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Local destruction of granular media caused by crushing a single grain

J. A. SUPEL (WARSZAWA)

THE PARTICLE crushing effect and its influence on the microscopic deformation mechanism is
examined. The results of a number of experiments on biaxial deformation of assemblies of discs
are analysed focusing attension on the evolution of the microstructure around a crushed grain.
Two kinds of the equipment are employed: horizontal table with discs made of soft polyuretane
and vertical frame with discs of high stiffness plexiglass. As a result of crushing of a single
grain, located at the center of the sample, the large local displacements of grains are obser-
ved. The average strain rate tensor and fabric tensor are calculated. The physical tests are
reproduced numerically, using the distinct element method, by repeating the experiment with
the same geometry but different values of stiffness at contact points between grains.

Badany jest wplyw kruszenia si¢ pojedynczego ziarna na mechanizm deformacii. Przedstawiono
wyniki eksperymentéw polegajacych na dwuosiowym $ciskaniu zbioru ptaskich krazkéw, sku-
piajac uwage na zmianach struktury wokél ziarna. Uzywano dwu rodzajéw stanowisk badaw-
czych: poziomo ustawiony st6t z krazkami wykonanymi z miekkiego poliuretanu oraz pionowa
rama ze sztywnymi krazkami. Jako rezultat kruszenia jednego ziarna, znajdujacego si¢ w $rod-
kowej czeSci probki, obserwowano znaczne przemieszczenie ziaren. Obliczono $éredni tensor
predkosci odksztalcenia i tensor tekstury. Doswiadczenia fizyczne odtworzono numerycznie,
uzywajac metody elementéw kontaktowych, przez powtdrzenie geometrii krazkéow lecz dla
réznych sztywnoéci w punktach kontaktu miedzy krazkami.

Hccnenyerca BiusiHue ApoGIIeHHs eMMHMUYHOrO 3epHA Ha MexaHuam gedopmammn. ITpencras-
JIEHbl DE3YJILTATHI IKCIEPMMEHTOB, 3aKIOUAIOIIMXCA B ABYOCCBOM CXKAaTHH COBOKYIIHOCTH
IJIOCKHX JHCKOB, COCPEOTOUMBAS BHHMAaHME HA M3MEHEHMSAX CIPYKTYpPBI BOKPYT ApobineH-
HOro 3epHa. Mcmonb3oBaHB! JBa THIA UCCIIEHOBATEbCKHX YCTAHOBOK: TOPH3OHTAJIBHO pac-
IIOJIOXKEHHBIH CTOJI C AUCKaMM, M3rOTOBJIEHHBEIMM K3 MATKOIO IOJIMypETaHa, & TaKyKe BepTH-
KaJIbHas paMma C >KeCTKMMH Juckamu. Kak pesayneraT OpoOJieHHsA eIHHHYHOTO 3€pHA, HAXoAd-
LIETOoCA B CpemHeil uacTu obpasua, HabJIo#aloch SHAUMTENFHOE IiepeMelleHre 3epeH. Brruuc-
JIEHBI CPEOHMI TEH30p CKOPOCTH AeOpMaLMy H TEH30p TeKCTyphbl. (PHM3MUecKue OSKCIepH-
MEHTBI BOCIPOHM3BEAEHbI UHCJIEHHO, MCIIOJIB3YsA METOABI KOHTAKTHBIX 3JIEMEHTOB MyTEM ITOB-
TOPEHUsI T€OMETPHHM JUCKOB, HO JJIA PAa3HBIX YKECTKOCTeM B TOYKAX KOHTaKTa MeXKIy OucC-
KaMH.

1. Introduction

IT 1S COMMONLY accepted that the mechanical behaviour of granular media is strongly
affected by their microstructures, namely the granular fabric. The changes of the fabric
have an effect on the hardening or softening of the granular materials in a given defor-
mation process [10, 19]. It is usually assumed that the global plastic deformation of co-
hesionless granular materials consists of the local frictional slidings between grains and
particle rolling, [14, 15, 20]. However, sliding and rolling of grains are not the only cause
of changes of the microstructure. It has been commented on in the literature that the
particle-crushing effect does take place during the flow of the cohesionless granular ma-
terial, and a part of the grains breaks at even relatively low stress level, see for example
[5,9, 13, 22]. Up to 30% of grains are crushed (eg. are divided into two or more parts)
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FiG. 1. Particle crushing effect in hydrostatic compression of grains of cement clinker.

in triaxial hydrostatic compression [22]; see Fig. 1. This crushing effect in the shear pro-
cesses is more strongly visible [8, 12].

