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22.

ON ALGEBRAICAL COUPLES.

[From the Philosophical Magazine, vol. XXVII. (1845), pp. 38—40.]

It is worth while, in connection with the theory of quaternions and the researches
of Mr Graves (Phil. Mag. [Vol. xxvi. (1845), pp. 315—320]), to investigate the pro-
perties of a couple iz +jy in which ¢, j are symbols such that

?=a1 + 6],
1 =a1i+ 6,
ji= i +8
P=v1+98].

If w+jy 1z +jy=1X +5Y,

then X =azw, + day, +yry +Yy,
Y = €ax, + 6'zy, + 8wy + Syyr.
Imagine the constants a, €... so determined that iz+jy may have a modulus of

the form K (z+\y) (« + uy); there results one of the four following essentially inde-
pendent systems

il — . .
", Ry NN
A D ~1P(87tp+7x+p-)s M‘-j'
i =i = i+
J= =i+ (y+ N+ pd)j,

X+uf=;(-y+m)(wﬂy)(xlﬂy:),

X+pV= i('r + ud) (z + py) (= + ).
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The couple may be said to have the two linear moduls,
LOHAY) @A), L () @+ )
as well as the quadratic one,
o (1 A8) (74 40) (64 29) &+ ),

the product of these, which is the modulus, and the only modulus in the remaining
systems.

1 xR
B. - Pone: LWl
i 81+M(y+8>»+u)J»
'éj=ji='yi+8j’
F=O+ py+Apd)i—qj,

i
J X+>~Y=}; (94 78) (@ + ) (@ + p),

LX+;LY=% (7 + ) (z + Ay) (@ + ).

C. T Pt n
7 7\_lu‘(87\,tx.+f)'7\+,u,)z 7\.“'7’
R S > Ao R )
'a_]~<————}ul>V y+p+Ad z+( 8 T Y
si= 7+,

=+ py+rud)i — 1y,

(
X4AT = (r+28) @+ 2) (@ + )

1
(X R = (R L o A

; aln ol — .
e o)
= 3@+M‘(ry+87\.+p,)],

.. — . (A A+ pl )\ .
z]=(_'y—)»+,u8)z+<)w#'y+ )\Z 8)],

fi= v+
7 ==l + (y + M+ pd)j,

{X+>~Y=5<v+x8><w+py><xl+>»yo,

<

' 1
| X +pY = (y+p8) (@+ \y) (@ + ).
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The formula are much simpler and not essentially less general, if pw=—2X\. They
thus become

A o= ¥+

j=ji=vi + ¥
= M + v

XAV =1 (£ M) @£ 29) (@ £ )
(Two linear moduli.)
B. P= —& ——%j,

y=ji=yi +
P==N&E — g

X £ AV = F 0 (v £ M) (0 F M) (@ ¥ hga)
. P=— 8i+%,j,
LSl Lt
ji= ¥+ §,
P RS o

XAV =1 (y+ M) (@£ Ay) (@ F M)

D’ P=—8 —%j,

Y=—qt —

Ji= 7 + g,

=N +
Xi—)\Y=$%(«yi—7\8)(x?)\y)(zl-I_-)‘.y). ‘

There is a system more general than (A.) having a single linear modulus ¢ (6X + Y):
this is
E. v=a (1 — )+ &qj,
' y=a (i—8j)+0gj
Ji=v (@—0)+0gj,
T=y =00+ ¢
0X +Y=q Oz +vy) 0z, +1);

or, without real loss of generality,
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E. P=aq,

1) =,

Ji=q1,

F=7%+gj,
Y =gqyy..

To complete the theory of this system, one may add the identical equation

q(6*— Ma)< a’ — Oy ) ( a’ — Oy’
X+o— ¥ o R —oy-’/l>’
il L0 =0~ @-6d)
dy —ay’
By determining the constants, so that : St I il

T E G e ey , the system would
reduce itself to the form A

17—2
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