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37.

ON THE ROTATION OF A SOLID BODY ROUND A FIXED
POINT.

[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 167—173
and 264—274.]

TeE difficulty of completing elegantly the solution of this problem, in the case
where no forces act upon the body, arises from the complexity and want of symmetry
of the ordinary formule for determining the position of one set of rectangular axes
with respect to another set; in consequence of which it has hitherto been considered
necessary to make a particular supposition relative to the position of the fixed axes in
space, viz. that one of them shall be perpendicular to the “invariable plane” of the
rotating body. But some formule for the above purpose, given also by Euler, are
entirely free from these objections. Imagine two sets of axes Az, Ay, Az, A=z, Ay, Az,
The former set can be made to coincide with the second set, by a rotation € round a
certain axis AR, inclined to Az, Ay, Az at angles f, g, h. (As usual f, g, h are the
angles RAz, RAy, RAz considered as positive, and the rotation is in the same direction

as a rotation round Az from z towards y.) This axis may be termed the resultant axis,
~and the angle @ the resultant rotation. The formule of Euler express the coefficients
of the transformation in terms of the resultant rotation and of the position of the
resultant axis, i.e. in terms of # and of the angles f, g, h, whose cosines are connected
by the equation

cos® f+ cos® g + cos*h = 1.

This idea was improved upon by M. Rodrigues (Liouv. tom. v. p. 404), who intro-
duced the quantities

tani @cosf, tanfBOcosg, tani Ocosk,

(quantities which will be represented by A, w, ) by means of which he expressed the
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238 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37

coefficients as fractions, the numerators of which are very simple rational functions of
the second order of A, u, », and which have the common denominator (1 + A%+ u?+ 7).
These quantities may conveniently be termed the “coordinates of the resultant rotation,”
and the denominator or the square of the secant of the semi-angle of resultant rotation
will be the “modulus” of the rotation. The elegance of these results led me to apply
them to the mechanical question, and I gave in the Jowrnal (vol. 1IL p. 224), [6], the diffe-
rential equations of motion obtained in terms of A, u, v: which I integrated as in the
common theory, by supposing one of the fixed axes to be perpendicular to the invariable
plane. Though my attention was again called to the subject, by the connexion of some
of these formule with Sir William Hamilton’s theory of quaternions, no other way of
performing the integration occurred to me. The grand discovery however of Jacobi, of
the possibility of reducing to quadratures the two final differential equations of any
mechanical problem, when the remaining integrals are known, induced me to resume the
problem, and at least attempt to bring it so far as to obtain a differential equation of
the first order between two variables only, the multiplier of which could be obtained
theoretically by Jacobi’s discovery. The choice of two new variables to which the equa-
tions of the problem led me, enabled me to effect this with the greatest simplicity;
and the differential equation which I finally obtained, turned out to be integrable per
se, so that the laborious process of finding the multiplier became unnecessary. The new
variables , v have the following geometrical interpretations, Q =% tan % 6 cos I, where k
is the principal moment, 6 as before the angle of resultant rotation, and 7 is the incli-
nation of the resultant axis to the perpendicular upon the invariable plane, and
v=17cos*} J; where, if we imagine a line AQ having the same position relatively to
the axes in fixed space that the perpendicular upon the invariable plane has to the
principal axes of the rotating body, then J is the inclination of this line to the above
perpendicular. To the choice of these variables I was led by the analysis only. It will
be seen that p, ¢, » are functions of v only, while A, u, » contain besides the variable
Q. In obtaining these relations a singular equation Q2= kv —k* occurs (equation 13),
which may also be written 1 + tan?$ 6 cos®/=sec?} @cos*}J, in which form the inter-
pretation of the quantities 7, J has just been given. The equation (17), it may be
remarked, is self-evident: it expresses that the inclination of the resultant axis to the
normal of the invariable plane, is equal to the inclination of the same axis to the line
AQ. Now the resultant axis having the same inclination to the axes fixed in space as
it has to the principal axes, and the line A the same inclinations to these fixed axes
that the normal to the invariable plane has to the principal axes, the truth of the
proposition becomes manifest. The correspondence in form between the systems (10)
and (14) is also worth remarking. The final results at which I arrive are, that the
time and the arc whose tangent is  + %, are each of them expressible as the integrals
of certain algebraical functions of v. The notation throughout is the same as that made
use of in the paper already quoted.