The crushing phenomenon of particles is not included in the known macroscopic con-
stitutive relations of granular media. The main purpose of the present work is to examine
the extent of the particle crushing effect and its influence on the microscopic deformation
mechanism. However, the interpretation of the crushing phenomenon on real granular
media, like sand, gravel or rockfill, is difficult because the local processes inside the sample
cannot be observed. Hence a special material model must be used.

To this end, the results of a number of experiments on biaxial deformations of assem-
blies of photoelastic discs are analysed, focussing attention on the evolution of the
microstructure around a crushed grain.

An attempt was made to duplicate numerically the physical tests. The numerical model
of the granular material, with the particle-crushing effect added, was used. It was possible
to investigate the effect of crushing on the behaviour of the assembly by repeating the
experiment with the same geometry but different values of stiffness at the contact of grains.

2. Experiment

Research was led in two different ways. Figure 2 presents the stand which was used
to investigate on the horizontal table (). The test area, about half a square meter, was
filled with approximately 1500 discs made of a 12 mm thick plate of polyurethane rubber,
a sensitive photoelastic material. Seven various diameters of discs were used, ranging
from 10 to 60 mm.

The scheme of the testing apparatus is shown in Fig. 3. The sample was formed within
the loading frame of initial dimensions of about 650 x 750 mm. Each sample consisted
of equal numbers of particles of seven sizes. Particles were stocked by hand randomly.
The assembly of discs was loaded by means of two pairs of rigid beams which formed

(*) These experiments were performed in Laboratorio de Rocamientes, Instituto de Ingenieria, Uni-
versidad Nacional Autonoma de Mexico.



FiG. 2. Whole view of biaxial frame with 1500 discs (Rockfill Laboratory, UNAM, Mexico).
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Fi1G. 3. Sketch of biaxial testing apparatus for 1500 discs.
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FIG. 4. The central part of sample, around crushed ring, a) after crushing, b) beforelcrushing.
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the boundaries. Two of these beams were free to move and rotate. The moving beams were
subjected to forces by change of weights. The displacements of ends of each beam were
measured by four LVDT’s. At the central part of the sample the brittle ring was placed;
see Fig. 4.

As a result of crushing of a single grain, located at the center of the sample, large
local displacements of grains apeared. Photoelastic photographs were taken at an appro-
priate stage during the course of deformation, which enabled to determine the relative
displacement of each grain.

Another testing apparatus (*)is shown in Fig. 5. It consists of an overall frame within
which a biaxial loading frame is mounted. The sample was formed within the loading
frame of initial dimensions about 220 mm in height and 210 mm in width. Each sample
consisted of equal numbers of discs. The discs had nine various diameters, ranging from

FiG. 5. Test apparatus (Institute of Fundamental Technological Research, Warsaw).

(%) These experiments were performed in the Institute of Fundamental Technological Research,
Warsaw

18*
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F1G. 6a. Sample with hard plexiglass discs.

6 to 25 mm, the common thickness was 5 mm, and they were made of high stiffness plexi-
glass. The sample was confined laterally by constant forces (1-4 kN depending on the
test). The horizontal load was measured by a load transducer and the horizontal and
vertical displacements by LVDT’s. Figure 6 shows a typical photograph of grain crushing
in the central part of a sample.

3. Fabric and strain description

The above experiments yield discrete quantities that are useful in studying the material
behaviour on a microscale, but cannot be transferred directly to a continuum model.
Averaging procedures are necessary to make the step from the microscale to a continuum.
The definition and calculation of most average quantities, like density or the number of
contacts, are reported elsewhere; see [23]. The average number of contacts and its dis-
tribution yield first-order information for the description of the granular materials. Since
it is a scalar, it does not describe the spatial orientations of contacts. For the purpose
of more information we must look for other parameters.

3.1. Distribution of contact normals; fabric tensor

The term “fabric” is used in this paper to identify the arrangement of the particles.
Figure 7a shows an assembly of discs, statistically distributed. Without loss of general-
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Fi1G. 6b. Sample with hard plexiglass discs.
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FiG. 7. Fabric in deformed granular materials: a) connection map of statistically distributed grains,

b) contact with normal vectors, ¢) frequency distribution of contact angle, d) ellipse of geometric
anisotropy.
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ity, the assembly of discs (or generally spheres) can be replaced by an assembly of points
and lines. There are points marking the centers of particles, and lines connecting the
centers of adjacent particles which are in contact. We shall call this line “branch”, A de-
scription of these branches gives more information about the structure of grains, Since
grains are discs (or spheres), the branch is equivalent to a normal vector at contact point.
The normal vectors may be identified by angles o and £ with respect to a fixed rectangular
Cartesian coordinate system; Fig. 7b. The probability density function E(n), which was
introduced by HORNE [6,7] and OpA [16], describes the angular distribution of contact
unit normals n. The function E(n) satisfies:
G.1) [[Ema2 =1, E® = E(-n).

