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INVESTIGATION OF THE TRANSFORMATION OF CERTAIN 
ELLIPTIC FUNCTIONS.

[From the Philosophical Magazine, vol. xxv. (1844), pp. 352—354 ]

The function sinam u {φu for shortness) may be expressed in the form

...(1)

wherc wt, m! τQGQΓfe, οχίγ integer, positive or negative, values whatever, omitting only 
the combination m = 0, m! = Çi in the numerator (Abel, Œuvres, t. i. p. 212, [Ed. 2, 
p. 343] but with modifications to adapt it to Jacobi’s notation ; also the positive and 
negative values of m, m,' are not collected together as in Abels formulæ). We deduce 
from this

Suppose now K = aH + a'H'i, K'i = hH + b'H'i, a, b, a', b' integers, and ab' — a b & 
positive number v. Also let Θ =fH +f'H'i-, f, f integers such that af'—a'f, bf'-1)'f,v, 
hâve not ail three any common factor. Consider the expression

from which

.................(3),

...(4)

where r extends from 0 to p — 1 inclusively, the single combination m = 0, w' = 0, - θ
being omitted in the numerator. We may λvrite
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fi, fi d e n oti n g a n y i nt e g ers w h at e v er.  Als o  t o gi v e n v al u es of μ,  μf t h er e c orr es p o n ds  
o nl y a si n gl e S yst e m of v al u es of m,  m',  r. T o  pr o v e t his w e  m ust  s h o w t h at t h e 
é q u ati o ns  

c a n al w a ys b e  s atisfi e d, a n d s atisfi e d i n a si n gl e m a n n er  o nl y. O bs er vi n g  t h e v al u e of v.

t h e n if v a n d b'f — bf'  h â v e n o c o m m o n f a ct or, t h er e is a si n gl e v al u e of  r l ess t h a n v,  
w hi c h  gi v es a n i nt e g er v al u e f or w.  T his  b ei n g t h e c as e, m' h  a n d m' b'  ar e b ot h  
i nt e g ers, a n d t h er ef or e, si n c e b, b' h â v e n o c o m m o n f a ct or (f or s u c h a f a ct or w o ul d  

di vi d e v a n d b'f — bf' }, mf  is als o a n i nt e g er. If, h o w e v er, v a n d b'f — bf h â v e a  

c o m m o n f a ct or c, s o t h at v  =  a b'  —  a' b  =  c φ, b'f —  bf  =  c φ'  ; t h e n ( af —  a'f)  V  =  c  { φf'  —  φ'/),  
or si n c e n o f a ct or of  c di vi d es af'  —  a'f  c di vi d es b', a n d c o ns e q u e ntl y b. T h e  é q u ati o n  

f or V m a y  t h er ef or e b e di vi d e d b y  c. H e n c e,  p utti n g - =  v,, w e  m a y  fi n d a v al u e of  

r, s a y r ,̂ l ess t h a n v ,̂ w hi c h  m a k es  τ η a n i nt e g er; a n d t h e g e n er al v al u e of r l ess 
t h a n V w hi c h  m a k es  m  a n i nt e g er, is r  =  r ^- ∖-s v ,̂ w h er e  s is a p ositi v e i nt e g er l ess 
t h a n c. B ut  τ η b ei n g  i nt é gr al, δ τ n', b' m',  a n d c o ns e q u e ntl y cr n b ar e i nt é gr al ; w e  h â v e  als o  

c v γ m'  +  (r ^ +  s v ^ { af'  —  a'f }  =  a μ'  —  a' μ  ·,

a n d t h er e m a y  b e f o u n d a si n gl e v al u e of s l ess t h a n c, gi vi n g  a n i nt e g er v al u e  f or m'.  

H e n c e  i n e v er y c as e t h er e is a si n gl e S yst e m  of v al u es of τ η, τ η', r, c orr es p o n di n g t o 
a n y ass u m e d i nt e g er v al u es  w h at e v er  of  μ,  μ'. H e n c e

..( δ)

φ, u b ei n g a f o n cti o n si mil ar t o φ u,  or si n a m n, b ut  t o a diff er e nt m o d ul us,  vi z. s u c h 

t h at t h e c o m pl et e f u n cti o ns ar e H,  H'  i nst e a d of  K,  K'.  W e  h â v e t h er ef or e

...( 6).

E x pr essi n g ω  i n t er ms of K,  K',  y v e h â v e v H  = b' K  —  a' K'i, —  v H'i  ≈  b  K  —  a K'i, a n d  

t h er ef or e v ω  =  ( b'f- bf'} K- { a'f- af' } K'i. L et  g, g' b e a n y t w o i nt e g er n u m b ers  
h a vi n g  n o c o m m o n f a ct or, w hi c h  is als o a f a ct or of  v, w e  m a y  al w a ys d ét er mi n é  a,  b, a',  b',  

s o t h at v ω  =  g K  —  g' K'i. T his  will  b e t h e c as e if g  =  b'f- bf',  g' =  a'f — af' . O n e  of  t h e 

q u a ntifi es f f' m a y  b e ass u m e d e q u al t o 0. S u p p os e  f' =  0, t h e n g  =  b'f g'  =  a'f  ■, 

w h e n c e  a g- b g' = vf L et  k b e t h e gr e at est  c o m m o n m e as ur e  of  g,  g', s o t h at g =  k g ,̂  
'̂  =  k g'∕, t h e n, si n c e n o f a ct or of k di vi d es v, k m ust  di vi d e f, or f = kf,,. b ut  

~ '̂f ’ 9' ^ - ^f' ^ 3' ∩ d  a!, b' ar e i nt e g ers, or  f m ust  di vi d e g,  g'  ∖ w h e n c e  f ^ =  1, or  f = k. 
Als o  a g ^  —  b g' ^  =  v, w h er e  g ^ a n d g' ar e pri m e t o e a c h ot h er, s o t h at i nt e g er v al u es  

m a y  al w a ys b e f o u n d f or a a n d b  ; s o t h at i n t h e é q u ati o n ( 1) w e  h â v e

........( 7),

g' b ei n g a n y i nt e g er n u m b ers  s u c h t h at n o c o m m o n f a ct or of  g,  g'  als o di vi d es  v.
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The above supposition, f = 0, is, however, only a particular one ; ornittiiig it, the 
conditions to be satisfied by a, 6, a', V, may be written under the form

...... (8)

to which we may join the équations before obtained,

........ (9)

which contain the theory of the modular équation. This, however, involves some 
further investigations, which are not sufficiently connected with the présent subject to 
be attempted here.
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