
9.

ON THE NUMBER OF FRACTIONS CONTAINED IN ANY “ FAREY SERIES ” OF WHICH THE LIMITING NUMBER IS GIVEN.
[Philosophical Magazine, xv. (1883), pp. 251—257 ; XVI. (1883), pp. 230—233.]A Farey series (“ suite de Farey ”) is a system of all the unequal vulgar fractions arranged in order of magnitude, the numerator and denominator of which do not exceed a given number.The first scientific notice of these series appeared in the Philosophical 

Magazine, Vol. XLVII. (1816), pp. 385, 386. In 1879 Mr Glaisher published in the Philosophical Magazine (pp. 321—336) a paper on the same subject containing a proof of their known properties, an important extension of the subject to series in which the numerators and denominators are subject to distinct limits, and a bibliography of Mr Goodwyn’s tables of such series. Finally, in 1881 Sir George Airy contributed a paper also to the Philosophical 
Magazine of that year, in which he refers to a table calculated by him “some years ago,” and printed in the Selected Papers of the Transactions of the Institution of Civil Engineers, which is in fact a Farey table with the logarithms of the fractions appended to each of them. Previous tables had only given the decimal values of such fractions. The drift of this paper is to point out a caution which it is necessary to observe in the use of such tables, and which limits their practical utility: this arises from the fact of the differences receiving a very large augmentation in the immediate neighbourhood of the fractions which are a small aliquot part of unity—a fact which may be inferred a priori from the well-known law discovered by Farey applicable to those differences, but to which the author of the paper makes no allusion.In addition to the tables of Farey series by Goodwyn, Wucherer, an anonymous author mentioned in the Babbage Catalogue, and Gauss, referred to by Mr Glaisher in his Report to the Bradford Meeting of the British Association (1873), may be mentioned one contained in Herzer’s Tabellen
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102 On the Number of Fractions contained in any [9(Basle, 1864) with the limit 57, and another in Hrabak’s Tabellen- Werk (Leipsic, 1876), in which the limit is taken at 50.The writers on the theory are:—Cauchy (as mentioned by Mr Glaisher), who inserted a communication relating to it in the Bulletin des Sciences par 
la Societe Philomathique de Paris, republished in his Exercices de Mathe- 
matiques; Mr Glaisher himself (loc. cit.}; M. Halphen, in a recent volume of the Proceedings of the Mathematical Society of France; and M. Lucas, in the next following volume of the same collection. I am indebted to my friend and associate Dr Story for these later references.For theoretical purposes it is desirable to count 1/1 as one of the fractions in a Farey series. The number of such fractions for the limit j then becomes identical with the sum of the totients of all the natural numbers up to j inclusive—a totient to x (which I denote by τx) meaning the number 

x=1of numbers less than x and prime to it. Such sum, that is, Σ τx, I denote x=jby Tj. My attention was called to the subject by this number Tj expressing the number of terms in a function whose residue (in Cauchy’s sense) is the generating function to any given simple denumerant (see American Journal of 
Mathematics, [Vol. III. of this Reprint, p. 605]) ; and I became curious to know something about the value of Tj. I had no difficulty in finding a functional equation which serves to determine its limits (see Johns Hopkins University 
Circular, Jan. and Feb. 1883*). The most simple form of that equation (omitted to be given in the Circular) is 
(where, when x is a fraction, Tx is to be understood to mean Tj,j being the integer next below x) ; and from this it is not difficult to deduce by strict demonstration that Tj∣j2, when j increases indefinitely, approximates indefinitely near to 3/π2.I have subsequently found that if ux be used to denote the sum of all the numbers inferior and prime to x, and Uj = Σ ux, then +
(where Ux, when x is a fraction, means the U of the integer next inferior to 
x). From this equation it is also possible to prove that Uj[j3, when j becomes indefinitely great, approximates to 1/π2. Uj, it may be well to notice, is the sum of all the numerators of the fractions in a Farey series whose limit is 
j, just as Tj is the number of these fractions.In the annexed Table the value of τx (the totient), of Tx (the sum-totient), and of 3∕π2. x2 is calculated for all the values of x from 1 to 1000; and the [* See pp. 84, 89 above.] [+ The right side should be 1/12j (j +1) (2j +1).]
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9] "Farey Series” of which the Limiting Number is given 103 remarkable fact is brought to light that Tx is always greater than 3∕π2.x2 (the number opposite to it), and less than 3∕π2. (x + 1)2, the number which comes after the following one in the same table.I have calculated in my head the first few values of Ux, and find (if I have made no mistake) that it obeys an analogous law, namely is always intermediate between l∕π2. x and l∕π2. (x+ 1)3.It may also be noticed that when n is a prime number, Tn is always nearer, and usually very much nearer, to the superior than to the inferior limit—as might have been anticipated from the circumstance that, when this is the case, in passing from n — 1 to n the T receives an augmentation of 3
n — 1, whereas its average augmentation is only 3/π 2(2n —1).In like manner and for a similar reason, when n contains several small factors Tn is nearer to the inferior than to the superior limit. For instance, when n=210, Tn=13414 and 3∕π2. n2 = 13404.79.Table of Totients, of Sum-totients, and of 3∕π2 into the Squares of all the 

Numbers from 1 to 1000 inclusive.
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104 On the Number of Fractions contained in any [9Table (continued).
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9] “Farey Series ” of which the Limiting Number is given 105 Table (continued).

