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75.

ON THE ATTRACTION OF AN ELLIPSOID.

[From the Cambridge and Dublin Mathematical Journal, vol. ιv. (1849), pp. 50—65.]
Part I.—On Legendre’s Solution of the Problem of the Attraction of an Ellipsoid on an External Point.I propose in the following paper to give an outline of Legendre’s investigation of the attraction of an ellipsoid upon an exterior point, [“ M^moire sur les Integrales Doubles,” Paris, Mem. Acad. Sc. for 1788, published 1791, pp. 454—486], one of the earliest and (notwithstanding its complexity) most elegant solutions of the problem. It will be convenient to begin by considering some of the geometrical properties of a system of cones made use of in the investigation.§ 1. The equation of the ellipsoid referred to axes parallel to the principal axes, and passing through the attracted point, may be written under the form

(where ∖∕l' ∖∕m,' ∖!n are the semiaxes, and a, b, c are the coordinates of the attracted point referred to the principal axes). Or putting la^ +mb'^ + nc^ — k≈8, this equation becomes
lx^ + mg^ + nz^ — 2 (Zcur + mbg + ncz) + δ = 0.The cones in question are those which have the same axes and directions of circular section as the cone having its vertex in the attracted point and circumscribed about the ellipsoid. The equation of the system of cones (containing the arbitrary para­meter ω) is

or as it may also be written.
- 2mnbcgz — 2nlcaz,τ — 2lmabxg = 0.
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75] ON THE ATTRACTION OF AN ELLIPSOID. 433For ω = 0, the cone coincides with the circumscribed cone; as ω increases, the aperture of the cone gradually diminishes, until for a certain value, ω = ∩, the cone reduces itself to a straight line (the normal of the confocal ellipsoid through the attracted point). It is easily seen that is the positive root of the equation
a different form of which may be obtained by writing Ω’ = , ξ being then determinedby means of the equation 
that is.are the semiaxes of the confocal ellipsoid through the attracted point.In the case where ω remains indeterminate, it is obvious that the cone intersects the ellipsoid in the curve in which the ellipsoid is intersected by a certain hyperboloid of revolution of two sheets, having the attracted point for a focus, and the plane of contact of the ellipsoid with the circumscribed cone (that is the polar plane of the attracted point) for the corresponding directrix plane: also the excentricity of the hyperboloid is - √(Z⅛^ +w⅛2 + nV), which suffices for its complete determination. For ω = 0, the COhyperboloid reduces itself to the plane of contact of the ellipsoid with the circum­scribed cone, and for ω = ∩, the hyperboloid and the ellipsoid have a double contact, viz. at the points where the ellipsoid is intersected by the normal to the confocal ellipsoid through the attracted point.If ω remains constant while k is supposed to vary, that is, if the ellipsoid vary in magnitude (the position and proportion of its axes remaining unaltered), the locus of the intersection of the cone and the ellipsoid is a surface of the fourth order defined by the equation

(lx^ -1- + nz^ — lax — mby — ncz}'^= (x^ + +and consisting of an exterior and an interior sheet meeting at the attracted point, which is a conical point on the surface, viz. a point where the tangent plane is

