﬂ”uxllz o+vlldivyll o) < — [9*2((S“P|W|)2(Hﬂxf|§.n
+118413, n)"'JR2 ¥20-Dg12,0+ 11113, a+|l,3r”2 a+(S“P 1BD?11+112,0) +1Bxsl13, 2] -

Integratmg Eq. (4.9) with respect to time we obtain
(4.10) o llwll3, g+ pllue ()13, o +2lIdiva(?)]]3, < Gy, [p30d(llugl (3, 0 +52)
+ @30Vt + 17+ Bi+ B3B3+ 1 +C4”Ux(0)”z o < 82, 92, 0,3, f2)N+ CM

where ge(ya, @2, 02, f2) \ const > 0 if 9, \, miny, = — |Q|”2, P2\ 04182(12,0, 0,

B2 0 and C is a constant.

To estimate the second and third derivatives we introduce the partition of unity gener-
ated by £®(x), Q® = sup&®(x) and w® = {x e Q®:£®(x) = 1}, where £*(x) are-
smooth functions [11]. We assume that LkJ w® = LkJ Q® = Q and diamw® =

= —;—diam 0® = ). Moreover, we assume that only a finite number of subdomains 2%

has nonempty cross-sections. Let us assume also that k e R, if w32 = G and ke N,
if w9002 # B. Now we shall restrict our considerations to x € 2®, where k e N,.
We introduce new variables y = T(x), x € 2%®, where T is a diffeomorphizm of class
C3, such that the boundary T(02n2™) is described by the equation y" = 0, where n = 2
or n = 3. We introduce the notation f(y) = f X)x=1-1 9> QW — TOW and §® = jE®,
For simplicity in the next considerations we assume that # = #®, f = f ® = fé‘*’, and
so on, and we omit the index k in 9% and &% Then Eq. (4.3) for y e Q and 7 has the
following form:

@11) it +¢0 - Vi — (udia +9Vdivii) = — [p(d—A)i+v(Vdiv—Vdiv)i]

+ PRUVE — RuVIVE +VAVE +VEdiVa -+ padE +viVVE +Vp € + 3 —0pVBE,

where
/] ) o b7 oy*
Vi=—%4, Vi=—7 - = = Vis
: a}" d ox! x=T~1(y) ayt oxt x=T"'(y) *
oy oyt oy’
4= Vka = V"(ax*),,:,-_x(,)v'+(8x* vy J“=T_1U)V,\7.,.

Differentiating Eq. (4.11) with respect to ', y" € {y!, ..., y"~1}, multiplying the result
by #,, making use of the fact that [&J,+cfiv(69%)]%ﬁi = 0 and integrating over 9, we

obtain
1 A A 3 -~ - ~ ’ ~ ~ ~
4.12) 7 H«PuiIll.a+—#lquyH%.a+VJIdlvuy-II%,a€ AC||Vity 3.6 +11@y " iy lly0

SIEN

AAA

HI@V), ity |15 +| GRAVE) 7l ly 5+ Cl1EI 2.5+ CaIVAEIR 5
+HIPF13.5+ 1GGVBE). 1135
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Using the Young and Holder inequalities, from Eq. (4.12) we get

1 d B - i imn i ~
(4.13) 2 dr f‘}viuy'lzd.V‘}‘%|lvu,v‘”f,ﬁ+"'”dlvuv'”i,ﬁ < sH“y‘:Hg,ﬁ
o

+ CallglI3. 2,00+ 11112, 2,8) + C3 110113, 2.all213, 2,.001113. 2.5+ 118112 2.5)
+Ce(IVDIB.5+187"13.5),
where C;,i =1, ..., 6, are constants,
Multiplying Eq. (4.11) by #,., where z = y*, n = 2 or n = 3, and integrating over £,
we obtain

7’ 1 d A -~ -~ ~n "~ ’ . ~ o~
@14 5 f«pluzlzdyﬂtlluzz|l§a+vllu=zl!§.a = — f(ﬂd u+vV'divit)u,.dy
P 2

—v f div'it, it dy + f [w(A = A+ v(V div—V div) i iz, dy + f RuViVE+wViVE
o 2 f
AA D A Tl ARE R A o 1 D AA - AAD oo
+vVEdivu+ pudé+vuVEla, dy + f @it u,,— Edlv(qw) ; +@oVii,,
a