The equations of rotatory motion are

_dp_dg_dr_dr_dp_dv

dt P T B AT M TN i
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37] ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT.

where
L av \
P—:'i (B C’)gr+1}{(1 +2?) dx+(>"‘+ )d + (v — p)d} )
1 l
Q:E (C A)rp+§{(pk—v) d7\.+(1 +/1.’) +(;w+7\) dV} 3 | ...... (2).
1 V L ]
R=Cv _(A—B)PQ‘*"} {(M + p) EX +(/“’ —\) gl;‘*‘(l +%) d—v}_ ) J
A =${(1 +7~“')p+(>»;_~—v)q+<>w+u)r},l
M=% {(ur+7v) p+(1 +;1.”)q+(/.4.v-—)»)'r},| ..................... (3).
N=3{or—p) p+ @ +r) ¢+(1 +9)7},)
[whence also AMAuMAIN=3cAp+pug+vr) ccveeiiiiiiiiiinnnn .. (3 bis)].
In the case where the forces vanish, the first three equations become simply
1
sy | (B e 0)9"',
Q= B (O 78 T TR P S AR (4),
1
o @d=B)pg,

and here the usual four integrals of the system are
RO TP OP T o rcenton e et 5),
Ap (1 +N—p? —v") + 2Bg (\u—v) + 207 (vA +p) =a (1 + A2 4 u? 427),)
24p (A +v)+Bg(1+p* =2 =A) +20r (uv —=N) =b (L + N2 4 2 4+ 2); + ...... (6),
24p (DA —p) + 2B (ur + M)+ Or(1+ v =N —p)) = c (L + N2+ p2 +27), )
or as they may also be written,

a(l+N—p =)+ 2bAp+v) +2¢ (WA —p) = Ap (1 + N2 4 p2 4 7),

2a(Mp—v) +b(1+p2 =1 —N) +2c (v + M) =Bg (L + N 4 p2 427, + ... (6 bis);
2a (WA +p)+2b (v —N) + e (L 4+ =N —p?) = Or (1 + N2 4 2 4 12),
to which we may add,
AR OV = ER- L B8 ) S e (7);
where SN B S NGRS L ST ) A el (8).

Introducing the quantities «, (), (the former of which has been already made
of) given by the equations

K= 1+X+p+0, )
A [ ).
Q =2\Ap + puBg + vCr,
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240 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37

The equations (6) may be written under the form
A +2uCr —2vBg =« (Ap + a) — 24p,
—20C0r +2uQ + 2vAp=k(Bqg +b)—2Bq, + ..o (10),
ONBg — 2udp + 20Q =k (Or + c)— 20r J

whence also, multiplying by Ap, Bg, Cr, and adding,

200 =k {k*+ (Apa+ Bgb + Cre)} —2k*................ ... (L)
or writing
BY(Apa+Bgb+0re)=3w ...connonniinni ) o (12),
this becomes
LR e s s B A e sl (18);

an equation, the geometrical interpretation of which has already been given.

From the equations (10) we deduce the inverse system
aQ) —bOr +cBg =2x — QA4Ap)
alr +bQ —cdp=2uv—QByg, f ....................... (14),
—aBg+bAp+cQ =2mw —-QCr,,
which are easily verified by multiplying by Q, Cr,— Bgq; or by — Cr, Q, Ap; or Bq, — Ap, O:
adding and reducing, by which means the equations (10) are re-obtained. Hence also
if for shortness

ik bl i d i th inatokucion o Ve Rire e 98 (15),
V=aqr(B-C)+brp(C—A4)+cpg(4—B),)
we have, multiplying by p, ¢, r, and adding,
QP-V=20Ap+pug+vr)—Qh..c.cooov s (16).
To these may be added the equation
Q =ahHbu ey, .. FEUSEEE 6 ORs, SH0T S 17),

which follows immediately from either of the systems (10) or (14).
We may also put the equations (10) under this other form,
2M2 —2uc + 2vb =k (Ap +a) —2a,)
2 e +2u —2va =k (Bg +b)—2b, + .. (10 bus).
—2\b +2pa +20Q =k (Cr +c¢)—2c,)