replaced by a tangent cone. The general form of this surface is easily seen from the figure, in which the ellipsoid has been replaced by a sphere, and the surface in question -c. 55 
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434 ON THE ATTRACTION OF AN ELLIPSOID. [75is that generated by the revolution of the curve round the line GM. The surface of the fourth order being once described for any particular value of ω, the cone corre­sponding to any one of the series of similar, similarly situated, and concentric ellipsoids is at once determined by means of the intersection of the ellipsoid in question with the surface of the fourth order. It is clear too that there is always one of these ellipsoids which has a double contact with the surface of the fourth order, viz. at the points where this ellipsoid is intersected by the normal to the confocal ellipsoid through the attracted point; thus there is always an ellipsoid for which the cone corresponding to a given value of ω reduces itself to a straight line.Consider the attracting ellipsoid, which for distinction may be termed the ellipsoid and the two cones (7, G', which correspond to the values ω, ω- dω of the variable parameter. Legendre shows that the attraction of the portion of the ellipsoid 8 included between the two cones G, G' is independent of the quantity k, which determines the magnitude of the ellipsoid: that is, if there be any other ellipsoid T similarly situated and concentric to and with the ellipsoid 8, and two cones D, D', which for the ellipsoid T correspond to the same values ω, ω — dω of the variable parameter; then the attraction of the portion of the ellipsoid <S, included between the two cones G, G', is equal to the attraction of the portion of the ellipsoid T included between the two cones D and D'. By taking for the ellipsoid T the ellipsoid for which the cone D reduces itself to a straight line, the aperture of the cone D' is indefinitely small, and the attraction of the portion of the ellipsoid T included within the cone D' is at once determined; and thus the attraction of the portion of the ellipsoid <S included between the cones G, G' is obtained in a finite form. Hence the attraction of the portion of the ellipsoid )S included between any two cones G^, G,^ corresponding to the values ω^, of the variable parameter, is expressed by means of a single integral, and by extending the integration firom ω = 0 to ω = , the attraction of the wholeellipsoid is obtained in the form of a single integral readily reducible to that given by the ordinary solutions. It is clear too that the attraction of the portion of the ellipsoid ∣S included between any two cones G^, G^^, is equal to that of the portion of the ellipsoid T included between the corresponding cones and . Hence also, assuming for the ellipsoid T, that for which the cone reduces itself to a straight line, and supposing that the cones G^ and coincide with the circumscribing cones, the attraction of the portion of the ellipsoid exterior to the cone G^, is equal to the attraction of the entire ellipsoid T. More generally, the attraction of the portion of the ellipsoid <Si included between the cones G^ and G^^ is equal to the attraction of the shell included between the surfaces of the two ellipsoids, for which the cones and respectively reduce themselves to straight lines.§ 2. Proceeding to the analytical solution, and resuming the equation of the ellipsoid 
and that of the cone 
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75] ON THE ATTRACTION OF AN ELLIPSOID. 435consider a radius vector on the conical surface such that the cosines of its incli­nations to the axes are
P, Q, R and Θ being functions of the parameter ω, and of another variable φ, which determines the position of the radius vector upon the conical surface. Also let p be the length of the portion of the radius vector which lies within the ellipsoid; then representing by dS the spherical angle corresponding to the variations of ω ami φ, the attraction in the direction of the axis of x is given by the formula

Also by a known formula 
and it is easy to obtain

The quantities P, Q, R have now to be expressed as functions of ω, φ, so that their values substituted for x, y, z, may satisfy identically the equation of the cone. This may be done by assuming 

where 

a system of values which, in point of fact, depend upon the following geometrical con­siderations : by treating a; as a constant in the equation of the cone, that is, in effect by considering the sections of the cone by planes parallel to that of yz, the equation of the cone becomes that of an ellipse; transforming first to a set of axes through the centre and then to a set of conjugate axes, one of which passes through the point where the plane of the ellipse is intersected by the axis of x, then the equation takes the form -7-3 +^ = 1, and is satisfied by ^ = Acosφ, η = B sin φ, and -, - being of course linear functions of these values, the preceding expressions may be obtained.55—2
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436 ON THE ATTRACTION OF AN ELLIPSOID. [75The substitution of the above values of P, Q, P (a somewhat tedious one which does not occur in the process actually made use of by Legendre) gives the very simple result, 
and the formula for the attraction becomes 
which is of the form A = 2 J Iω^dω, where 
which last integral, taken between the limits φ = 0 and φ = 2τr, and multiplied by 
2ω^dω, expresses the attraction of the portion of the ellipsoid included between two consecutive cones. The integration is evidently possible, but the actual performance of it is the great difficulty of Legendre’s process. The result, as before mentioned, is independent of the quantity k, or, what comes to the same thing, of the quantity δ: assuming this property (an assumption which in fact resolves itself into the consideration of the ellipsoid for which the cone reduces itself to a straight line, as before explained), the integral is at once obtained by writing δ = Δ where Δ represents the positive root of the equation