— i i+ iy + [ (=VE—if "+ 5oV B .y,
2

where V', A°, div’ are operators in which the derivative 9/dz do not appear. From Eq.
(4.14) we get

1 d (.. | [ = = i
(4.15) 2 dr fszdy+Eﬂlluullg.?)-i-vl]u'z'zﬂi,ﬁ < éllit,l13,5+CallViy 13,6
2

+ Callitl|? 2,5+ Collgll. 2.0l @l 13,5+ ClollplI3. 2.0l P11 3.2,0( |13, 2.5

IR, 22)+ CLaVBIIE 5+113118.0),

where C;, i =7, ..., 11, are constants. Multiplying Eq. (4.13) by a constant C such that
—;pC > C; and adding to Eq. (4.15), then, going back to old variables and summing

over all k, we obtain

d -
@16) 4 [ guidxtullucdla < elluwlldat+Collpl .00 lu 0+ 14l 2.0
2

+Callull2, 2.0+ Csll@l12 2.0ll0l13. 2001213, 2.0+ 118113, 2.0) + Calllp:l 1 2.0+ 19 113.0)s
where C;, i = 1, ..., 4, are constants. Differentiating Eq. (4.3) with respect to ¢, multiplying

the result by «, and integrating over £2, we get

d ) .
4.17) 73 f?’ufdX+;u|quxlli,n-l-ﬂldwu.ll%.n < it llr.0+ (o) - Varglls.0

dt
2

N —

+ 1Pl 2.0 tse | 2.0+ 1@ el 2.0l ltte) 2.0+ 11 (@2 - VBl |20l lte] 2,0

i
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From Eq. (2.16) we have the following estimates:
4
4.18)  lp?lli,0 < ll@dllz.lltellZa < elluxll3 o+ Cllgd135' 14130,

(4.19) (@), - Vuy|l1,0 < |9l2,1,0l7]2,1, n(llux“4 a+llull?.0)
4 4 :
< e(l[uexl13. 0+ [uxl13.0) + Clol %1013 0 (lluel 2.0+ 114,13 .0),

(4.20) lI(qvaﬂ),IIz as f‘PIz 1, alvl2.1 9|.8|2 1.0-
Using (4.18)+(4.20) in (4.17) we get

4

4
(4.21) j ui dx+ uttg| 3,0 +2[|dive, |3, o < ellul 3,0+ Csl‘)?fz—l (4] Wf:?;;)

< (gl 3.0+ ) 13.0) + Celol3.1.01913, 1.0l B13.1.0+ Co (P13 a+ @30,

where 5’;, i=35,...,7, are constants.
From Eqs. (4.16) and (4.21), for sufficiently small &, we have

@2) 2 [ g rurdrtpllud ot il < Culll, 2o+ CallplB, .0
! 4 4
c(L+]113,2 2 (1413, 2,0+ w13, r))‘*‘Cal‘Plz 0.0 (1+ l"-’1ﬁ9)(”ux||g,n+HU:Hg.Q)
+Ca.]‘Plz,o.on’lz,o.g]ﬂ]z,m‘l‘Cs(HPx“z,g'!'”Pt”%,sfl‘”?’f'“%.n"‘”(‘Pfl)r”%,g)v
Integrating Eq. (4.22) with respect to ¢ and using Eq. (4.4), we obtain
4.23) e*(l!uxll%.wlIutll%.n)+n(|ruxx|l%,g=+Humnég-) < Cslludl3 o0

4
+Cslp3(1+0D)+ 3" (1+05~ )]llulll 2,00+ Co (@303 % + 30V}

+ 1@ 113,00+ (@ Vel 13,00 + (It (0)] 13,0+ 11,(0)]]3.0) -
From Eq. (2.13) it follows that

(4.24) of 13,00 < A1+ [(1+ 3BT +/7193,

(4.25) 1B Vel 20t < 939301+ 81+ [(1+B3) B+ 11193
Moreover, we have

4.20) [0 < [[2:(0)] 3.0+ 18:(0)]13.0 < eii llall3,2,0+all2, 2.0+ 1/0)]].q

+(L+loll2,2,0)*¥ Ollo]13, 2,0+ 18:00) 13,0 < p3ai+ai +f3+(1+0,)°¢" Dol + 3.
Using Egs. (4.7), (4.10), (4.24) = (4.26) in Eq. (4.23) we obtain
(4.27)  ou(lluxllZ.0 + 1ucl13,0) + ol |1l 130t + | |ttxel13.0) < 82(@25 P25 V20 B2)N
+8s(92, Y2, 02, B, 02, @) M,

