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14.
ON LINEAR TRANSFORMATIONS.

(From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 104—122.]

IN continuing my researches on the present subject, I have been led to a new
manner of considering the question, which, at the same time that it is much more
general, has the advantage of applying directly to the only case which one can
possibly hope to develope with any degree of completeness, that of functions of two
variables. In fact the question may be proposed, “To find all the derivatives of any
number of functions, which have the property of preserving their form unaltered after
any linear transformations of the variables.” By Derivative I understand a function
deduced in any manner whatever from the given functions, and I give the name of
Hyperdeterminant Derivative, or simply of Hyperdeterminant, to those derivatives which
have the property just enunciated. These derivatives may easily be expressed explicitly,
by means of the known method of the separation of symbols. We thus obtain the
most general expression of a hyperdeterminant. But there remains a question to be
resolved, which appears to present very great difficulties, that of determining the
independent derivatives, and the relation between these and the remaining ones. I
have only succeeded in treating a very particular case of this question, which shows
however in what way the general problem is to be attacked.

Imagine p series each of m variables
Wi Yo 80 WM, i 0T 2 Yps o 86,

where p is at least as great as m.

Similarly p' series each of m' variables
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96 ON LINEAR TRANSFORMATIONS. [14

p at least as great as m', and so on. Let the analogous variables #, ... be con-
nected with these by the equations

z=\N& +py +...,
y=Na+p9y +...,
=N +py+...,
y\=x/\{i\+ll’/\g\+-”,

where #, y,... stand for ,, 4,... or @, Ys,... OF @p, Yp,...; &, ¥, ... stand for &', ¥, ...
or @, Ys,... OF &'p, ¥y, &c.... The coefficients A, ..., N, &, ... &e.; N, w0, A, ph,
remain the same in all these systems. Suppose next,

E=8, n=38,
ie. §i=8; n1=8,,1,...,E.1=8,,,,...
(where &, 8,... are the symbols of differentiation relative to z, y, &c.). Then evidently
E=NE+Nn+ ...,
n=pE+unt ...,

with similar equations for £, #,... Suppose
12l=| &, &, & ”‘Q'\“= e~ g\p‘ ’

Ny Tas e Ny My Mesee Np

that is to say || is the series of determinants formed by choosing any m vertical
columns to compose a determinant, and similarly ||Q'|, &c. Suppose, besides,

Komloh o paeiicsisdBom | W, byfieds |
W el R T

Then, by the known properties of determinants,
I =E|Q|, [O]=F|2 &,
ie. the terms on the one side are respectively equal to the terms on the other. Hence i
ga=rFdqefs el ..,

ie. [] a rational and integral function, homogeneous of the order f in the quantitie
of the series |Q|, homogeneous of the order f' in the quantities of the series ||,
&c., we have immediately

O=EE..O;
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14] ON LINEAR TRANSFORMATIONS. 97

or if U be any function whatever of the variables @, y... which is transformed by
the linear substitutions above into U, then

OU=EfEY ... O,
or the function au

is by the above definition a hyperdeterminant derivative. The symbol [] may be called
“symbol of hyperdeterminant derivation,” or simply “hyperdeterminant symbol.”

Let A, B,... represent the different quantities of the series [[Q|,—A4", B',... those of
the series [|Q'[|, &ec. ..., then [] may be reduced to a single term, and we may write

O =deB8 ... 45 HE.,
Also U may be supposed of the form
U=0%...

where ®, ® are functions of the variables of one of the sets #, 7,..., of one of the
sets &', 9", ..., &c., thus © is of the form

Flaivnmrt. oty o9,

and so on. The functions ®, ®... may be the same or different. It may be supposed
after the differentiations that several of the sets , #,... or of the sets ', v ...
become identical: in such cases it will always be assumed that the functions O, ...
into which these sets of variables enter, are similar; so that they become absolutely
identical, when the variables they contain are made so. Thus the general expression
of a hyperdeterminant is

[JU = A*BR; I AMBE:, O,

in which, after the differentiations, any number of the sets of variables are made equal.
For instance, if all the sets #, y... and all the sets &', y ... are made equal, the
hyperdeterminant refers to a single function F(z, y...2", %'...). In any other case it
refers not to a single function but to several.