It may be remarked now, that p, ¢, = are functions of v; since we have to deter-
mine these quantities, the three equations
Ap*+ Bg® +Cr* =h, \l
A+ B¢+ Corr =R, AN R (18).

|

Apa + Bgb+ Cre =2v — k)
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37] ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. 241

Also N, u, v are given by the equations (14) as functions of p, ¢, », Q, ie. of v, Q;
so that every thing is prepared for the investigation of the differential equation ‘between
v, Q. To find this we have immediately

dv=1%(Aadp+ Bbdg+Cedr) =3 Vdt...........cocvveneniin. (19),

from the equations (4) and (15). V is of course to be considered as a given function
of v. Again,

Qd0 =3 (Rdv+vdE) ...ciiennennirinninisinnaiogens (20),
where de=2AdA+pudp4+vdv) ..cccoovnniiiiiniiiiiiine, (21);
or from the equations (1), (3), [and (3 bus)],
A=0 (AP MY WY B2 io0s sooninnonsasisseass ipannce (22).
Hence, from (16),
o= IOt D) — VVaE. bl ool s, (23);
or 2 (vde+ kdv)=kQ (h+ P)db........ovovvivniniinn. (24),
whence dQ =% k (h+ P) dt,
e R R (@5),
and therefore, from (19),
240 h+ D
m = —UV—— dU .................................... (26),

the required differential equation, in which ®, V are given functions of v, i.e. they are
functions of p, ¢, » by the equations (15), and these quantities are functions of v by
(18). The variables in (26) are therefore separated, and we have the integral equation

% (b + ®) dv
2 tan %_smf__ﬁ.— ........................... @,

where & is the constant of integration. The equation (19) gives also

and thus the solution of the problem is completely effected. The integrals may be taken
from any particular value v, of v. The variable 0 may be exhibited as the integral of
an ezplicit algebraical function, by recurring to the variable ¢ of the paper quoted.

Thus if
Apl + Bg? + Cr =h,
A 02+B2QD2+027'02=I"2,
Apga+ Bgb + Crie = 2v, — k2
¢ 31
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242 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37

then the values of p, ¢, » are respectively

Vip-ice-pe. Se-3a-os}. n-p@-4l,

where
_,dé  2dv dv _ (_13
Sdir oy e g
and then
p (h+ap+bg+ cr) de
4 tan™! T -28+kfo~(kg+Apa,+qu+C"‘c)qu,

in which form it is exactly analogous to the equation there obtained, p. 230, [6, p. 34]

e [(htkr)dd
4 tan 1110—- W‘.

On the Variation of the Constants, when the body is acted upon by Forces.

The dynamical equations of a problem being expressed in the form

dadTl dT _dv
dtdN ~dn T dh’
ddTl dT _dv
dtdy’~ dp  dp’
ddl dT dv

suppose the equations obtained from these by neglecting the function V, are integrated;
each of the six integrals may be expressed in the form

a=f p v, N, ', v, ),
where @ denotes any one of the arbitrary constants. Assume

L o 8 o ey
d?\,’—u’ d[l:,—v’ dv“‘ ’

then A, u', »" may be expressed in terms of A, u, v, u, v, w, and the integrals may be
reduced to the form
a=F\, u, v, u, v, w, t).