where g7(p2, ¥, 9,, f2)  const > 0, gs(@s, y2,02, B2, 02,a;)  const > 0 if @,
\ min‘Pz: 1/)2 \ min"/’zs'vz \l Oa /32 \ 0’ 0-7. \NA Os az \ 0-
Now we shall estimate the third derivatives. Differentiating Eq. (4.11) two times with
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. . . 4 A oaana 1.
respect to 3, multiplying the result by #,.,., using the fact that [cp,+d1v(qr.:;)]3 Whege =10

then after integration over Q we get

1 d (. 1 5 - .
@28) o [ Gyt BV B4V 1B < CLIHE 25
o

+Clallgll3, 2.0ll0113, 2,00 2113, 25+ 18113, 2.8 + CLallBy oyl o+ 1@y D35+

Differentiating Eq. (4.11) with respect to y’, multiplying by %,.,, and integrating over f?,
we obtain

L & [Fas . - o
_2_E q)uy'zdy‘i‘ﬂ"lu}"zz”%,?)"'1’””_\)’:2”%,?} - f [¢u¢+(vau],y,uy,“dy
4 5

2

i A ~ re b st ’ a M~ o~
+ J ( ; &),ﬁf,z-}-qouy-zuyrn) dy + f(,uA’+vV’d1v +v§z— div'+vV 5) iy, dy
o 2

+ f [(A — D)t +9(Vdiv—V div)il . ity s. dy + f [2uVaVE +9VaVE +vVEdivil
Q )

+ AR VRV iy oy — f [GOAVE + VPE+3F —DpVBEL ity oedly.

o
For a sufficiently small diameter of 0, using the Young and Holder inequalities, we have
id [ .- 5 5 sk , .
(429) f Z{? J (pu.v’zdy'{” f;* H“y’zz”i,.a"{'v“uy’zz”%.!":’ < 8““)’)’(”%,6’"C15||u3’y’y’“%f?
2

4 4
+Cielliil|3, 2.5+ Cirll@l13, 2, 0l013,1,5+ Cisllpl3 20l lolIs 2 alliyy]13.5
+ Ciollpl3.2,0ll0113, 20018113, 2 0+ 118113, 2.0) + Céo(”ﬁw”%,ﬁ“‘ 11(@f),y/15.5)-

Differentiating Eq. (4.11) with respect to z, multiplying by #,.. and integrating over .S':?,
we obtain

A i il 1023 = [ | i
o
i 5% Y A v’ a 3 ’ a ~ o~
+(¢ur+¢’7)vu).zuzzzl dy+ f (]UA +»V'div +’V—a—z—dlv +V E) uzuzzzdy
o
+ f [u(A— AYi+v(V divy =V div)a] it .. dy
(o]

+ f [2uNViVE + VIV E +wWEdivii+ uiiAE +viVVE], uy,,dy
5 .

— [ RO+ — SR ity

Q
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For a sufficiently small diameter of .(AQ, using the Young and Hélder inequalities, we have

1 d [ .~ i
(4.30) Tgftpu,’,dy+ 22213, 5+ |05:]15,6 < 3||“yn”z.n+czx||“ny”2a

4 4
4n

+C22““”2 2,6+ Caslloll3, 2, 0l03, 1+ Cadllllz n“‘v“z 2allill3,2.5
+ C3sllol13,2,all2]13, z,o(”u”z.z,n +| lﬂ”z 2,8)+Cas (1Py)13.5+] ’(‘Pf’).y“%.ﬁ)-

We multiply Eq. (4.28) by a constant C such that—i— uC = Cis and add to Eq. (4.29). We
multiply the result by a constant C’ such that% uC’ = C3; and add to Eq. (4.30). Then
after going back to old variables and summing over all k£ we obtain

1 d 1 —
@31) 52 [ utidst - pltelo < Sl B+ Colll, 2001013, 2,001, 2.2
o

4 4
4-—n

+11B112, 2,0)+ Co(l +||<PH§.z.n)l“l%.z,a"'éxo”‘P”z.z alloll377allul3. 2.0

) + Ci1(1Pxl 3.2+ 1@ ), l13,2)-

Differentiating Eq. (4.11) with respect to ' and ¢, multiplying by #,, and integrating
the result over £2, we have