What precedes, is the general theory: it might perhaps have been made clearer
by confining it to a particular case: and by doing this from the beginning. it will
be seen that it presents no real difficulties. Passing at present to some developments,
to do this, I neglect entirely the sets ', y'... and I assume that the number m of
variables in each of the sets @, y... reduces itself to two; so that I consider functions
of two variables @, y only. The functions ©, ®, &c. reduce themselves to functions
Vi, Vy... V, of the variables @y, v, or @y, ¥,... or @, yp. Writing also

El"h— E‘:"h: 12, &e.

the symbols A4, B... reduce themselves to 12, 13.... Hence for functions of two
variables, there results the following still tolerably general form

OQUu=12°13° 1¢"...23° 24" ... 5" ... v,V,V.V, ...
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98 ON LINEAR TRANSFORMATIONS. [14

The functions V,, V,... may be the same or different: but they will be supposed the
same whenever the corresponding variables are made equal. This equality will be
denoted by writing, for instance,

A

to represent the value assumed by
awnv.VV,...
when after the differentiations
XLy, Yh =gy, Ys =Xy, Ys =&, Y,
@, o=, y';
&e.
It is easy to determine the general term of [(JU. To do this, writing for shortness
a+B+y ...=h,
a +B+7 . =fi,
B+B +v"...=fs,
&e.

B (ybeschuion. ol B follus, BRKNf Yo TS
[ BF 0T BF T

&
gV or 8,78V =V or Vo,

the general term is

Si Ja Sa
N Vl,r+s+t~ S5 Va,a—r+c’+z V’.ﬁ—s+ﬁ—s’+t e

where r, s, ¢,...8, t,...t",... extend from 0 to a, B, ... 8, ¥, ... ¥"... respectively. It
would be easy to change this general term in a way similar to that whlch will be
employed presently for the particular case of (JV,V,V;.

If several of the functions become identical, and for these some of the letters
f are equivalent, it is clear that the derivative [JU refers to a certain number of
functions V;, V,... the same or different, of the variables z, y; 2, ;... and besides
that this derivative is homogeneous, of the degrees 6,, 6/,... with respect to the
differential coefficients of the orders fi, f,... &c. of V), (consequently homogeneous of
the order 6, + 6+ ... with respect to these differential coefficients collectively), homo-
geneous and of the degrees 6,, 6,,... with respect to the differential coefficients of
the orders f;, fy'... of V,, (consequently of the order 6,+6,’... with respect to these
collectively), and so on. The degree with respect to all the functions is of course
6,+6,...+0,+6,+...,=p suppose. In general, only a single function will be considered,
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14] ON LINEAR TRANSFORMATIONS. 99

and it will be assumed that [JU only contains the differential coefficients of the
/™ order. In this case, the derivative is said to be of the degree p and of the
order f. The most convenient classification is by degrees, rather than by orders.

Commencing with the simplest case, that of functions of the second order (and
writing ¥, W instead of V,, V,), we have

OQvw=12"vWw,

(where &, m, apply to V and &, %, to W). This will be constantly represented in
the sequel by the notation

12°VW =B, (V, W).

Hence, writing 02V = V"’, S Vula
we have B, (V, W)=V'°W’“—E—;%i Vi Weert L
and in particular, according as a is odd or even,

B.(V, V)=8,

1B.(V, M) =V Va2 ViVt .,

continued to the term which contains V:3V:¥¢ the coefficient of this last term
being divided by two.

Thus, for the functions ¥ (as®+ 2bzy + cy?), o (aat + 4ba’y + 6eay? + 4dwy® + eyt), &e.,
if « be made equal to 2, 4, &c. respectively, we have the constant derivatives

ac — b2,

ae — 4bd + 3¢?,

ag — 6bf + 15ce — 10d?,

at — 8bh + 28¢g — 56df + 35¢2,

which have all of them the property of remaining unaltered, d wn facteur prés, when
the variables are transformed by means of #=\i+uy, y=Na+ 9. Thus, for instance,
if these equations give

aa? + 2bay + oy = aa* + 2biy + ¢y,
. @6 — b= O’ = M) (ac - b?),

and so on. This is the general property, which we call to mind for the case of these
constant derivatives.

13—2
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100 ON LINEAR TRANSFORMATIONS. [] 4

The above functions may be transformed by means of the identical equation
B.(V, Wy=12""Bu(V, W),
to make use of which, it is only necessary to remark the general formula
&P By (V, W)= By (EnV, ErqW).