These equations may be considered as the integrals of the proposed system, taking
into account the terms involving V, provided the constants [say a, b, ¢, d, e, f] be sup-
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37] ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. 243

posed to become variable. We have, in this case, by Lagrange’s theory of the variation
of the arbitrary constants, the formulse

da av av av av av
%—(a, b)j.lg'*'(“» 0)% + (a, d) dd + (a, e) Te"'(a’f)d_f’
where

dudrn  d\ du

dv dp dup dv

- Sl G Gl (08 dd

and in which V is supposed to be expressed as a function of @, b, ¢, d, ¢, f, ¢

Thus the solution of the problem requires the calculation of thirty coefficients (a, b),
or rather of fifteen only, since evidently (a, b)) =—(b, @). It is known that these coeffi-
cients are functions of a, b, ¢, d, ¢, f, without ¢; so that, in calculating them, any assumed
arbitrary value, e.g. £=0, may be given to the time.

In practice, it often happens that one of the arbitrary constants, e.g. @, may be
expressed in the form

a=F\ pv,u 9 wtbecdef),

where b, ¢, d, e, f are given functions of A, u, v, , v, w, t. In this case, it is easily
seen that we may write

(8= {(@ D) + 6 )21 (4, 5) 2 4 o, 1) 2 1. b)j—;,

where, in the calculation of {(a, b)}, the differentiations upon a are performed without
taking into account the variability of b, c......

In the particular problem in question, the following are the values of the new
variables u, v, w (Math. Jowrnal, memoir already quoted, [6]),

33 é( p g S e A P (29),
2
'u=;( vAp + Bgq — ACr),

w=%(—p.Ap+7\Bq+ Cr);

equations which may also be expressed in the form
2Ap=(1+M)u+Ap+)0+@A =)W coveeiinnnnnn, (30),
2Bg = (i — ) u+ (1 +p2) v+ (uv + N w,
20r =N+ p)u+@r—-AN)v+ (1 +19)w,

or putting for shortness
D%/ BV iy AR b A R S PR AT (31),
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244 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37

these become QAP=NT + U V0= W, < e eeieiaiiiinnaiianinnsns (32).
2Bg=pw — vu+ v+,
20r =ve + pu—N+ w,

whence also '

28, =N b Wim W b oWt - %+ v sls s siq s Sn s bma e (34),
2b=pw + vu+ v—Aw,
2c=ve —pu+ N+ w,

whence ‘also
2 (Al L bt cr)i Rm: sdtsssiiesn ol o st e v stig e (35),

which in fact follows from (33) and (17). And likewise the inverse system,

R SRR e (36).
2
v=;(—va.+ b +Ac),

w=%( ua—Ab+ c).

It is easy to deduce
P=}x[+?+w+o?] .o, (37),
v=3[@+2+w)+Q+0)=] (38).
Again, from the equations (10 bis),
& (bCr = cBq) = — 2\ (a*+ b* + ¢) + 2a (Aa + ub + vc) + 2 (br — cp) Q
=—2Ak*+2(a+ by —cu) Q
=—2\*+ «uld;

and, forming also the similar expressions for «(cAp —aCr), and «(aBq—bAp), we thus
obtain

i % B\ =bCr—cBg ....covnee. Sl e (39),
2
Qv — = k= cAp —bCr,

Qw—%#v:an—cAp;
to which many others might probably be joined.

The constants of the problem are a, b, ¢, h, ¢ 8. Of these a, b, ¢ are given as
functions of N, u, v, u, v, w, by the equations (34); in which = is to be considered as
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standing for Au + uv +vw. {These determine %% which is however given immediately by
(37).} As for h, we have

1 1 1
h=+ (4p) +3 (B + o (Ory,

where Ap, Bq, Cr are given as functions of A, u, v, w, v, w by (32), in which also =
stands for A + uv +vw. Again,
dv
v )
(h+®)do
vV 4

e=t—1%
_K®

in each of which V, ® are functions of v, and of a, b, ¢, &, partly as entering explicitly
info these functions, partly as contained implicitly in p, ¢, r, which enter into V, ®, and
are functions of v, h, k given by (18). After the integration v is to be considered.a
function of A, u, », u, v, w given by (38). Both of the integrals may be supposed taken
from a certain value v, of v, which may be considered as an absolutely invariable arbi-
trary constant, since without it we have the right number, six, of arbitrary constants.