1 d S .~ .
4.32) _Z_I ¢u§,dy+ (plliayyl13, 5+ || diviy.[|3,8) < &llitz.ll3,5

4
+ €l 13,2, 5+ Caall@l[372, 01yl 13,5+ Caolel3, 1,003 0.5
+C;o|<}’|§.1,9]‘0[;.1,9(|uiz,1.n+|ﬁ|z,1,n)+Cél(”f’y:”i.ﬁ*’||(9?’f'),:”§.ﬁ)
Diﬂ'erfntiating Eq. (4.11) with respect to ¢, multiplying the result by %, and integrating
over £2, we get
| P

1 d A - Pl
3 dr ?’ugndy+1u”“z=:||§.?J+"’”“zzr”§,3 = f(z QU zl""P”ztuztr) dy
P P

f(¢u,+<vau) o, dy+ f(yA +oV'div’ +v—d1v +»V’ : ) 8,
+ f [p(4 —A)ﬁ,+v(Vdiy—Vdiv)ﬁ,]fz“,dy
b [ b 98 4oV VE oV divi + i, AE i VI

A LA
A

+ | [poaVE—oVBEL VP E+ G it
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Using the Holder and Young inequalities, we obtain

1 d i 1 . . " o

(4.33) —2"37[W:zdy4'7(ﬂ““m”%,f)"""”“ﬁ'ull%.ﬁ < €llitanel3, 5+ Caallidyyll3, 5

o .
4

+ Casllod13 2 ollitzl|2, 6+ Caalpl3.a 0ll2,0,5+ Caslit|3, 2.0
+Cislel3.1.al®l3,10(#13,1,5+1B13.1.8) + C37(1IP el 2.5+ ”((’I\Jf’):ng.?)

We multiply Eq. (4.32) by a constant C"’ such that% uC" > Cj; and add to Eq. (4.33).

Then after going back to old variables and summing over all k, we obtain

4

(4.34) f s+ el <l o+ Coa 1+ T i 0.0

+ C13 93,1, 0413,0.0+ C14'<P|§.1,n|7)|§.1.n(|u|§.1.a+ 1813.1.0)

+Cy5(1Psel 3.0+ 11(@f V2.0

Differentiating Eq. (4.3) two times with respect to ¢, multiplying by u, and integrating
over £2, we obtain

(4359 gy | w0 < Iyt

+ @ el 1 o4 [ (@0)ee e tige |1, 0+ || (00)s e |11, 0+ || Pree 2.0l [Uee | 2. 0

F (@ Veell2, 0lltee] |2, 0+ [[@UB)ee el |1, 2+
Using the following estimates
4

“‘Pruunl as 3”“::““2 a+ C“?’t”z.-!;Hutr”%.Q’
4

petttiyll2,0 < 5”“:::”2 a+Cllgull2, allwl 3 3% I)+C”‘Pn”4—n|lunug.n,

[1(@0)sr s 111, a+ 1@Vt tiy]l1, 0 < 5(”“::::”2 .Q+Huxx!”2 2)
4 a4

+Cl9l3.0.01913.0. 01}, 0.0+ Clol3 o al0l3 0, (| teel 3. 0 + |14 ]13, 20

(@B tills, 0 < Clpl3,0,0l713,0.01813, 1.0+ Clltel |3, 25
we have

1
(4.36) 2 d ffputzdx+ 3 M”Hm“z a < EHuxxt”z ot Clﬁ]‘P]z 0, .o|71|z 0. Q(Julz 1.9

4 4
+1B13.1. n)+C17|‘Plz o, 9(14‘[”[2 ou2) (1l 13, 0 + 14xl13.2) + Crslltieel 3,2

+Cuo(llpall3.o+ (@ Dull3.0-
From Eqgs. (4.31), (4.34) and (4.36) we have

d
(437) E f (P(uix"*'u;'x + u}t)dx+”(||uxxx||%,9+ ”uxxt”%.,ﬂ"' ”uxullg.ﬂ
2
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SCilul3, 0,0+ Cslol?, 0,01+ 013, 00) (113, 0.0+ 1813.1.0)

S 4
+C9|‘Pi2 o0l +|'U|2 o, Q)Julg.o,;)"‘Clo(HPxx”%,r)'*‘”Px:”%,n"'”l’n“%.g

1@ sl 3.0+ 1@ Vel 0+ 1@ Vecl 13, 2)-

To estimate [|u]]2,o We integrate Eq. (4.37) with respect to time without the second term
on the left-hand side. Using Eq. (4.4), from Eq. (2.13) we have

