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The influence of some second-order effects on the behaviour 

of rigid plastic shells at the yield point load 

M. K. -DUSZEK (WARSZAWA) and F. ALESSANDRINI (UDINE) 

THE PAPER deals with the problem of stability of rigid-perfectly plastic shells at the yield point 
load. The material incompressibility, observed when plastic deformations take place, is taken 
into account and the results are compared with the known solution obtained when the thickness 
of the shell is assumed to be constant. The influence of different definitions of a perfectly plastic 
material on the post yield behaviour of the shells is also considered. The question is illustrated 
by the examples of cylindrical shells subject to axial end forces and uniformly distributed lateral 
dead load. 

W pracy rozwaiany jest problem stateczl).osci sztywno-idealnie plastycznych powlok w chwili 
osi<tgni~ia przez obci<rzenie wartosci obCi<tienia uplastyczniaj(lcego. W obliczeniach uwzgl€td­
niono zmiany grubosci powloki wyznaczone na podstawie warunku niescisliwo§ci, a wyniki 
por6wnano ze znanym rozwi(lzaniem otrzymanym przy zaloieniu stalej grubo§ci. Wykazano, 
i:e wplyw r6znych definicji materialu idealnie plastycznego moze bye istotny przy rozwaianiu 
po-granicznego zachowania si€t powloki. Otrzymane rozwi(lzanie zilustrowano przykladami 
powlok cylindrycznych poddanych osiowym silom przylozonym na koncach oraz r6wnomiernie 
rozlozonemu obci<ti:eniu nominalnemu. 

B pa6oTe paccMaTpHBaeTc.a npo6JieMa ycrOHt.IHBOCTH >KeCTI<o-H~eaJibHo nJiaCTHt.IeCKHX o6o­
JIOt.IeK B MoMeHT ~OCTH>KeHHH Harpy3KOH 3Hat.IeHHH nJiaCTHt.IeCKoH Harpy3KH. B pact.IeTax 
yt.ITeHbi H3MeHeHHH TOJIII\HHhi o6oJIOt.IKH, onpe~eJieHHhie Ha ocHoBe ycJIOBHH HeC>KHMaeMOCTH, 
a pe3yJibTaTbi cpaaHeHbi c HCBeCTHhiM perneHHeM, noJiyt.IeHHbiM npH npe~oJio>KeHHH noc:To­
HHHOH TOJIII\HHhi. TioKa3aHo ,. t.ITO BJIHHHHe pa3HhiX onpe~eJieHHH H~eaJibHQ nJiaCTHt.IecKoro 
MaTepHaJia MO>KeT 6biTb CYII\eCTBeHHbiM npH paCCMOTpeHHH npe~eJibHOro llOBe~eHHH o6o­
JIOt.IKH. floJiyt.IeHHOe peiiieHHe HJIJIIOCTpHpOBaHO npHMepaMH QHJIHH~pHt.IeCKHX o6oJIOt.IeK, 
no~aeprHYThiX oceBhiM CHJiaM npHJio>KeHHhiM Ha KOHQax, a TaK>Ke paBHOMepHo pacnpe~e­
JieHHOH HOpMaJibHOH Harpy3Ke. 

1. Introduction 

IT IS RATHER obvious that the problem of stability and post yield behaviour of a structure 

can be treated properly only within the framework of the geometrically nonlinear theory, 

yet the question arises whether the second-order effects, usually neglected wh(m formulating 

constitutive relations, play also a substantial role. 
Therefore such effects as the influence of various definitions of a perfectly plastic 

material (associated with the different objective stress rates) on the post yield behaviour 

of the shells is considered in the paper. The material incompressibility, observed when 

plastic deformations take place, is also taken into account when formulating geometrical 

relations. The results are compared with the known solutions obtained under the assump­

tion of constant shell thickness. 
The problem considered is illustrated by examples of cylindrical shells subject to the 

end axial forces and uniformly distributed lateral dead load. · 

http://rcin.org.pl



464 M. K. DUSZEK AND F. ALESSANDRINI 

2. Material stability and the definition of a perfectly plastic material 

In the recent literature the following two approaches to the definition of the material 
stability of time-independent materials are most commonly used. 

