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2.

ON THE PROPERTIES OF A CERTAIN SYMBOLICAL
EXPRESSION.

[From the Cambridge Mathematical Journal, vol. 11 (1841), pp. 62—71.]

THE series

“ o ks o Mg R N0 1
S, b (@ +b ... n terms)?+ (1+z-daz+1~+m-%2"'> A+Dae+@A+m)b .. F

1
(§p=2‘4’“1.2...p.i(i+1)...(i+p)> ------ )
ssesses some remarkable properties, which it is the object of the present paper to

investigate. We shall prove that the symbolical expression (y) is independent of a, b,
c., and equivalent to the definite integral

fl wm'—-ldw

o {1+ 1) (1 4 ma2) ... }F

property which we shall afterwards apply to the investigation of the attractions of
n ellipsoid upon an external point, and to some other analogous integrals. The

emonstration of this, which is one of considerable complexity, may be effected as
ollows :

d? m d?

Writing the symbol WA hdwwegr L under the form

¢ ) 1 “a? 1@ = Al I + 1 & )
(g +ai ‘(mw*m-dbf")“ (“’1 +1da " T+m dpe) SUPPOSS
et the p™ power of this quantity be expanded in powers of A. The general term is

p(p-1..(p-g+1) X ..adb oy
(~1p BRI B pre( o T

1

hich is to be applied to A+ha.
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6 ON THE PROPERTIES OF A CERTAIN [2

Considering the expression

1 & )a 1 ,
(1‘+'l' da ") [T+ hato |’

if for a moment we write

d? o
(1+l)a“’=a,1“’, &C.; Al=a——2+(—{b?.-., p1=a12+b12...,
this becomes A, ‘1— !
P
1 2'(2+2-n)

Now it is immediately seen that Al;—i_’ = PREz :
1 (&
from which we may deduce

_20(20+2)... (%5 +29—2) (20 4+2—1)... (2 + 29 —n)

A2 — -
Pl p1t+q
or, restoring the value of p,, and forming the expression for the general term of (), this is
;p ) Pp+1 ;

AP .
(@@ +0%... + la® + mb* + &e.)!
1
(@+b0+... +la* + mb* + ...)

Ji’ 2 (2 + 2 — 1) Av1

+ &c.
p representing the quantity a®+ b+ &c.

Hence, selecting the terms of the s® order in I, m, &c. the expression for the
part of (y) which is of the s® order in /, m &c. may be written under the form

Sp’( —1yrpt g

L
multiplied by
SO S Grrs e PZH
J’i 2@F2-M(E+1) . (A
U
p(” )21,(2z+2) 2i+2-1) @i+ 4—1) (+2). G +s+1) Ay
- &e. [la* + mb* ... = U suppose]
which for conciseness we shall represent by
-1y ( U
U
) -7 B A pa
( ) B
p 11) 2 RL ar— Pz+.9+"
— &e.

=S suppose.

WWWw.rcin.org.pl



] SYMBOLICAL EXPRESSION. 7

Now U representing any homogeneous function of the order 2s, it is easily seen that

Ag=%+2i(2i+2—4s n) Zu
nd repeating continually the operation A, observing that AU, AU, &c. are of the
rders 2 (s —1), 2(s—2), &c. we at length arrive at

AL S AT L
P P

+12(2+20-4s-marm T,

1+l

+q(q )21.(21,+2(2z+2q 45— 1) (20 +2g —ds —n —2) AT U

+20(2+2)... (2 +2) (2 +20—4s—-1)... (%+2—45-M)7T. ,ﬂ

Changing ¢ into s+14+14’, we have an equation which we may represent by

U AT A U

gl i LRUAR e '
B Ps+i+i’ ‘AQY W pe+i+i’ 5 AQ’ s Pa+i+i’+1 et qu, ‘\ps+i+i'+q ' (a)’

here in general

it G e D)
ol 1.2 »

X (28420 +2¢) (25 4+ 20" + 20+ 2) ... (28 + 20" + 22 + 2r — 2)
X (2042 +2¢—28—1n) ... (2% + 2"+ 29— 25— n — 2r + 2).
ow the value of S, written at full length, is

(=1) U
1.2 ) .8 ( Sop™ (asA" TR Iss pH
v U
ol P{Hwl (a A4 Pa+1 133 s+z+1 o=

+ &e.

d substituting for the several terms of this expansion the values given by the
quation (a), we have

e e (kAaU+k Lamg...... +k,pl 7)
here in general
]Cx = (xAs: 0 §e+ x_lAs—l, 0 gB—l P As—x: 0 gs—x)

- 1
- Bs (; 4018+ (i"EI-F—) Asx;n é‘s—xﬂ)