(4.38)  |(@f ull3.0r < Q3(FT+13)+ i+ @3 fI(1+53).
Moreover, from Eq. (1.2) we have

403,20 < a3+ 63,
(4.39)  ||ux(0)/13,0 < G3(1 +03)aj +0%ai + a5+ (14 0,)*" Va3 +£3+ 63,

14013, 2 < go(ay, 02, 02) (@] +oi+f3)+p3,
where go(a;, 0, 0;)  const > 0 if a; 0, 6, \ 0. Integrating Eq. (4.37) with respect
to time and using Eqgs. (4.38), (4.39), (4.24), (4.25) and (4.4), we obtain
(4.40)  0u(lluexl 13, 0+ el 13, 0+ l120]13, @) + ol thxxxl 3, @0+ |shere I3, 20+ | thre 3, ¢

< 810(P25 Y25 V2, B2, 02, @) N+211(02, @2, Y2, V2, B2, 02, @) M.
Adding Egs. (4.7), (4.10), (4.27) and (4.40), we obtain Eq. (4.1). This completes the proof.
LEMMA 4.2.

Let the assumptions of Lemma 4.1 be satisfied. Then there exists a unique solution

of the problem (2.11) and (2.12) such that ze MY = 113, ., (2T)nI13,(27) and the
estimate (4.1) is valid.

Proof. We use the results of [17]. Let us assume that there exists a sequence of
problems

k k k kk  k ¥
4.41) ul = ': Unig) + o 4 ulig—vluby— 'vjﬂ J— [99] x'+f,
L7 ' (P
ko k Kk k
4.42) Ulioo = a‘ﬂ'x:o, Ulpo = 0,

k k k k k
where the notations of Lemma 4.1 are used and ¢, B, f, a, v, are functions in spaces

4+ 2+°‘I2(QT) Cs+% 3+ﬂ=/2(QT) C4+% z+a{2(QT) C6(.Q) C4+% 2+a12(QT) O<a<l,
respectlvely Then [17] implies that there exists a unique solutlon of Eqgs. (4.41) and (4.42)

such that u ECH ALYy and Lernma (4 1) follows that u satisfies the estimate (4.1).

Let us assume that the sequences {(p 12 {,B } {f 1, {a}, {v} constitute Cauchy sequences
in spaces given in the assumptions of Lemma 4.1 convergent to the elements ¢, f, f, a, v,

k
respectively. Hence {u} constitutes the Cauchy sequence in 9t also. The existence of
solutions of the limit problem (4.41) and (4.42) follows from the fact that the limit function
u satisfies an integral indentity which is a limit of the sequence of integral indentities
corresponding to the problems (4.41) and (4.42) [16]. This concludes the proof.
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5. The existence of solutions of the problem (2.4) and (2.8)

Using the method of successive approximations described in Sect. 2 and the existence
of unique solutions of the linear problems (2.9) and (2.10), independently, we can prove
the following theorem: :

THEOREM 5.1. Let us assume that

ac H*(2), oecH*),
JO) el}(Q), [fell5,,(27), fueL,(2)),
n ell3 (207, nell3s*(9927), n(0)el§*2(09Q), n, ell3}?(2Q7),
b ell? (02MnII3, ,(627).
Moreover, we assume that T is sufficiently small (see the comments following Eq. (5.14)).

Then there exists a unique solution of the problem (2.4) + (2.8) such that u € I, o € 11§ ,(27).
Proof. From Egs. (3.12), (3.16) and (4.1) it follows that

m m—1
(5.1) [lull < G(t, R, N, M| []),
where

[lul|> = sup|ul3, 0,0+ ul3,1,2.0
t

and
(5.2) G(t,R,N, M, y) = G,(t, R, )N+ G,(t, R, )M +G,(t, R, ),
where
R = ”a”%,Z,Q‘FH‘)’H%,z,Q‘*‘|b|§.o.m.m'+]’7|%+1/2.0.oo.an"
N = 1513 0.2.00t+ 13, 0. 2.0+ [ ferl 3.0+ e 34 12, 2, 2,000+ 1134 112, 0, 2,000
M = llallZ,2.0+1913, 2.0+ 134172, 0,80l=0F 13, 1,0l =0
and G,(t, R, %) if £ 0. Therefore, there exist My, Ny, t, for which
(5.3) inf{y > 0:G(t5, R, Ng, Mg, %) < ¥} = %0 > 0.
Then from Eqs. (5.2), (5.3) and (2.14) it follows that
(5.4) 1l < o

Therefore, from the estimate (3.12) we have

m

(5.5) 10]2,0,00,02t < Zo»
where 7, is a constant which is not dependent on m.