2
For example, for the discs assembly shown in Fig. 7a we can measure the angle § at all
contacts between grains and prepare the frequency distribution of f§ as Fig. 7c shows.
As it was discussed in [17], experimental results suggest that the density function E(n)
may be represented with good accuracy by an ellipsoid. Basing on this fact Opa, NEMAT-
NASSER, MEHRABADI [18] have defined the “fabric tensor”

(3.2) Fy= N [ [ nin,E(m)d@2 = Ninnyy,
Q2
where the N — number of contacts, ] — mean branch length and the term (m;n;> means
N
]' 1 a. o
(3.3) {mynyy = N 2{ ninj,

where n;, n; are components of the unit normal vector at contact. That fabric may be
represented by a second-order tensor as it has been previously pointed out by SATAKE
[21] in the form
(3.4) Jiy = {mny).
In other words we can say that the fabric tensor describes geometrical anisotropy. Geo-
metrical anisotropy was studied by BIAREZ and WIENDIECK [1], as a dip of the contact
planes for two-dimensional granular media. The results of measurements are well approxi-
mated by an ellipse whose semi-axes a, b define the degree of geometric anisotropy A4,
according to the relation
a—b
L ..
(.5 ¥ a+b
In the case of geometric isotropy @ = b and 4, = 0; see Fig. 7d. Itis easy to see
that the geometrical anisotropy can be calculated from Satake’s fabrictensor;for a two-
dimensional case the fabric tensor components are expressed by
Ju=1,
(3.6) Jiy—J22 = 1/24,c0s20,
le = le = 1/4Aasin26,
where 0 is an angle to the predominant direction of the normals to the contact planes.
This designation of the fabric tensor and anisotropy is also used in this paper.
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3.2. Average strain rate tensor

In the present experiment the rotations of the discs were not measured and for aver-
aging of the displacement gradient tensor the technique used by DRESHER and DE JOSSELYN
DE JONG [4] was chosen. The average displacement gradient tensor «;;, calculated in
domain ¥, may be written as

_ 1
3.7 Gy = Uy, ;= 'Vfuj.lst
v

where u;, j = 1, 2, are the two components of the displacement vector. Application of
Gauss’s theorem yields

1
(3.8) au = ——fu_,n;ds,
V
s
where n is the unit vector normal to the boundary S. The average strain rate tensor is the
symmetric part of a;;:

- | .
(3.9) Eu = '—2'—'((x”+l1u)-

The displacements in the pores are not uniquely defined. It is possible, as described
by CUNDALL et al. [3], that the displacements assigned to the particles are real, whereas
the displacements in the pores are chosen so that the displacement field is continuous
throughout the domain. Another approach can be found in [11].

4, Test results

The history of deformation in one of the tests is shown in Fig, 8a. The uniformly
compressed assembly of discs was subjected to shear. In the first stage this was done by
an increase of boundary forces P, and P,, step by step. Then P, increased and P, was
kept constant. The dotted line and the dashed one are boundary displacements, #, and u,,
respectively, versus force P;. The numbers on the dotted line indicate that the photo
was taken at this stage of deformation. Figures 8b, c, d present the ellipses of geometric
anisotropy and the polar diagrams which indicate the orientation of branch. There are

the components of the fabric tensor J;; and the parameters of geometrical anisotropy
Ay and 6. The number at the center is the coordination number.

The orientation of the fabric of the sample shows the small initial anisotropy (AN1)
which increases in the next stages (AN3, ANS). The direction of the predominant ani-
sotropy is similar to the direction of P, (P, is the higher boundary force). It should be
noted that a only part (about 90) of 1500 discs, making the neighbourhood of the brittle
ring, was taken into account.

After crushing the grain (stage ANS5), the geometrical anisotropy of the fabric has the
characteristic of the cross-anisotropy. That cross-anisotropy, which can be seen more
clearly after unloading stage ANG, suggests a manifestation of the discontinuity lines.