First to find (a, b), (b, ¢), and (¢, a). From (34) we have
(@b)y=1{ (1+M)(pu— w)—QAu+z)Au+ »)
+p—v) (o + @) - +w) (1 +p)
+ (N + p) ((w+pw)— AMw—v) (ur— M)}
=t (pu—N—-w—vw)=—3%2c=—c;
whence the system
(b,c)=—a, (c,a)=-—Db, (a,b)=—c............... el e (40).

Also we may add  (k a) =2 (3, 8) 4 (b 2) + 5 (e, ) =0,

or

(aymQ (BBw0  (Belel i (41),
which will be useful in calculating some of the following coefficients.
Proceeding to calculate (a, A), (b, %), (c, ). It is seen immediately that
(a, h)=2{p (a, Ap) +¢ (3 Bg) +r(a, Or)},
where Ap, Bq, Or, are given by the equations (32), so that

@ Ap)=%1{ (L+M) M+ @) ~(1 +¥) M+ =)
+Ap—v)W— w)— Ap+rv) (W + w)
+A+p)( v+M0)— (N —p) (—v+Aw))

Le. (el e bt ain e s apial el e SUESaeinie TP AL R I R B 0 (42).
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246 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [87

Similarly (a, Bg)=%{ (1 +A) (uu+w)— (Mt =) A —v)
+p=v)(w +w) —(M+ w)(1 +p?)
£ O+ ) (=) = (—0+h) (uy +1)

Le. (o, B} wb R (43),
and similarly (8, Cr)=0; .
whence (a8, k) =0and sthereforee (b h) =0, (C7h) =0l oy Lone nde (44-)7;
also (iR} =07 s Gl Rt e B o - e R R TRE e el (45).

Next we have to determine (a, €), (b, €), (c, €. Here e being a function of
u, v, w, \, &, v, 4, b, ¢, h, we must write

(a, €)={(a, e)} + (a, b) ‘%: +(a, ¢) g_z + (2 k) g_]i 2

: de de
ie. (a, €)= {(a, e)}+bEc—cEE'
d 2
But e=t—2 f Vu ; and thence {(a, €)}=— « (a, v),

and v is given immediately as a function of A, u, », u, v, w, by the equation (38).
Hence
(@ v)=%[ (1 +M){A+k)uw +Aa?} —( M+ @) {u + A1 + k) =}
+ M=) {1+K)ve +pa}—( M+ w){v +u 1+ «) =}
+ A+ p) {1+ «) we +va?)} — (—v + M) {w +v (1 + «) =]
=} {1+ )mu—A(1+ k) @+ A — N (@ + ¥ + ) — uw}

=1 {kuw —Am?— N (WP + ¥ + w?)}

e ( _?@) {by (37) and (33)},
=1A(b0r = cBg) i R T T S R e (46) ;
whence {(a, €)}=— —V— (bCr — cByg),
(a, €) =——(bCr cB)+b— c%
: * db’
de de : .
The terms b 7~ Cap e evidently of the form F(v)—F (v,).

If therefore we suppose v =v,, we have

(a, )=— % G, ol ) o sk s iBid Ve (47),
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if po, o, To, V, refer to the value v, of v, ie. if
Ap2+Bgi+Cri=h
Azpoa + quoa o 02,,.02 — ka,
Apga+ Bgb + Ore = 2v, — k2
{This implies evidently

de: de
bd—z dz g (bC0r —cBg) —-—-(bC"r., cBq,),

an equation which it is interesting to verify. In fact, from the value of ¢

b ot = —2fa(bE-od) 3 = 2 (b D —cT);