The first one is concerned with DRUCKER's concept [1]. The material stability condition 
is then derived from the energy criterion of stability of a body or a system when homo- · 
geneous stress and strain states are assumed. 

The other approach consists in generalization of the definition of material stability 
under one-dimensional tension to cover an arbitrary stress state. According to this defini­
tion, the material is said to be stable when the stress-strain curve is rising and is said to be 
unstable when the curve is falling. This idea can be generalized for the three-dimensional 
stress state and expressed analytically as a requirement that the scalar product of conjugate 
stress rate and strain rate tensors be nonnegative for a stable material 

(2.1) . 

where ~ii denotes an objective time derivative of the Cauchy (true) stress tensor and diJ 
is the symmetric part of the velocity gradient. 

This definition does not, however, describe the material properties in a unique way 
since the material stability depends here upon the choice of the objective stress rate 
measure. 

In the literature, the Jaumann stress derivative (denoted here by ~ii) is usually chosen 
to be used in the con_stitutive relations. The Jaumann stress rate is associated with axes 
rotating with a material element but not deforming with it. The relation (2.1) can then 
be rewritten in the form 

(2.2) 

and is called the material stabHi~y condition in the Jaumann sense [2]. Using, however, 

the Oldroyd stress derivative d~i (associated with the axes rotating and deforming with 
the material element) the relation (2.1) takes the form 

(2.3) 

and is called the material stability condition in the Oldroyd sense [2]. 
Making use of the known relation between the Jaumann and the Oldroyd stress deriva­

tives 

(2.4) 
VJ Vo "k . k . . 
aii = aii +a' dk + o 1df. 

the material stability condition (2.2) can be transformed to become 

(2.5) 

The theory of finite deformation of plastic shells is usually formulated in the total Lagran­
gian description. Then the constitutive relations are required to be established using 
variables of this description, that is the Kirchhoff stress tensor SKL and the Green strain 
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tensor EKL. It may be shown that for the incompressible material the following relation 

takes place [2]: 

(2.6) 

where the dot denotes the material time derivative. 

Substituting Eq. (2.6) into Eq. (2.3), we obtain the material stability condition in the 

Oldroyd sense in the form 

(2.7) 

Similarly, in view of the relation 

(2.8) 

the material stability condition in the Jaumann sense may be written as 

(2.9) 

Since the perfectly plastic material is defined as a plastic solid for which the neutral 

material stability condition is satisfied, in view of the above considerations the following 

definitions of the perfectly plastic material can be introduced. 

We say that a material is perfectly plastic in the Jaumann sense if 

(2.10) 

or i.n view of (2.8) if 

(2.11) 

Similarly, we say that a material is perfectly plastic in the Oldroyd sense if 

(2.12) 

or in view of Eq. (2.6) if 

(2.13) 

Vo 
oijdu = 0 

if the Lagrangian description is applied. 

3. Geometrical stability 

A question of geometrical stability depends on the material stability, boundary condi­

tions and the geometry of the body. 
The geometrical instability arises when the instability associated with changes 

in geometry is great enough to overcome the ·stability of the material. 

The criterion for geometrical stability may be formulated in terms of the dead load 

intensity rate [3]; so let us consider a structure subject to a system of dead loads P of mono­

tonically increasing intensity: 

(3.1) P(X, t) = ,u(t)P(X), 

where ,u(t) indicates the load intensity and P(X) specifies the load distribution. 
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The rate of loading is therefore 

(3.2) P(X, t) = P,(t)P(X). 

Geometrical stability is associated with (1, > 0, and this means that a quasi-static 

motion of a structure takes place only for increasing dead loads; if P, < 0, the structure 

is said to be geometrically unstable and it means that a structure continues to deform 

plastically also if decreasing dead loads are applied. 