Thus, if £ =1, we obtain for the above series, the new forms
ac — b2,
(ae — bd) — 3 (bd — ¢?),
(ag — bf) — 5 (bf — ce) + 10 (ce — d?),
(as — bh) =7 (bh — cg) + 21 (cg — df ) — 35 (df — ¢,
&e.,

the law of which is evident. This shows also that these functions may be linearly
expressed by means of the series of determinants

|a, b by c\‘ &e.
|

;b,c (i S 0 1

We may also immediately deduce from them the derivatives B which relate to two
functions. For example, for functions of the sixth order this is

ag’ +a'g — 6 (bf +b'f)+ 15 (ce' + c’e) — 20dd,
which has an obvious connection with
ag — 6bf + 15ce — 10d?;

and the same is the case for functions of any order.

The following theorem is easily verified; but I am unacquainted with the general
theory to which it belongs.

“If U, V are any functions of the second order, and W =AU+ puV; then \
By 85 ( W) 5B G W) =0

(where B, relates to A, u) is the same that would be obtained by the elimination of
x, y between U=0, V'=0." (See Notel)

In fact this becomes
4 (ac—b?) (a'c’ — b"%) — (ac’ + a’c — 2bb")* = 0,

which is one of the forms under which the result of the elimination of the variables
from two quadratic equations may be written. This is a result for which I amw
indebted to Mr Boole.

1 Not given with the present paper.
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14] ON LINEAR TRANSFORMATIONS. 101

Passing to the third degree, we may consider in particular the derivatives

OUVW=23"31" 12" UVW=C, (U, V, W):
writing for shortness

m— [_a]r 20—rN r . L
dp= s b U=T,

we have the general term
C.(U, V, W)=3 {(-)++t A,A,A,U-s+t-sViatr—t [rate—r),

where r, s, t extend from O to a By changing the suffixes », s the following more
convenient formula

Ca(U, V, W)=2Z {(-)+UrVie W% [(-) A, tdoreadi]}s

where ¢ extends from 0 to 2a: p, o, and 3a—p—o must be positive and not greater
than 2a.

In particular, according as « is odd or even,
C.(U, U, U)=0,
Cu(U, U, U)=6ZZ ((—=pUrU 0%+ [(—) 4dpsAeiraddl,

omitting therein those values of p, o for which p>o or ¢ >3a—p—o, and dividing by
two the terms in which p=o or c=3a—p—o, and by six the term for which

p=c=3a—p—o, =a

In particular, for functions of the fourth or eighth orders we have the constant
derivatives

ace — ad? — b’ — ¢+ 2bed ;
aet — 4abd — 4afh + 3ag® + 3ic* + 12beh — 8chd — 8bgf — 22ceq + 24¢f * + 24d?g — 36def + 15¢*;

the first of which is a simple determinant. Thus we have been led to the functions
ae—4bd +3¢* and ace — ad? — eb® — ¢*+ 2bcd, which occur in my “Note sur quelques
formules &c.” (Crelle, vol. xxX1X. [1845] [15]), and in the forms which M. Eisenstein has
given for the solutions of equations of the first four degrees.

Let U be a function of the order 4a: the derivative C may be expressed by
means of the derivatives B.

For, consider the function

Bu[U, Bu(V, W)];
paying attention to the signification of B, this may be written

10 23 UVW,
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102 ON LINEAR TRANSFORMATIONS. [14

where the symbols &, 7 refer to the two systems #,, ¥, : @5, y;. Thus it is easily seen
that we may write

Eo=E+E, m=m+m, or 10=12+13=12-31,
whence the function becomes
12 -30)" 23UV W,
of which all the terms vanish except
(4]

rﬂ]ga 1—220. §3ﬁa 3—12u U VW_

Hence putting

K=[4sa]2“=24“1.3 ... (4a—1)
[2a] 2.4...4a :

we have B, B (VWY =K C,.(U,. ¥V, W),

or in particular
Bu[U, Bu (U, U)]=KC. (U, U, U).
Thus for example, neglecting a numerical factor,
(aa® + 2bay + cy?) (ca® + 2day + ey®) — (ba* + 2cxy + dy?)?
= (ac—b%) 2* + 2 (ad — be) 2%y + (ae + 2bd — 3¢?) 22y* + 2 (be — cd) «y® + (ce — d?) y*,

and then
e (ac—b?) —4d % (ad — be) + 6¢ & (ae + 2bd — 3¢®) — 4b % (be — cd) + a (ce — d?)

=3 (ace — ad? — b’ — ¢ + 2bcd).