3 1
s being the (x+1)® of the series a;,p;...

i';‘s (s (8—1)...(8—x+ I)Ae—xr ¥ ;,8)’
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8 ON THE PROPERTIES OF A CERTAIN [2

Substituting for the quantities involved in this expression, and putting, for simplicity
21+ 2—-n=2y, we have, without any further reduction, except that of arranging the
factors of the different terms, and cancelling those which appear in the numerator
and denominator of the same term, '

(=1rk _ (1A -9)2-9)...(x=9)
g Il g Y 8. 02 ... (=2 . L 80X

multiplied by the series

(f+s+1)... ¢ +s+x—1) into

vy x  yy+1) x(x—1)
{1+1x—'r+ 1.2 G-yE—1-9)"

_(@+98)...(C+s+x—-2)

(x+1) terms}

e into
yx(x—=1) y@+1) x(x-1)(x-2)
{X+T x—y T 1.2 G-mE-1-7) Xterms}

. La+s=r+D)...G+s+x—r—1).
Y g ey e,

{x(x—l) (x— 'r+1)+’yx(X i)—ry( r)+...(x+r—l)terms}

to r=x.

Now it may be shown that
1
A=y E=7) - (r=9)
{x x=-1)...(x=7r+1) +ry Ea x)_":y(x-r)+&c. v (x4+1-7) terms}
_x(x-1).. (r+1).x(x-1)...(x~- r+1)
Q=9 @=7).. x=7)
which reduces the expression for kx to the form

(=1)pkx (=1)y+x ( (t+s+1)...G+s+x-1)
1.2...6 2#1.1.2,.8.1.2...(8-X)

-’-‘(i+s)... (G+85+x—-2)
x(x—1)
1.2
+ &e. (x +1) terms;

from which it may be shown, that except for x=0, kx=0.

-+

(1,+s ... t+s+x-3)

The value x=0, observing that the expression
GC+s+1)(E+8+2)...(t+s-1)

1 :
represents ——, gives
P 1+ 8 gt
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(=1yk, _ {=1y
1.2...8 2%(1.2...9). (21,+2s)’

r we have simply

(-1 X
= 21(1.2...8)% (2t + 2s) U,
h | A—£+£+ , U=(la*+ mb*...)
ere e A Ot OO R
1 a2 & i
onsider the term TR ST s (S
ith respect to this, A® reduces itself to

Tra e @)

nd the corresponding term of S is

{1y A
@I A2 A 1.2 . &c)” DL O ol o 2ed 2t o A mABLS

SN S Al (2,» 1). &
i (2v+28)2.4...21.2.4...2u. &c.

Ame ..

hich, omitting the factor ﬁ—z—s, and multiplying by %, is the general term of the

order in I, m, ... of
il
V{1 +1a%) (1 +ma?) ...}

The term itself is therefore the general term of

/’ & do ]
o M{(A +12?) (1 +ma?) ...}’
taking the sum of all such terms for the complete value of S, and the sum of the

erent values of S for the values 0, 1, 2... of the variable s, we have the required
uation

g ¥ dg
"'=fo VA +ia) A +ma)...|°

Another and perhaps more remarkable form of this equation may be deduced

2 bz ba

writing 11 S , &c. for a? % &ec., and putting 1 —— + &e. =7, IpP=0,

1] Lt
*= 3, &c.: we readily deduce
n_m:J'l 221 dp
8 Vi + aa?) (n* + Ba?) ...}
" 1 Jd a1
P o2 1. 2...p.s(t+1)... (¢+p)(°‘ dath d_bz) @Fo .y
2 2

www.rcin.org.pl



10 ON THE PROPERTIES OF A CERTAIN [2

7 being determined by the equation
a? b
e =
,"5 + aﬂ ,')2 + B?
or, as it may otherwise be written,
aa’ b*B?
,']2 + a2 nﬂ + Bﬂ
n, it will be recollected, denotes the number of the quantities a, b, &c.

”=a'+ b+ - &e.

Now suppose
V=fl..¢p(@a—2 b—y,...)dzdy...

(the integral sign being repeated w times) where the limits of the integral are given
by the equation

a? y

hz
and that it is permitted, throughout the integral to expand the function ¢(a-z,...)
in ascending powers of z, y, &c. (the condition for which is apparently that of ¢
not becoming infinite for any values of =z, y, &c., included within the limits of the
integration): then observing that any integral of the form [f...a? y?...dzdy &c.... where
any one of the exponents p, ¢, &c.... is odd, when taken between the required limits
contains equal positive and negative elements and therefore vanishes, the general term
of V assumes the form

1.2...2r.i.2...2s...(«%)w(«%)%“"““’ boedlf oo @y i dyss.