This gives 

values independent of φ, or the value of I is found by multiplying the quantity under the integral sign by 2τr : and hence we have
where of course Δ is to be considered as a function of ω. By integrating from ω = to ω = , we have the attraction of the portion of the ellipsoid includedbetween any two of the series of cones, and to obtain the attraction of the whole ellipsoid we must integrate from ω = 0 to ω = » where ξ is determined as beforeby the equation
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75] ON THE ATTRACTION OF AN ELLIPSOID. 437and it is obvious that for this value of ω we have Δ = δ. The expression forΛΔthe attraction ⅛ easily reduced to a known form by writing y = —-∙, this gives
Also 
whence 
and thus 
where for the entire ellipsoid the integral is to be taken from y = ξ to y = ∞. A better known form is readily obtained by writing aP = j-—, in which case the limits Az “I" iyfor the entire ellipsoid are x = 0, ic = 1.It may be as well to indicate the first step of the reduction of the integral J, viz. the τnethod of resolving the denominator into two factors. We have identically.
and the second side of this equation is resolvable into two factors independently of the particular values of P, Q, R. Representing this second side for a moment in the notation of a general quadratic function, or under the form 
we have the reαuired solution.

and the roots must be so taken that
I have purposely restricted myself so far to the problem considered by Legendre: the general transformation, of which the preceding is a particular case, and also a simpler mode of effecting the integration, are given in the next part of this paper.
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438 ON THE ATTRACTION OF AN ELLIPSOID. [75
Part II.—On a Formula for the Transformation of Certain Multiple Integrals.Consider the integral 
where the number of variables x, y,... is equal to w, and F{x, y,...} is a homogeneous function of the order /i.Suppose that x, y, ... are connected by a homogeneous equation -<∕r (ic, y, ...) = containing a variable parameter ω (so that ω is a homogeneous function of the order zero in the variables x, y, ...). Then, writing 
the quantities α, β, ... are connected by the equations 
and we may therefore consider them as functions of ω and of (n — 2) independent variables θ, φ, &c.; whence 
where

Alsoand therefore 
or, integrating with respect to r, 
which, taken between the proper limits, is a function of α, β,..., equal f (a, β,∙∙∙) suppose; this gives 
in which I shall assume that the limits of ω are constant. If, in order to get rid of the condition + β"^... = Υ, we assume
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75] ON THE ATTRACTION OF AN ELLIPSOID. 439the preceding expression for F becomes

Assume

in which

where the number of variables ξ, η, ζ... (functions in general of ω, θ, &c.) is n, and where the coefficients P, Q, &g. are supposed to be functions of ω only. We have

and, substituting these values as well as those of p, q, &c., but retaining the terms, , &:c. in their original form, the determinant D resolves itself into the sumof a series of products,

Let Ψ be the function to which -ψ∙ {p, q, ...} is changed by the substitution of the above values of p, q, ... so that Ψ is a homogeneous function of ξ, η, ζ, ... and we have the relation Ψ = 0. (It will be convenient to consider ξ, η, ξ, ... as functions of ω, θ, &c., such as to satisfy identically this last equation.) We deduce
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440 ON THE ATTRACTION OF AN ELLIPSOID. [75

where for shortness The substitution of these values gives

where it will be remarked that the successive horizontal lines (after the first) of the determinant are the differential coefficients of Ψ, p, q,... with respect to ξ, with respect to η, &c. In general, if λ∕γ denote any function of p, q, ... these quantities being themselves functions of ω, ξ, η,..., and ξ, η, ... containing ω; also if ψ be what Λ∣r becomes when for p, q,... we substitute their values in ω, ξ, η, ... ∖ then we have identically