To prove the existence of solutions of the problem (2.4)+(2.8) we use the method
of successive approximations. Therefore, from Egs. (2 9) and (2.11) we obtain

m—1 m— lml

(5.6) (l+e)U:+P ul +(1+e)( u +ﬂ)’U;J+[P( u +ﬁ)’+(l+ 0 ) U] ubs

FI0+0) U + P 18— uUisys—v Ul RI( + 0wt (1+ @ Yal= P(f—Bl— L)
and

E]

m=1 m-1m-1 m-1m

(5.7) Po=—div[U + U ¢ + v P,
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m m m-1 m m m-1

where U = u— u , P=p— ¢ which satisfy the following conditions:
m m m m
(5.8) Uico0=0, Ulpa=0, Ploo=0, Plyp=0.

Multiplying Eq. (5.6) by U’, integrating the result over £2, using the fact that [Z:+
m—1 m m
+div[ o (1 +g)]]% U? = 0 and Eq. (5.8), we have

m—1m
(.9) ——f(1+g)U2dx+yl|UxJ|29+v||divUH,_9 = — [ Pul Tiax
2

[\ ]

= { PCa +y+(+"0 ) UNus Udx— [ [(1+9) 0" +P w1 Ut dx
n

Q

+R [ ((+er—+"e MaivDacs [ Biri-pi-pipialias
Q2 Q

m
Multiplying Eq. (5.7) by P, integrating the result over 2, using Eq. (5.8), we get

m—1m m—1m—-1 m

(5.10) 2 7 fP"'d —— | div o P2— | div( U + U p)P.
2

Using the Holder inequality, from Eq. (5.9) we obtain

1 d m m m . m m-1 m—1 m—1
(.11) 5“17[(1"‘9) Udx+p||Uyl13,0+2(|divU| 3,0 < [I] u ”4.a+mgx| u +B|| uxlla,0
2

m-—2 m m
+mgxi u | 11Bxllaa+11fls.a+ 118+ BBilla.alllUllaal I Pll2,0

m-1 m—1 m-—1 m m m m
+m;1X(1+ 0 )l ux lla,0+1Bxlla,a)ll U IIz.gllUll4,g+7mgX(1+e)”"|ldiv Ull2,0llPll2,9

and from Eq. (5.10) we have

1 d  m=-1 m m-1 m-1
(5.12) E—Hl’llm mgxldlv v IllPl13,9+(maX| o [l Usllz,0

m—1 m—1

+][div U [|z,0+]| Qx i|4 all U |la, !J)HPHZD

Adding Eq. (5.12) to Egq. .(5.11), using the Young and Poincaré inequalities, |o] < 1/2
and the Sobolev imbedding theorems, we obtain

61y 52 f[(1+9)U2+P2]dx+’uHUtzn+ ldivUlo < Clw 1.0

m-1

0% Boaat 1Bl aa)l @ 1220+ 1"% 12, 2.0l 2.0+ A1 204117 10

m—1 m m—1 m—1
+1813, 1,21+ 118113, 2.0) + 14| © |ls,2.0llI1PlI3,0+C(| w 113,2,0+118113,2.2! U 3.0

m—1 m—1
+e(|| Usll3,o+1div U 113,0).
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Using the estimates (5.4), (5.5), |e] < 1/2, and integrating Eq. (5.13) with respect to time,
we get

1 m m m [ . m
(G149 5 sup(IUIE o +IIPIE.0)+ 5 1 UsdB.ar+ 5 l1div Ul

m m-1 m—1 m-1
< CtSl}PIiPl %.n+CtS}lpll UllZ.o+ el Usll3,a+ldiv U 13,9).

Introducing the notation J, = sup(||P|[3,0+|U|13.0)+ | Uxl[3.0+|divU[[3,or and as-
t

. g 1 S
suming that # and ¢ are sufficiently small, we have J,, < < J,,_, , which implies that the sequen-

2
ces {p}, {u} converge in L, ("), 1 < T. Using the weak compactness in the spaces
m
M and 173, (27) there exists limits u € M of the sequence{u} e M and o €13, (27

of {Z} ell? (27). To show that v and g corresponding to the problem (2.4) and (2.8)
is a solution of the problem (2.4)+(2.8), we must consider integral identities instead
of Egs. (2.9) and (2.11), see [16]. Passing with m to infinity in these identities, we obtain
that the limit functions are solutions of the problem (2.4)=(2.8). This concludes the
proof.