There are displacement vectores, in Fig. 9, which were found by comparison of photo«
graphs at various stages of the load. The displacement vectors are ten times greater than
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Fic. 9. Displacement vectors, a) before crushing, b) after crushing.
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in reality. From these figures, using the averaging method described at Sect. 3.2, the strain
rate tensor can be calculated.

Figure 10 shows the experimentally observed relation between the strain rate tensor
components versus radius normalised to the radius of the crushed grain. The current
radius r denotes the radius of the circle bounded over the averaging area. It is seen that
the deformation before crushing is nearly uniform in the whole sample. As a result of
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FiG. 10. Average strain rate tensor components calculated from experimentally obtained displacement
vectors field.
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Fi1G. 11. Variation of principal directions of strain rate tensor.

crushing, large local deformation takes place. This nonuniform deformation vanishes
with increase of r/r, ratio.

Figure 11 illustrates the variation of the principal directions of the strain rate tensor.
Before crushing — solid line — the principal directions of the strain rate tensor are nearly
constant, independently of the averaging area, and nearly coincide with load directions.
After crushing — dotted line — the principal directions deviate strongly from the load
directions, but for the domain of closely crushed grain only. For r/r, = 4 both principal
directions, before and after crushing, coincide. It should be pointed out that the results
presented in Figs. 8, 9, 10 and 11 are typical in all experiments.

5. Numerical experiments

An attempt was made to duplicate numerically the tests described above. It was pos-
sible to investigate the effect of crushing on the behaviour of the assembly, by repeating
the experiments with the same geometry but different values of stiffness at contact between
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the grains. The distinct element method, described by CUNDALL and STRACK [2], was used
for numerical modelling. In this method the equilibrium of contact forces and displace-
ments of a stressed assembly of discs are found through a series of calculations, tracing
the movements of the individual particles. The calculations alternate between the appli-
cation of Newton’s second law to the discs and a force-displacement law at the contacts.
Newton’s second law gives the motion of a particle resulting from the forces acting on it.
The force-displacement law is used to find contact forces from displacements. The time
step chosen for calculation may be so small that during a single time step disturbances can-
not propagate from any discs further than its immediate neighbours. It is this key feature
of the distinct element method which makes it possible to follow the nonlinear interaction
of a large number of discs without excessive computer memory requirements. The set of
distinct element method programs, on the minicomputer SM4, similar to this one of the
PDP 11 series, was constructed.

N
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Fic. 12. Results of numerical experiment; average strain rate tensor components.

Figure 7a shows the assembly of discs chosen for numerical experiments. The struc-
ture of this assembly is similar but not the same, as in the physical experiment. The assem-
bly of discs was loaded by means of two pairs of rigid beams which formed the bound-
aries. The crushing of a single grain was modelled by a rapidly changing radius of one
grain in the central part of the sample. All the quantities used for the physical model
description, as the strain rate, anisotropy or coordination number, in its average sense,
were computed using the same methods as described earlier. Figure 12 shows a typical
diagram of strain rate tensor components.

6. Damping effect

It follows from the presented results that the disturbance, caused by crushing of a grain,
strongly depends on r/r,. This relation can be called a damping effect. The curves taken
from the experiments, normalised to r, and &,, which are illustrated in Fig. 13, corres-
pond to the curve described by the following equation:

(6.1) & = gg+(eo— €5)exp [b— (Tr_ —1)],

where b can be called a damping measure. It is interesting to note that the crushing effect,
realised at various boundary conditions, with various configuration of discs, is character-
ised by, approximately, the same damping. The measured damping coefficient b is
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F1G. 14. Damping measure calculated from numerical experiments.

b, = 1.01*%13 for plexiglass discs,

bp. = 1.57%%23 for poliuretane discs.
It should be noted that the disturbance measure used above is a rather simple one. The
measure of energy dissipation could be more precise but it requires the stress-strain re-
lation which is not ready to be presented in this paper.

The results of the numerical experiment which make use of this damping measure can
be described. In Fig. 14 the measure of damping b is plotted against the stiffness ratio
k/k,. That relation is nearly linear. The relative damping is inversely proportional to the
relative stiffness, with factor a.

7. Conclusions

The conclusions may be summarized as follows:

1. The particle crushing effect does take place during the deformation of a cohesionless
granular material.

2. The two-dimensional granular model of discs packed at random in the loading
frame, with a single crushed grain, is useful to observe the crushing effect.

3. The disturbances caused by crushing of a single grain strongly depend on r/r,.
This damping effect can be described by formula (6.1).

4. The relative damping is inversely proportional to the relative stiffness.
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