4 4 4 4 τ(n)

244 120 18176 299 264 27318 354 116 38174245 168 18344 300 80 27398 355 280 38454 38307’01246 80 18424 18394’66 301 252 27650 27539’40 356 176 38630 38523 12247 216 18640 18544’51 302 150 27800 27722’69 357 192 38822 38739’85248 120 18760 18694’97 303 200 28000 27906’59 358 178 39000 38957’18249 164 18924 18846’04 304 144 28144 28091’10 359 358 39358 39175’13250 100 19024 18997’72 305 240 28384 28276’21 360 96 39454 39393’68251 250 19274 19150’01 306 96 28480 28461’93 361 342 39796 39612’83252 72 19346 19302’90 307 306 28786 28648’26 362 180 39976 39832’60253 220 19566 19456’40 308 120 28906 28835’20 363 220 40196 40052’97254 126 19692 19610’51 309 204 29110 29022’75 364 144 40340 40273’95255 128 19820 19765’23 310 120 29230 29210’90 365 288 40628 40495’54256 128 19948 19920’56 311 310 29540 29399’66 366 120 40748 40717’74257 256 20204 20076’49 312 96 29636 29589Ό3 367 366 41114 40940’55258 84 20288 20233’03 313 312 29948 29779Ό1 368 176 41290 41163’96259 216 20504 20390’18 314 156 30104 29969’59 369 240 41530 41387’98260 96 20600 20547’94 315 144 30248 30160’79 370 144 41674 41612’61261 168 20768 20706’30 316 156 30404 30352’59 371 312 41986 41837’85262 130 20898 20865’28 317 316 30720 30545Ό0 372 120 42106 42063’69263 262 21160 21024’86 318 104 30824 30738’01 373 372 42478 42290’15264 80 21240 21185Ό5 319 280 31104 30931’64 374 160 42638 42517’21265 208 21448 21345’84 320 128 31232 31125’87 375 200 42838 42744’87266 108 21556 21507’25 321 212 31444 31320’71 376 184 43022 42973’15267 176 21732 21669’26 322 132 31576 31516’16 377 336 43358 43202’04268 132 21864 21831’88 323 288 31864 31712’22 378 108 43466 43431’53269 268 22132 21995Ί1 324 108 31972 31908’88 379 378 43844 43661’63270 72 22204 22158’95 325 240 32212 32106’15 380 144 43988 43892’34271 270 22474 22323’39 326 162 32374 32304’03 381 252 44240 44123’65272 128 22602 22488’44 327 216 32590 32502’52 382 190 44430 44355’58273 144 22746 22654Ί0 328 160 32750 32701’62 383 382 44812 44588’11274 136 22882 22820’37 329 276 33026 32901’32 384 128 44940 44821 25275 200 23082 22987’25 330 80 33106 33101’63 385 240 45180 45055’00276 88 23170 23154’73 331 330 33436 33302’55 386 192 45372 45289’35277 276 23446 23322’82 332 164 33600 33504’08 387 252 45624 45524’32278 138 23584 23491’52 333 216 33816 33706’22 388 192 45816 45759’89279 180 23764 23660’83 334 166 33982 33908’96 389 388 46204 45996’07280 96 23860 23830’75 335 264 34246 34112’31 390 96 46300 46232’86281 280 24140 24∞Γ27 336 96 34342 34316’27 391 352 46652 46470’25282 92 24232 24172’40 337 336 34678 34520’84 392 168 46820 46708’25283 282 24514 24344Ί4 338 156 34834 34726’01 393 260 47080 46946’87284 140 24654 24516’49 339 224 35058 3493 Γ80 394 196 47276 47186Ό9285 144 24798 24689’44 340 128 35186 35138’19 395 312 47588 47425’91286 '120 24918 24863’00 341 300 35486 35345’19 396 120 47708 47666’35287 240 25158 25037’18 342 108 35594 35552’80 397 396 48104 47907’39288 96 25254 25211’96 343 294 35888 35761’01 398 198 48302 48149’04289 272 25526 25387’34 344 168 36056 35969’83 399 216 48518 4839 Γ30290 112 25638 25563’34 345 176 36232 36179’26 400 160 48678 48634’17291 192 25830 25739’94 346 172 36404 36389’30 401 400 49078 48877’64292 144 25974 25917’15 347 346 36750 36599’95 402 132 49210 49121’73293 292 26266 26094’97 348 112 36862 36811’21 403 360 49570 49366’42294 84 26350 26273∙4O 349 348 37210 37023Ό7 404 200 49770 49611’72•295 232 26582 26452’43 350 120 37330 37235’54 405 216 49986 49857’62296 144 26726 26632Ό7 351 216 37546 37448’61 406 168 50154 50104’14297 180 26906 26812’32 352 160 37706 37662’30 407 360 50514 50351’26298 148 27054 26993Ί8 353 352 38058 37876’59 408 128 50642 50598’99
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106 On the Number of Fractions contained in any [9Table (continued).
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9] “Farey Series” of which the Limiting Number is given 107 Table (continued).
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108 On the Number of Fractions contained in any [9Table (continued}.
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9] “Farey Series” of which the Limiting Number is given 109 Table* (continued).

* In the extended as well as in the original Table it will be seen that the sum-totient is 
always intermediate between 3∣π2 . n2 and 3∕π2 . (n+l)2.

The formula of verification applied at every tenth step to the T column precludes the 
possibility of the existence of other than typographical errors or errors of transcription. 
Accumulative errors are rendered impossible.
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