Making use of the Principle of Virtual Energy and the nonlinear strain-displacement 

relations, the following expression can be derived: 

(3.3) J pKiJKdS = J (SKL£KL +SKLiJMIK U('/JdV, 
s v 

where U is a displacement vector; the vertical stroke denotes covariant differentiation; 

Sand V are the surface and the volume of the body respectively, in the original configura­

tion. 
Substituting Eq. (3.2) into Eq. (3.3), the rate of load intensity may be determined 

from the formuia 

j (SKLEKL+SKLcjMIKUfi)dV 
(3.4) P:(t) = v 

J pKUKdS 
s 

For positive p.(t) the following inequality is always satisfied: 

(3.5) I pKiJKdS ~ 0. 
s 

From Eq. (3.4) and (3.5) it follows that P, > 0 if 

(3.6) J (SKL£KL +SKLi.JMIK Ufi)dV > 0. 
v 

Therefore the relation (3.6) can be considered as the geometrical stability condition. 

For a rigid-perfectly plastic material in the Oldroyd sense, in view of Eq. (2.13) the 

geometrical stability criterion (3.6) reduces to 

(3.7) J SKLiJMIK iJ(tdV > 0, 
v 

whereas for a rigid-perfectly plastic material in the Jaumann sense, in view of Eq. (2.11), 

it becomes [4] 

(3.8) - J SKLiJKiM U'(tdV > 0. 
v 

.4. Application of the geometrical stability conditions to cylindrical shells 

Let us consider a thin-walled, cylindrical shell subject to rotationally symmetric defor­

mation under the action of a uniformly distributed dead load P and the axial end load T, 

Fig. 1. 
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Assuming that the components of the displacement vector UK are analytic funct~ons 

of the coordinate Z normal to the shell middle surface, they can be expanded into a power 

series: 

{4.1) 

uz = W(X) + Zyz(X) + 

ux = V(X)+Zyx(X)+ 

U8 = U(X)+Zy8 (X)+ 

... ' 

... , 

In view -of the assumption that the considered shells are thin, the nonlinear terms 

with respect to Z can be neglected. 

FIG. 1. 

From the assumption of rotationally symmetric deformation it follows that the circum­

ferential component U8 of the displacement vector is equal to zero. 

Next w~ assume that the transverse shearing is negligibly small and that no volume 

changes take place during plastic deformations. These assumptions allow us to express 

the functions uz and ux in terms of W and V. 

Finally the displacement field is found to have the form 

(4.2) 

uz = w-z(v.x+ :). 

ux = V-ZW,x, 

U8 = 0. 

This means that the straight normals to the middle surface remain straight but the 

normality is satisfied only for Z = 0; moreover, their length (thickness of shells) can 

change during the deformation process: 

The above kinematic assumptions are less restrictive than the assumptions of the 

classical Kirchhoff-Love theory of shells which say that the straight normals remain 

straight and normal and do not change their length. The displacement field has then 

the form 

(4.3) 

uz = w, 
ux = V::-ZW,x, 

U8 = 0. 
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Making use ofEqs. (2.13) and (4.2) in Eq. (3.4) the expression defining the rate of load 
intensity for a perfectly plastic material in the Oldroyd sense may now be written as 

f { . 2 [( A 
2 

) • 2 • 2 ] ) [ ( • 2 • • • • noW +nx U W,x+V,x -a mx W,x+V,xxW,x+V,xW,xx)+ 
. s (4.4) # = --------~----~f~(-p_w_+_tv-.

1
-x=_l_)d_S ______________ __ 

s 

+mx ,x(2W,,V,,+W,,W) ]lds 
where the dimensionless quantities are defined as follows: 

(4.5) 
w v X £2 

W=A, v=y, X=~ IX= AH' L' 

+H +H +H 

(4.6) nx = 2ct~H I SidZ, 
1 .r S~dZ, I SiZdZ, no= ---- mx = ctoH2 

-H 
2ct0 H 

-H -H 

(4.7) 
PA 

p = 2ct
0
H' 

T 
t = • 

4nct0 AH 

Assuming the "limited interaction" yield condition, the limit solution for the cylindrical 
shell with the boundary conditions considered in the paper was obtained by P. G. HODGE 

[5]. 
The curve ABCDEF in Fig. 2 shows the yield-point loading curve for the particular 

case of IX = oo and the curve A'B'C'D'E'F' for IX = 2. 
The yield-point loading curves for 2 < IX < oo have a similar shape and are placed 

between the curves for IX = 2 and IX = oo. In Fig. 2 are marked also the curves for IX = 3 
and IX= 5. 