We have likewise the singular equation

d o d d
Bo(V, W)=K( i lyda“—l...+y““d—ao)0a(0', v, W)
1 4a]* i
where : U=W“ (aoas"“—[ 1] aahy ... +a4¢y4a), e

If however U=V =W, we must write

d Wedis
dae. ol | il

Bu(U, U)=} K (o ---+y“j-a—,0) C.(U, U, U),

the reason of which is easily seen. This subject will be resumed in the sequel.

www.rcin.org.pl




14] ON LINEAR TRANSFORMATIONS. 103

The functions C' may be transformed in the same way as the functions B have been.
In fact

C.(U, V, W)=12""28°* 31" 0, (U, V, W);

~if in particular k=1, then

C(U, V, Wy=| U2 U U= |, U~ for U, &
Voo [l (2
W,O W,l W,?

but in general
EFnPE nETnCL (U, V, W), where p+p'=c+o'=17+17 =22—2,

20—2 20—2 2a—2

=0, (U» Ve Wer)y=| Uwr Ut Uetr |, U for %]a-,,,’ &6
Ve Viotr Vipte
Wt Wortr Woe+e

whence O, (U, V, W)=3Z {(=)rte | U Voot Wise—s—o—t | S[(=) /A" 1Ay oiil),
U:etr Vo W,Sa—p—a'—l
Uset2 Vol Wisa—p—o

(a—1F

where 4/ = —I%It—; t extends from 0 to a—1;p, o—1, and 3a—p—o —2 may have
each of them any positive values not greater than 2a — 2.

In particular

Ga (U, U" U) =633 {(_)p-hr Uwe o1 [Jr3a—p—o0—2 2[(_)& A,tA,p—tA,c—a—Q]},
Ut [Jio [Jr8a—p—0—1
U rt2 ot U.B«—p—r

where p, ¢ need only have such values that p<o—1, c—1<3a—p—0—2.

In particular the derivative aet— ...+ 15¢® may be transformed into

i e, d, g|-38|a ¢ [f|-3|b, ¢, g|+6|b, d f |—15 G0 ila
‘ b, e, A g e, 'd, h L rd g ! d. e
} C, f’ i c, 9, h dy e) 1: d; f: h i ! e) f’ g |

i which form it is obviously a linear function of the determinants
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104 ON LINEAR TRANSFORMATIONS. [14

o bk e dudys ey ifistugidllis
b, c, d, e, f) 9, h
oy ', §EiBy 0 TRt R

which is true generally.
Omitting for the present the theory of derivatives of the form
Quvw=23"31" 13" UVW,

we pass on to the derivatives of the fourth degree, considering those forms in which
all the differential coefficients are of the same order. We may write

OQUVWX =(12.34)" (13, 42)° (14.23) UVWX =D, 5,,(U, V, W, X)=Da 5;
or if for shortness
12.34=@, 13.42=13, 14.23=@,

we have D, ,=2BC . UVWX.

Suppose U=V =W=JX, and consider the derivatives which correspond to the same
value /' of a+ B +vy. The question is to determine how many of these are independent,
and to express the remaining ones in terms of these. Since the functions become
equal after the differentiations, we are at liberty before the differentiations to inter-
change the symbolic numbers 1, 2, 3, 4 in any manner whatever. We have thus

D, g y=Dp ya=Dyap=(=) Duyg=(=) Dypo= (=) Dgay;

but the identical equation

A+B+C =0,
multiplied by @“3°Ee and applied to the product UV WX, gives
Dorpe+Dypiaet+ ) e =1

whence if a+b+c=f—1, we have a set of equations between the derivatives D, g,
for which a+ 8+ y=/ Reducing these by the conditions first found, suppose Of is
the number of divisions of an integer f into three parts, zero admissible, but permu-
tations of the same three parts rejected. The number of derivatives is ©f, and the
number of relations between them is ® (f—1). Hence ©f— 0O (f—1) of these derivatives
are independent: only when f is even, one of these is Dy, ,, ie. 12337 Uvwx,
ie. 1_2fUV.3_4"'WX, or B;(U, V)B;(X, W), ie. [B/(U, U)JF; rejecting this, the
number of independent derivatives, when f is even, is Of—0 (f—1)—1. Let £ (Z—l

be the greatest integer contained in the fraction the number required may be

@,
b’
shown to be
T4 f+3
E6 or E——6 ,
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14] ON LINEAR TRANSFORMATIONS. 105

according as f is even or odd. Giving to f the six forms

6g, 69+1, 6g+2, 6g+3, 6g+4 6g+5,

the corresponding numbers of the independent derivatives are

g9 9 9 9+1, g g+1;
thus there is a single derivative for the orders 3, 5, 6, 7, 8, 10,... two for the orders
9, 11, 12,18, 14; 16, ... &c.