6. Remarks

The existence and uniqueness of solutions of the considered equations (1.1) and (1.2)
can be shown also in the case of other boundary conditions: vanishing velocity on the
boundary or an outflow from the domain. The considered boundary conditions (1.5)
and (1.7) are necessary to prove the existence of global in time solutions, because only
in this case we know how to obtain the global a priori estimate. From the nonlinearity
-of our problem we proved the existence of solutions in H* spaces with the smallest possible
smoothness.

References

1. R. A. Apams, Sobolev spaces, New York, San Francisco, London 1975.

2. 0. V. Besov, V.P. ILvIN and S. M. NIkKoLsKl, Integral representations of functions and theorems of
imbeddings, Moscow 1975 [in Russian].

3. W. FiszpoN and W. M. ZAJIACZKOWSKI, The initial boundary value problem for the flow of a barotropic
viscous fluid, global in time [to be published in Appl. Anal.].

4. N. Itavya, On the Cauchy problem for the system of fundamental equations describing the movement
of compressible viscous fluid, Kodai Math., Sem. Rep., 23, 60-120, 1971. .

5. N. ITAYA, On the initial value problem of the motion of compressible viscous fluid, especially on the problem
of uniqueness, J. Math. Kyoto Univ., 16, 413427, 1976.

6. Y. 1. KANEL, On a model system of equations for one-dimensional gas motion, Diff. Eq., 4, 721-734,
1968 [in Russian].

7. A.V. KazuaiHov, Sur la solubilité globale des probléme monodimensionnelle aux valeurs initiales-
limitées pour les équations du gaz visqueux et calorifére, C.R. Acad. Sci., Paris, 284, Ser. A, 317-320,
1977.



516 W. Fi1szDoN AND W. M. ZAJACZKOWSKI

8. A. V. KazurHov, Global well posedness of mixed problem for the model system of equations for a viscous
gas, Din. Spl., Sr., 21, 18-47, 1975 [in Russian].

9. A. V. Kazuisov, About global solvability of the one-dimensional boundary value problem Jor equatwns
of a viscous heat-conductive gas, Din. Spl. Sr., 24, 45-61, 1976 [in Russian].

10. O. A. LapyzHENSKAYA and N. N. URALTSEVA, Linear and quasilinear elliptic differential equations,
Moscow 1973 [in Russian].

11. O. A. LADYZHENSKAYA, V. A. Soronnikov and N. N. URALTSEVA, Linear and quasilinear parabolic
differential equations, Moscow 1967 [in Russian]. ’

12. L. D. Lanpau and E. M. LirsHirz, Fluid mechanics, Moscow 1954,

13. G. Lukaszewicz, Initial-boundary value problems connected with gas motion in a bounded domain,
Thesis, University of Warsaw, 1982.

14. A. MATsumMURA and T. NISHIDA, The initial value problem for the equations of motion of viscous and
heat-conductive gases, J. Math. Kyoto Univ., 20, 67-104, 1980. i

15. J. NasH, Le probléme de Cauchy pour les équations différentielles d’un fluide general, Bull. Soc. Math.
France, 90, 487-497, 1962.

16. V. A. SoLONNIKOV, About solvability of the initial boundary value problem for equations of motion com-
pressible viscous fluid, Zap. Nauch. Sem., LOMI, 56, 128-142, 1976 [in Russian).

17. V. A. SOoLONNIKOV, About boundary value problems for linear parabolic systems of differential equations
of general form, Trudy MIAN, 83, 1965 [in Russian].

18. A. TANI, On the first initial-boundary value problem of compressible viscous fluid motion, Publ. RIMS,
Kyoto Univ., 13, 193-253, 1977.

19. W. M. Zasaczxkowskl, Local solvability of nonstationary leakage problem for an ideal incompressible
fluid, 3, Math. Meth. in the Appl. Sc., 4, 1-14, 1982.

POLISH ACADEMY OF SCIENCES
INSTITUTE OF FUNDAMENTAL TECHNOLOGICAL RESEARCH.

Received February 4, 1983,