Now, making use of the stress and velocity fields given by the limit load solution, 
we shall supplement this solution by informing about stability and the slope of the load­
deflection curve at the yield-point load. 

For the range of loads represented by the line CD or C' D' in Fig. 2, the limit load 
solution [5] gives 

(4.8) 

O~t<l, 
2 

P- = 1-t+-, 
IX 

mx = 1 - 2x2
, n0 = - I + t, nx = t, 

w = w0 (1-x), v = w0 (x- ~2 

); 

in this case the expression ( 4.4) becomes 

3_ IXW (3t .1: .~ + 2t-l- 2_) 
3 o £2 IX 

(4.9) p,= 
ct+2 
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Hence 

(4.10) #>0 for 
a+5 

shell is stable, t > 
A 

3 H +2a 

(4.11) #<0 for 
a+5 

shell is unstable. t < ----
A 

3 H +2a 

p 

------ 0::=2 

--·- 0::=3 
........... 0:=5 

-- a=oo 

(±) stable 
0.6 

8 unstable 

0.4 

0.4 

FIG. 2. 

For the range of loads represented by the line BC orB' C' in Fig. 2 the limit load solution 
[5] gives 

(4.12) 

-1 < t < 0, 
2 

p = 1+-, 
C( 

iv = 1-v0 (1-x), v = 0. 

The rate of load intensity (4.4) reduces to the form 

( 4.13) 

ft= 
3(a + 2) 
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Since the numerator is always negative and the denominator is always positive, we 
have -

(4.14) jJ, < 0, 

hence the shell is unstable for any t from the range (- 1, 0). 
· For the range of loads represented by the line AB or A' B' in Fig. 2, the limit load 

solution [5] gives 

t = -1, 

(4.15) nx = -1' 

w = 0, v = -v0 x, 

where_ - 1 ~ k ~ 1. 
The load intensity calculated from Eq. (4.4) gives 

(4.16) P, = -v0 < 0 

and therefore the shell is unstable. 
Analogous calculations can be performed for negative values of the load p. 

The stability in the case considered depends on the ratio of the surface tractions as 
well as on the geometry of the shell described by the ratio A I L and the parameter a.. The 
yield-point loading curves can be divided by the lines H- H', I-/' , K- K' into two parts 
(Fig. 2). One of them (denoted by the sign ffi) corresponds to a stable and the other (de­
noted by the sign e) to an unstable limit state solutions. The results presented in Fig. 2 
are calculated for L/A = 1, 2 , oo . 

Let us now compare the results obtained above at the assumption of material incom­
pressibility, with those presented_ in the paper [6] calculated for the same example of the 
shell but under the assumption of a constant shell thickness (and the displacement field 
in the form (4.3)). Figure 3 shows the comparison of results for L/A = 1, 2, oo. 

The results presentetl show that such phenomena as material incompressibility may 
play an important role when the stability of a plastic shell is considered. The differences 
are greater for thicker shells (a. small) whereas both solutions coincide for infinitely thin 
shells (a. = oo ). The lined zone in Fig. 4 indicates the ratio of the loads pft for which the 
answer to the question whether the shell at the yield point load is stable or unstable, changes 
if the incompressibility condition is taken into account. 

We now proceed to investigate the stability problem for the saJ,ne example of a cylin­
drical shell as considered above but made of a rigid perfectly plastic material in the Jaumann 
sense. Making use ofEq. (2.11) in Eq. (3.4), the expression defining the rate ofload intensity 
for a perfectly plastic material in the Jaumann sense may be written as 

- f SKLiJKiM Utf_dV 
v "'= - --c:--;::-f pKUKdS 

(4.17) 

s 

Next , analogously as before, for the displacement field (4.2) ao.d the dimensioriles~ 

quantities (4.5)::::(4.7), the Eq. (4.17) can be rewritten in the form 
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<X= 2 
-·-· <X=2.89 -
--- <X=5 

-. 
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p 

2.0 

1.6 

1.2 

0.8 

0.4 --

p 

2.0 r---------
' L--·-· I 1.5 

I r----
1 1.2 

0.4 

FIG. 3. 