de " %db
or we have to show that

d 1 dv _ dv o _
Y (bCOr —cBg)=; ( i %> A
if for shortness
d d
PR Y

Now V containing a, b, ¢ explicitly, and also as involved in p, ¢, r, we have

3 =bpg (4 - By —erp (C— 4)+ 2 3p+ Y

8p+d 3g+d or=bpq (A —B)—crp(C—A4)+ &V

Suppose. The equation to be verified becomes

(b0 5 —eBIE) ~ (b0r—cBg) ¥ — 2 (bpg (4 - B) ~erp (0 - 4)+ 5},
Now, observing that 8k =0, we have
A pdp+ Bqdq+C rér=0,
A*pdp + Bgdq + C*rér=0,
A adp+ Bbdq + C cdr =— (bCr — cBy).
Also,

dr

Apg +quq+0 e

A*pdp+B2 dq+02rgr

Aa3p+Bb i LA
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248 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37

whence evidently

dp_ =2 8 g’ el 5 dr -2
dv b0r—cBg? @™ b0r—cBg°? dv bC’r—ch
av Sk o
- 7{;=b0r—ch8V’

or the equation to be verified is simply
v (bo % A B %) =2 (bpq (4 - By~ op (C ~ 4)};
which follows immediately from the three equations just given for the determination of
dp dy dr
dv’ dv’ dv ”

From these values also

Next, to calculate (%, e),
de de de
(h, €)= {(h, €} +(, a) Jat (h, b) b +(h, ¢) S

but the three last terms being evidently such as to vanish for v=v,, we may neglect
them, and consider (h, €) as the value which {(k, €)} assumes for this value of v.

Now {(, )} =2p {(4p, €)} +2q{(Bg, e)} +2r{(Cr, €)},

where {(4p, )} = ‘% (4p, v),

and
Ap, v)=1[ (1+M {1+ us + A} —QAu+ @) {u+ 1A + £) =}
+ vt v) (A4 €) ve + po’} — W — w) {o +p (1 + «) 7}
+N—w (A + ) we +va?} —(v+ M) w+rv (1 +«) )]

=} {A+e)mut+rem’ = A1 +)w®— N (W@ +0* +0*) — wu} = (a, v)

whence {(Ap, &)} =—g (bC’r =GHA) R e b T R (51),
and therefore {(Bg, e)} =— % (cAp —alr),

(7, &) =— g (4Bg—DbAp),
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whence

and therefore

{(h’ e)} T

Next, to find (a, 8), (b, 8), (¢, 8), (h, 9),

{observing

where

(a, "w) =% {

0=2 ta,n‘1 f(h+ D)dv
vV

= &'+ 8" suppose,
(a, 8)=(a, &)+ (a, &),
o 8) =L (a, ko) + (3, B) .
Kw? 4 4k =4 (Q? + k) = dwv}

k
= ;l_l (a, K?B‘),

(1 +7) (kv + 20w) — (Mu+ =) KA
+ M\ —2) (kv + 2uw) — (M + W) kp
+ (A +p) (kw + 2v) — (—v +Aw) wv }

=bk(u+Nw)=Ap—vBg+puOr+ A2 =%(a+A4Ap)« ............ (53),

by equations (29), (33), and (10);

that is

Also

Whence

or putting U = v,,

ad therefore also

(a, &)= % (a+ Ap).

ol h+<1> dd”’
(3,8)——k——v— )+(a. b)db+&
= =365 2 (b0 —cBg) + Py~ Fu,
(a, 8) = { +Ap——}—bi_——(b0r—ch)}+Fv—Fvo,
(3 8) =g fa+ 4p,— RO, ) R 75) R (54),

@
(b, 8) = % {b+ B, — ; " (cAp, — a0ry)),
h+ @,

v, (aBg,— bAp,)}.