When f is even, the terms Dy, Dygs,0..., and when f is odd, the terms
Disv0o Dpsay00 Dpg 70, &c. may be taken for independent derivatives: by stopping
immediately before that in which the second suffix exceeds the first, the right number
of terms is always obtained. Thus, -when f=9 the independent derivatives are Dy,
D,,, and we have the system of equations

Doy + Dy + Dy =0, Dy + Dy + Dy = 0,
Dyo+ Dyoy+ Dy =0,  Dyy+ Dy + Dy = 0,
Do+ Dego+ D=0,  Dgy+ Doy + Dy =0,
Dy + Dy + Dgo =0, Dy + Dygy + Dypy = 0,
Dy + Dyg, + D3y =0, Dy + Dyy + Dygy =0,
which are to be reduced by
Dyjy=—Dyge=0,  Dy=~ Dy, &ec.

It is easy to form the table

=R D=0 D=0,
Dyo=—1% B2, 10505 /o
Dy =— Dy, Dyyy = — Dy,
D=0, D=0 10
D) D=0 B =t D
D=0 =0
Dy = 143 Dy, =0,
= BB s 2, e — 31 B2 =0
Dy,=—1Bg Dyy=— 2 Dy, + ¢ B&,
D= % B, Dyy= %Dy + 3B
Dy =0, Do

Ds21 A 315 D3so = ; ‘é‘ -Bsz)

-D222= %Daao +%}‘ B62)
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106 ON LINEAR TRANSFORMATIONS. [14

D= i, Dy =0,
Dpy= — % B, Dol
Dp= — 3D+ % B2, Dpy=~ Do,
Doy=  $Dw+ § B, Dy, =0,
Ly Diy= % Dyy— % Dy,
Dy = — } Dyy— 15 BS, Dgi= 4 Dgy+ 3 Dy,
Dy= —1§ D — o5 B, Dy,
Dy= 5 Dw— 45 B, Dy =~ % Dgo— % Dyw,
D= & D+ B, D=0
Dy = — {5 Do — 75 B¢, Dy, =0,
Dyy= % Dyo+3 Dy,
D= 0.

Whatever be the value, all the tables except the three first commence thus, according
as f is even or odd,

Dseo - =" Bf or Ds,, =0,
Df—l.l.o="’}Bf’» Df—l,x,o,

Dy s 2.0=—%Dss,s,0+§ B Dy-s,2,0=—=Dpa, 1,0,
Drs 1= 3 Dpas ot B7 Dys1,,=0,

-Df—s,s,o

but beyond this I am not acquainted with the law.

To give some formule for the transformation of these derivatives; we have, for
example,

Dyrro=(12.3%) '13.32 UUUU=13.42 B,, (U, U) B, (U, V).

But ﬁ ’ E = f{'h")sfq = Elfa”ls"h o7 "71"715 sE T "llfzfa’h >

and 51719’7854 Bf—l (U, U) Bf—1 (U’ U) e Bf—l (f U, n U) Bf—l ("l U, E U)
=B, (U U-) By, (U U, &.

(where U: °,v U stand for llf"’ llf 1 &e.); or

Dpyro=—2 By (U0 U ) By (U U )= By (U UY) By (U U},
which reduces itself to

Dy ,1,0=—2{Bpa(U*° Uk,

Dy 1,0=—2{Bpy (U° U*°) Bry (U2 T*) = [Bpa (T2 U],

according as f is even or odd.
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14] ON LINEAR TRANSFORMATIONS. 107

For example, for the orders 3, 5, 7, 9, we have
Dyo=—2 {4 (ac — b*) (bd — ¢®) — (ad — be)?},
Dyo=—2 {4 (ae — 4bd + 3¢*) (bf — 4ce + 3d?) — (af — 3be + 2cd)?},
Dgo =— 2 {4 (ag — 6bf + 15ce — 10d?) (bh — 6¢g + 15df — 10¢®) — (ah — 5bg + 9¢f — 5de)?},
Dgo=— 2 {4 (ai — 8bh + 28cg — 56df + 35¢*) (bj — 8ci + 28dh — 56eg + 35/%)
— (aj — Tbv + 20ch — 28dyg + 14ef )?}.