0.4 0.8 
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I ___ _J 

~ 
·-·-·-1 

I ________ ...J. 

For constant thickness 

L/A=2 

For incompressibility 

ex== 

0. 2 0.4 0.6 0.8 1.0 

Flo. 4. 
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(4.18) 

Substituting the limit load solution (4.8) for 0 ~ t < 1 into Eq. (4.18), we obtain 

(4.19) p,= 
( 

A
2 2) 2w0 a 3t - -2t+1--

L2 a 
3(a+2) 

Hence the shell is stable, it > 0 

for 
2-a 

. A 2 2 
and for any t tf V > 3 . 

Whereas the shell is unstable, it < 0 

2-a 
.for _t > - ( A2--) 

a 3v-2 

if 

if 

Similarly, substitution of Eq. (4.12) into Eq. (4.18) leads for -1 < t < 0 to 

(4.20) 

hence the shell is stable 

(4.21) 

and the shell is unstable 

(4.2~) 

2w0 a(3t -A
2 

+ 1 + -3
- ) 

. . L 2 2a 
# = ------~~--~-----

3(a+2) 

for t > 

for t < 

-3-2a 
A2 

6a - --· L2 

-3-2a 
A2 

6av 

Finally, for t = -1, substitution of Eq. (4.15) into Eq. (4.18) furnishes 

(4.23) jJ, = v0 > 0 

what indicates that the shell is stable. Foregoing results, for the cylindrical shells made 

of an incompressible, perfectly plastic material in the Jaumann sense, are presented in 

Fig. 5 for a = 2-:- oo, LfA = 1 and in Fig. 6 for a = 2-:- oo, L/A = 2. 

For the same definition of a perfectly plastic material (in the Jauinann sense) but 

for the displacement field (4.3) (at the Kirchhoff-Love assumption of the constant thick­

ness), the stability problem at the yield point load has the following solution: 
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for 

(4.24) 

for 

(4.25) 

<X= 2 
~--

1 

l e 
I 
I 
I ex== 

for 

(4.26) 

p 

L/A=1 

Constant thickness 

o::=2 r----..-
1 I 

FIG. 5. 

8 

I 

I 
I 
I 
I 

_ _j 

~= 

( 

0 ~ t < 1 

I 
I (£) 
I 
I O:=oo 

I 
I 
I 
I 
I (f) 

' ' ' ' ' ' 

( 
A

2 5) 2w0 cx 3tU-2t+ 1-a 
43(cx + 2) 

-1<t<O 

2W0 oc ( 3t 1: + I) 
~ = ----~-------

3(cx + 2) 

t = -1 

~ = Vo. 

' ' 
8 

L/A=2 

8 

I 
I 
I 
I 
I 
l 
I _____ ...J 

FIG. 6. 
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Figures 5 and 6 illustrate these results for a = 2-:- oo and L/ A = 1, 2. The presented 
pictures illustrate two typical situations. For L/ A > 2 the distribution of stable and un­
stable ·zones are similar to the case of L/ A = 2. The lined zones marked in Figs. 5 and 6 
indicate the ratio of pft for which the answer whether the shell is stable or unstable changes 
when the incompressibility condition is taken into account in considerations. 
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S. Conclusions 

Presented results indicate that the influence of material incompressibility on the post 

yield behaviour of cylindrical shells can be essential in both situations, if a perfectly 

plastic material in the Oldroyd sense or in the Jaumann sense is assumed. The different 

answer on the question of stability at the yield point load if incomp~essibility condition 

is taken into account, is obtained for the large zone in t-p space when the shell is rather 
thick or short (oc- small), whereas the both solutions ·coincide for the infinitely thin or 

long shell (oc _ = oo ).For perfectly plastic material in the Jaumann sense the post yield beha­

viour is more complex than in the case of perfectly plastic material in the Oldroyd sense. 

The inflt~ence of incompressibility depends both on the ratio of loads t fp and on the 

shape of the shell given by parameters L /A and ex. -
There is no evident proof which definition of plastic material is more suitable for 

description of the behaviour of shells made of mild steel, however available experimental 
data [7] are in agreement with solutions obtained for the shells made of perfectly plastic 

material in the Oldroyd sense. 
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