Also, by a formula quoted in thé eleventh No. of the Mathematical Journal, the value
of the definite integral [f... 2" y*...dzdy...1is

Tr+HT(s+3)...
“"T(r+s+...+in+1)’

,+&e =15

2r+1 2841
har+1

(observing that the value there given referring to positive values only of the variables,
must be multiplied by 2): or, as it may be written

PR A ST T ok DAL T e
TGN L) ... G +r+s.. )T @GN

hence the general term of V takes the form

hk, ... 7" 1 1 1
gn) n@En+l)...@3n+r+s..) 22+2-1.2.3...r.1.2...8... ‘

( :lz(ﬁ) (hzd%;)s“- ¢ (a, b,...); |

f
and putting r+s+&e.=p, and taking the sum of the terms that answer to the same |
value of p, it is immediately seen that this sum is

_hh,...at 1 d? d

'Gn) "22.1.2...p.4n(En+1). (§n+p)(h da2+h ) ¢ (a, b

2r+1 } 2841
hererp
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] ' SYMBOLICAL EXPRESSION. 11

Or the function ¢ (e —a, b—y...) not becoming infinite within the limits of the
ntegration, we have

[J...d(@a—a, b—y...)dzdy...

2hh, . @ 1 d? d?
= P(%fo 0w 1.2...p. %u(§n+1 (én_*_p)(kfa.&;-!-h, di )¢(a [

he integral on the first side of the equation extending to all real values of =, y,

y+ Jishe- i

c., subject to %-’-E:

1

Suppose in the first place ¢ (a, b"')=m.

By a preceding formula the second side of the equation reduces itself to

2hh, ... f " dy
rgn) Jonv{(n*+h%a®) (P +h2?) ... (0 factors)}’
a? bﬂ

being given by prgry B +m g -1

ence the formula

ff n times oty .
: (a—zp+@G-yy... "
_ 2hh,... 7w [ o, dw

TGN Jo V(@ + 72 (o + hja) ... (n factors)}’
ere the integral on the first side of the equation extends to all real values of
y, &c. satisfying 7 + +&c ..<1; 7% as we have seen, is determined by

a? b?

—"7’+h’ P +h,+&:c =i

finally, the condition of ¢ (@<, b—y...) not becoming infinite within the limits
the integration, reduces itself to Z—:+}I;—z+ ...>1, which must be satisfied by these

ntities.

Suppose in the next place that the function ¢(a, b...) satisfies c—li: Zb?_'- &e. = 0.

factor (h %+&c) may be written under the form
d? g & g
(=) &, ) g+ e+ 1 (3 + 7 o)== W)+ e
2—2
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12 ON THE PROPERTIES OF A CERTAIN SYMBOLICAL EXPRESSION. [2

d2
+ap

2
since, as applied to the function ¢, (?2 + &c. is equivalent to 0; we have in

this case
[J...¢(@—2, b—y..)dxdy...

2hh » 1
%ﬂ pogwH.1.2..p.4n.. (§n+p){( h)dba }¢(a,b---);

or the first side divided by hh,... has the remarkable property of depending on the
differences h?—h?, &c. only; this is the generalisation of a well-known property of the
function V, in the theory of the attraction of a spheroid upon an external point.

If in this equation we put ¢ (a, b...)= which satisfies the required

cen i Ly
(@2 +b7 .. )"
condition g—‘f+ &c.= 0, then transferring the factor a to the left-hand side of the sign
S, and putting in a preceding formula, a*=0, B2=h?—h? &c. and 7*+h?* for 7 we

obtain
ff...(n AR T
{(a—ap+0-y»..}

in

v bl whB [ 2" dx
= I+ ). TAW Jo VI + Bt (b — 1) %) [+ B+ (= ) &) ... (n—1) Factors]’

where, as bef'ore the integrations on the first side extend to all real values of z, ¥, &c.,

satisfying h’ ga .<1; n? is determined by ’+h’+ &c.=1; and a, b,...h, h,, &c. are
subject to }7: }IZ —+&e ...>1

For n=3, this becomes,
ﬁ’f (a—z)dedydz
{(a—a)* + (b= gy +(c— 2y}t

47rhh h, a 22dx

ool / 5

@+ ), vw + 1+ (hE = ) &) o + e+ (b= ) )]

the integrations on the first side extending over the ellipsoid whose semiaxes are
h, h,, h,, and the point whose coordinates are a, b, ¢, being exterior to this ellipsoid;

1)
aﬂ b2 c2

TR i oy +.772 The 1: a known theorem.

also