The derivatives D will be presently calculated in a completely expanded form up to
the ninth order. We have, therefore, still to find the derivatives of the sixth and
eighth orders, and a second derivative of the ninth order. For the sixth order, the
simplest method is to make use of Dy,, which is easily seen to be equal to

R4:[Caiedby e, d|

b Vet Sdii d
Ok €048
dyde, o N

For the two others we have the general formule

Dps s o=2{Bra(U-* U-%) By (U2 U+?) = 4By, (U-° U-?) Byy (U2 U+
+ By, (U2 U-2) By (U * U-%)+2[Byy (U* U )],

2 2 2
where U:°, U-, U:® have been written for U:° U:!, U:?; a formula which is demon-
strated in precisely the same way as that for Dy, , ,.

Diss0==2{ Brs(U°U?) By s(U*U) ~ 6B, (U U By, (U*U?)
+ 6B, (U U ) By (U2 U'Y) + 9B, (U UY) B (U2 U9
—9B, (U2 U-*) B (U:*U"*) — By s (U°U%) By (U2 U %)},

0
(in which U>¢ &c. stand for U ° &c.). In particular

Do =2 {4 (ag — 6bf + 15¢ce — 10d?) (¢t — 6dh + 15eg — 10f*) — 4 (ah — 5bg -+ 9¢f — 5de) x
(bi + 5ch +9dg — 5ef ) + (a1 — 6bh + 16¢g — 26df + 15¢*)* + 8 (bh — 6¢g + 15df — 10e?)?},

w=—2 {4 (ag — 6bf + 15ce — 10d*) (dj — 6et + 15fh — 10g?) — 6 (ah — 5bg + Icf — 5de) x
(¢f — 55 + 9eh — 5fg) + 6 (ai — 6bh + 16¢g — 26df + 15¢°) (bj — 6ci + 16dh — 26eg + 1517
+ 86 (bh — 6cg + 15df — 10e?) (ct — 6dh + 15eg — 10£) — 9 (bi — 5¢ch + 9dg — 5ef )
— (aj — 6b3 + 15¢h — 19dg + 9ef)?}.
Hence we have all the elements necessary for the calculation of the following table
f the independent constant derivatives of the fourth degree, up to the ninth order. [I

ave arranged the terms alphabetically and in tabular form as in my Memoirs on

uantics, and have corrected some inaccuracies];
14—2
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108 ON LINEAR TRANSFORMATIONS. [14
Dy =2 x Dy = 24 x Dgy=2 % D=2 x Dago=2x |Dgm=4x
ad? + 1 aceg + 1 ah + 1 (1 e S ) a*P + T Pl "
abed — 6 acf*—1 abgh— 14 abhe — 16 by &1 B18 4oL ;
ac® + 4 adlg — 1 acfh+ 18 acgr + 36 achj + 40 | + 2|
b'd + 4 adef + 2 acg® + 24 ack* + 20 ac* + 32| — 2
b -3 ae —1 adeh— 10 adft — 52 adgj— 56 | — T

: bleg — 1 adfg— 60 adgh — 60 adhi— 112 | + T
9 bfr + 1 agg + 40 aet + 30 gefi + 281+
bedg + 2 bfh + 24 aefh + 20 aegi + 224 | + 22
beef — 2 b’ + 25 aeg® + 60 el - 27 “
S i 28 baf — 2 boeh — 60 | |afg — 40| |afti— 140 | — 25

e 0 ] bde* + 2 befg — 234 bgr + 20 afgh ...... + 45|
afr*+ 1 g —1 bd*h + 40 bhr + 44 " AR - 20|
abef — 10 cdf + 2 bdeg+ 50 befi — 60 bhj + 32| — 2
acdf+ 4 ¢ +1 bdf* + 360 begh — 388 b + 49 | + 21
ace® + 16 cde — 3 be’f — 240 bdei + 20 begj — 112 | + 7|
ad’e — 12 ¢ +1 c*eg + 360 bdfh + 696 behi — 536 | — 7|
bdf + 16 ¢ff + 81 bdg* + 180 bdfj + 224 | + 22
be + 9 12 | edig - 240 beh — 340 bdgi+ 392 | — T4
bef — 12 cdef — 990 befy — 460 bdht+ 896 | + 52|
bede — 76 ce’ + 600 bfs + 240 betj — 140 | — 25|
bd® + 48 &f + 600 et + 60 befi — 196 | + 73
e + 48 d*¢* + 375 ¢fh + 180 begh — 1792 | — 23|
cdr — 32 —————— T I bkt bfth + 1120 | — 70