(& =g fc+ Cn—
0
32

249
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Again, ( h, 8)=2p(dp, 8)+2q(Bg, &)+ 2r(Cr, ),
(Ap, 8)=(4p, &)+ (4p, &),

as

R
(dp, &) =——(dp, x=) + (4p, k) g

k
= I;j (A.p, K‘E‘),

Ap, kw)=3{ (1 +7) (,u+2\w) — (AMu + @) kA
+pt+v) (kv + 2pw) — (W — w) kp
+ (N +p) (ew+2vm) — (v +Aw) kv |

=3+ No) =3 @ FAP) cc.cecveniiiiiniiiiiiinieiiinan (55);
therefore (4p, &)= % L ) TS R IS SRR S GO GO (56),
(dp, ) =—k"E 2 (Up, v) + &

=—3}k h—:—V? (bCr — cBq) + Fv — Fu,,

(4p, &) =£ fa—Ap— ’L%E(bC'r —c¢Bq)} + Fv — Fu,,

and similarly for (Bg, 8), (Cr, 8). Substituting, and neglecting the terms which vanish
1) v =

*, 8)=§(<I>+h—?%hv),.

ie. the el s A ity S S (57).
Lastly, to find (e, 8),
(€ 8)={(e D)+ O+, B 4o, 5T,

where, in {(¢, 8)}, the differentiations upon e are supposed not to affect the constants
a, b, ¢. Neglecting the terms which vanish for v=uv,,

(& &) ={(e O)}
{(e )} ={(e O+ {(es &)},

e O =I{e O+ B =i 3

where, in [{(e, &)}], the differentiations upon e and & do not affect the constants.

(e 90} =16 M+ 0% +8e.
(e )} =[{(e, &)1
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37] ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT.
neglecting the terms which vanish for v =,
therefore (e ) =[{(e, O} +[{(e, &)}
=[{(e )}1;
[ite 8= v 52 T =0
Hanod b i —%- S i AR . (58),
kVv

(v, k@m)=4% ( {u+ (14 £) \w} @& + ku) — Aw®+ (1 + &) wu} €0
+ {v + (1 + &) pw} Cua + «v) — {uw* + (1 + &) wo} kp
+ w4+ 1 + k) v o} 2ve +rw)— |
=20+ (W+*+w)+2 (1 + k) (k— 1)@+ & (1 + ) =°
—k(k—1)w*—« (k+1) =%

vw? + (1 + &) ww} kv

=tu{c+1)m*+ (W+ P+ w))=F40v=2k0 ..., (59),
therefore
k
(e, ) =— | A LT R I P I PRV P PP (60)

Hence, recapitulating,
(b, c)=—a, (c,a)=—b, (a b)y=—c¢,
@ h)=0, (b,h)=0, (c, h)=0,

1
(a, € =— v, (bCry, — cByq,),

1
(b, &) =— v, (cAp, — alry),

~

(c, ) =— Vl (aBg, — bAp,),
0
(h, € =-2,

! ; Ry (61),
@ 8) =g fa-+dp,— 5P (b On — cBg)),
(b, &)= 2£ {b+ Bg,—" + " (cdp,—alro)},
h

(c, 8) = i {C + Cry — —-+—- (a-BQo bAPO)}’
(h, 8) - 0)

k
(e, 8) =— v,

32—2
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ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37
and therefore
i db + b “(bo"'o - CB%) —2— {a+ Ap,— o(bc CB%)} d8 >
db dV av_ 1 ]c h av
Z="%d +e o (cApo—- aC’ro) d 2_ {b+Bg——g— (cApo alry)} 5« a5
de dv, _dV 1 k av
=@ g v, @B bAPo) F +2—{ + Ory— °(an°—bApo)} a5
dh _ 9 av
dt de’
de i 1 oV _ k dv P
e = g 00n —eBa) G+ edp,~aBe) B 1 apg,—bap) LY } ey
ds _ k h+®,
;e [ {a+ Ap,— v, (bCry — cho)} o
h+®
+ {b+ Bg, - ——v—" (cAp, —alry)} (tii};
D, k dV
+{c+Cr,— +  (aBg, —bA b Rl
{ (a' qo po) dV] +v° dG ’
to which we may join
dk _av
BT e e s e e el (63).

We have thus the complete system of formulz.
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