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88.

ON THE TRANSFORMATION OF AN ELLIPTIC INTEGRAL.

[From the Cambridge and Dublin Mathematical Journal, vol. v. (1850), pp. 204—206.]

THE following is a demonstration of a formula proved incidentally by Mr Boole
(Journal, vol. 1. [1847] p. 7), in a paper “On the Attraction of a Solid of Revolution
on an External Point.”

1 dr -

il U= ) Jia=® A= tmerny’

then, assuming

G :
1 —ay

(so that #=+1 gives y=+1), we obtain

1__w2=(1+azi‘)(1 =4
(1 —aay)* 7

(n — vma) + (m — wna) y
1 —qay :

mz+n =

Assume therefore
1a+ (n —vma) (m —ina) =0,
whence

. (=—m=n’)+A

— 1@ & (A2 =1+ m* + n*— 2m* — 20 — 2m*n® ),
2mn
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we find
1 - (n — 1ma) :
1= (me -+ np =2 (1 (- ina g3,
and also
_(d+a)dy
it s S
whence
U= \/{ 1+a } E dy
1 —(n—1ma)) ) V(1= y?) (1 — (m—na) 43}]’
that is
ATV
1 —(n—wma)))o/[(1 =y {1 —(m —ina) y*}]’
But since
n — vma = M
2n i
il e o 1+m—n+A
2m %
we have
1 -(n—z'ma)2=—2%2 (A+1 —m?+n2),

and therefore
1+a? _l A+1—m?2—n?
1—(n—wmma)} m* A+1—m?+n

L A(Temt—n - AY(] =m0 = &) 2 (14 m?~n'+ A)

Tm (I—m+ 2+ A1 —m+n2—A) 4m? ’
consequently
1 . d
U=E\/{2(l+m2—-n2+A)}fo e
Wi [ﬂ —9) {1 P y”

Write

poltm—n+A o dm ;

B 2m ; (A +m)p—n’

then

Ak 1

U=

A/ / : dy ;
A VA +mp—a ) V(A=) A-Fy)}’

Wwhere N and % are connected by the relation that exists for the transformation of the
second order, viz.
2k

ey
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as may be immediately verified; hence, assuming

)\/1— z2
 Jin vk 1 A2z2)’

f‘ dy dz
Vil =y (1 - ;\/k V {(1—-25) (1 -1}’

which gives

we find
d

z
(1 +"lt:;1; —n222)}

b

U R +fn)2— nﬂ}f:\/{(l _ ) (1

that is

. dz dz

- V(1 =) {1 = (mz +n)}] f V(A =22 [{(1 +m)y —n¥] —4mz*]

Writing here
x=cos 0, z=cos}d,

then
f" de @ d¢ -
V{1 —(mcos@+n)}  J, (1 +m—n?—2mcos¢p)’
or if
n 1z
m=— * n=-—— ’
a a
then finally
de * de

fo V{a* + (z + vr cos )} 159 V(a? + 12 4 22 — 2ar cos ¢)’

the formula in question.
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