£2223 o - 40 W ... + 45|

+ 142 cdeh — 460 /I -8 |
cdfg — 2596 cgr + 896 | + 52

ce’lg + 2340 ch? + 400 | — 25

cef* — 420 SOt e« + 45

&h + 240 cdfi— 1792 | — 23

deg — 420 cdgh— 4256 | — 22

d*f* + 12876 cet + 1120 | — 70

de*f — 3280 cefh+ 560 | 4+ 127

¢ 4+ 1025 ceg® + 6272 | — 32

of’g — 3920 | — 25

+ 8632 T b - 20

d*fh+ 6272 | — 82

g + T84 | + 4T

7 o 4+ 4

deth — 3920 | — 25

defg— 13328 | — 8

df* + 7840 | + 50

dg + 7840 | + 50

Dy, = %Dm+% Bz, equations which give the functions e2f2 e AR O [ 30
Du ~dlm+ T oy O fosiie. -
D' 2 Dp+ P ; + 35022 | + 698
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We may now proceed to demonstrate an important property of the derivatives of
the fourth degree, analogous to the one which exists for the third degree. Let
U, V, W, X be functions of any order f: then, investigating the value of the expression

By [B. (U, V), B.(W, X)],

this reduces itself in the first place to

06’ 12" 33" UVWZX,
where &, ne refer to U and V, and &, 4 to W and X: this comes to writing
E=E+E, no=m+mn,, and E, =&+ &, ny=m+7,; whence

0 =13+ 14+ 23 + 24,
or the function in question is

(13 + 14 + 23 + 24)V 12" 33° UV WX.

But all the terms of this where the sum of the indices of £, #, or &, 7, or
£, ms or &, ms, exceed f, vanish: whence it is only necessary to consider those of the
form

—a—7.

K,(13.42) (14 . 23)
where K, denotes the numerical coefficient

() [2f — 2a]¥ =
T T f—a—rV= [f—a—r=""

or Bﬂf—-ﬁu [-Bu (U-) V)) Ba (W: X)] o 2 {KrDa, r,f—u—r(U; V: W) X)}
In particular, if U= V= W=X, writing also B, for B,(U, U),
B?f—za(Ba, Bu) g 2 (Kr Da,r,f—a——r)-

If a is odd, this becomes

(12.34)'UVWX,

O - 2 (KrDa, T,f—a—r)’

an equation which must be satisfied identically by the relations that exist between
the quantities D: if, on the contrary, « is even, we see that there are as many
independent functions of the form

Bzf—-aa (Bm -Ba.)

as there are of the form D; and that these two systems may be linearly expressed,
either by means of the other. Thus, for the orders 3, 5, 7, the derivatives D are
respectively equal, neglecting a numerical factor, to

BG(Uz, Uﬂ)) B]O(U2: Uz)) Bl4(U2) U2);
for the sixth order they may be linearly expressed by means of
B, (U?, U*), B,

and so on. All that remains to complete the theory of the fourth degree is to find
the general solution of this system of equations, as also of the system connecting the
derivatives D.
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Passing on to a more general property; let U, U,,... U, be functions of the orders

Sy Jfo-o fp; and suppose
®(U2' " P) Up, .

a function of the degree f; in the variables: suppose that © (U,... Up,) contains the
differential coefficients of the order r, for U,, r; for Uy, &c., so that f,=( f2 —1ry)+.. (fp—rp
Consider the expression

‘Bfl {Ul; ®(U2 L i Up)})

which reduces itself in the first place to

A2 +13...+1p)" OUT, ... Uy,
f,, »

then to X (T Quu. .. 2]

where for shortness

4 LAY
B=rp—p . =

For if one of the indices were smaller another would be greater, for instance that of

12: and the symbols &, 7, in [ it
the term would vanish. Hence, writing

"7 would rise to an order higher than f,, or

O 12.7': 2 '—3fa—"n Ef,—f,,
and e (U, U,..., Up)=001U0,...U,,
we have By {U,, © (U,, ... Upy)} =K@ (U,, U,... Uy);

ie. the first side is a constant derivative of U,, U,... U,.
: |
Suppose U= (a2 +..),
pp b | [f‘l]f'( )

@ (U, .. U,)= Wll]_ﬂ(Aozf-ﬁL P

then K®' (U, ... Up) =a,dy, —'fT}an_fl_l el

! [ N o

ie. 4,=K 5-0'(U;... Uy) J%A,._FK%—]@ o Uyt B vy
- d d \

or finally, ~ O (U, ... Up)= [f],l( daf_wfx—xydaf_lJr...)@(Ul, o,

an equation which holds good (changing, however, the numerical factor) when several
of the functions U,... U, become identical. Hence the theorem: if U be a function
given by

U= —F(aw’+ax™y+...),

l ]
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and ® be any constant derivative whatever of U, then

d d
P R L -k ®
( ly jl )

is a derivative of U, and its value, neglecting a numerical factor, may be found by
omitting in the symbol [J, which corresponds to the derivative ©, the factors which
contain any one, no matter which, of the. symbolic numbers.