In the present case however, writing for shortness ψ (p, q,...) ='ψ', this function ψ contains ω explicitly as well as implicitly through p, q, &c. The formula is still true if for ⅛ we substitute , θn the second side denoting a partial differential
dω aω dω dω orcoefficient taken only so far as ω is explicitly contained in ψ. And considering p,q,... as functions of ω, ξ, η, ... {ξ, η,... themselves functions of ω and of other variables whichneed not here be considered), ψ or Ψ vanishes identically, and we have ∙j — = 0. Hence, αft)in the last formula, we have to write — ⅛ instead of and we thus derive

dω dω

1 This formula, or one equivalent to it, is given in Jacobi’s memoir “De Determinantibus Functionalibus,” 
CreUe, t. xxιι. [1841] p. 319.
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75] ON THE ATTRACTION OF AN ELLIPSOID. 441whence D becomes 
which is the value to be made use of in the equation
The principal use of the formula is where τ∕r is a homogeneous function of the second order of p, q,... . Thus, suppose 
also, for the sake of conformity to the usual notation in the theory of transformation of quadratic functions, writing α, a',... β, β', ... instead of P, P', ... Q, Q',... and putting after the differentiations ^=1, we have 
values which we may assume to give rise to the equation
(where η, ^, ... are taken to be functions of θ, &c. such as to satisfy identically the equation 1 = rf + + ...).Hence, by a well-known property, if 
we have 
so that, observing that in the present case X =1, and therefore

We have
56
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442 ON THE ATTRACTION OF AN ELLIPSOID. [75The remainder of the process of integration may in many cases be effected by the method made use of by Jacobi in the memoir “De binis quibuslibet functionibus &c.” 
Crelle, t. xil. [1834] p. 1, viz. the coefficients α, α', &c., β, &c., may in addition to the conditions which they are already supposed to satisfy, be so determined as to reduce any homogeneous function of p, q, r, ... entering into the integral to a form containing the squares only of the variables. This method is applied in the memoir in question to the integrals of n variables, analogous to those which give the attraction of an ellipsoid; and that directly without effecting an integration with respect to the radius vector. I proceed to show how the preceding investigations lead to Legendre’s integral, and how the method in question effects with the utmost simplicity the integration which Legendre accomplished by means of what Poisson has spoken of as inextricable calculations.Consider in particular the formula
the number of variables being as before n, and (x, denoting a homogeneousfunction of the order h. The equation for the limits is assumed to be
Assume

Here μ = h + 2i — 3. Also, putting for shortness 
it is easy to obtain

Also 
values which give 
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75J ON THE ATTRACTION OF AN ELLIPSOID. 443where it will be remembered that p, q,... are linear functions (with constant terms) of (n — 1) variables η, ξ", .∙∙, these last mentioned quantities being themselves functions of (n — 2) variables &α. such that 1-ζ^ — ... = Q identically. If besides we suppose that Φ = ⅛≡ + τng'*+... reduces itself to the form jj—&c., we have, by the formula of the paper “On the Simultaneous Transformation of two Homogeneous Equations of the Second Order,” [74], 

which is true, whatever be the value of λ.It seems difficult to proceed further with the general formula, and I shall suppose w = 3, 1 = 0, h=l, (zc, y...')^ = ic, or write 
the equation of the limits being

Here we may assume η = cos θ, ζ= sin θ, (values which give ∕S = 1). And we have 
from = 0 to = 2τr; or, what comes to the same thing.
from ^ = 0 to ^ = ∣7r. Hence 
we have from the formulae of the paper before quoted,
-β, C, F, being the coefficients∙of 
and consequently

56—2
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444 ON THE ATTRACTION OF AN ELLIPSOID. [^75Also from the equation 

differentiating with respect to λ, and writing λ = P, 

or, as this may be written, 

and from the values first written down, for P, G, F, we obtain
the last reduction being effected by means of the equation

Hence

Substituting this value, and multiplying out the fractions in the denominator.
the reduction of which integral has been already treated of in the former part of this present memoir.
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