If, for example,
— 4 Dy =0 = 6abed — 4ac® — 4bd? + 3b°c* — a*d?,

or D:E’.ﬁ”.l_&ﬁ;

d d d d
then (wsc—la—wﬂy%-l--ﬂya%—y:;%)@
reduces itself, omitting a numerical factor, to

120 13 UUU=—4B, (U, B, (U, U)}.

This may be compared with some formule of M. Eisenstein’s (Crelle, vol. XXVIL
(1844, pp. 105, 106]; adopting his notation, we have

D = aa® + 3ba*y + 3cxy® + dy?,
=4t B, (P, ®) = (ac—b*) 2>+ (ad — bc) a;y+ (bd — ¢*) 32,
K d
=i (o G- oy =¥ 55) D
where D is the same as ®. Hence to the system of formule which he has given,
we may add the two following :
d® dF dd d
i %@; W )
P PP dP  d*p P dd dP dP
q’l—-vh{?w @ dy owdy( dody dy | dy 2

d*P (2 P d> P dfb) & dP dfb}

" dady: da* dy

dody do T d dy) " dyp d&* dz)’
the first of which explains most simply the origin of the function ®;.

It will be sufficient to indicate the reductions which may be applied to derivatives
of the form

Cus,v(U, V, W)=23".31". 12" UVW,
where U, V, W are homogeneous functions: In fact, if
Ex+ny=E,

the above becomes, neglecting a numerical factor,

(B,.23)".(5,.31) .(5,.12) UVW,
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where the symbols & # are supposed not to affect the z, y which enter into the
expressions H. But we have identically

28+ E,31+5,12=0, .
an equation which gives rise to reductions similar to those which have been found for
the derivatives D, 4 ,, but which require to be performed with care, in order to avoid
inacccuracies with respect to the numerical factors. It may, however, be at ~once

inferred, that the number of independent derivatives C,, g, is the same with that of
the independent derivatives D, g , for the same value of a+8+ 1.

From similar reasonings to those by which B {U, B(U, U)} has been found, the
following general theorem may be inferred.

“The derivative of any number of the derivatives of one or more functions, or
even of any number of functions of these derivatives, is itself a derivative of the
original functions.”

For the complete reduction of these double derivatives, it would be sufficient,
theoretically, to be able to reduce to the smallest number possible, the derivatives of
any given degree whatever. This has been done for the derivatives of the third degree
C.py and for those of the fourth degree, in which all the differentiations rise to
the same order (D, g ,): it seems, however, very difficult to extend these methods even
to the mext simplest cases,—extensive researches in the theory of the division of
numbers would probably be necessary. Important results might be obtained by con-
necting the theory of hyperdeterminants with that of elimination, but I have not yet
arrived at anything satisfactory upon this subject. I shall conclude with the remark,
that it is very easy to find a series, or rather a series of series of hyperdeterminants
of all degrees, viz. the determinants

a; 6el, b ol a b, ¢, d]| &e.
b, ¢ barie) ild b; Lo, dike
) e RN A R
d e f g
l o 2bR e . a, 4b, 6c, 4d, e | &e. . a,' 88, '8¢, d‘i &e.
. b, 2, d 4 b, 4c, 6d, 4e, f . b, 3¢, 3d, el
) R ool s ¢, 4d, 6e, 4f, ¢ : wea0. 9e T s
(s prnt T opatle ) A ,B4D 1060 AdR0Ne; bilisetn8d e
b, 4c, 6d, 4e, f, a;, 38b, 3¢, . d,
c; dd; 68 Hfsetg, b 3c, '8d, " e,

[I have inserted in these determinants the numerical coefficients which were by

mistake omitted.]

However, these functions are not all independent; e.g. the last may be linearly
expressed by the square of the second and the cube of (ze—4bd+3¢*); mnor do
I know the symbolical form of these hyperdeterminant determinants.
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