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On the

Notation

hardening of soils(*)
R. NOVA (MILAN)

AN INCREMENTAL approach to the elastoplastic hardening of soils is presented. It is shown
that in general the plastic strain increments depend on volumetric and shear strain previously
experienced by the material specimen. The model presented here can be reduced to classical
Cam Clay, but the choice of appropriate parameters leads to a better interpretation of ex-
perimental results. In particular the characteristic *hook™ exhibited by the stress path of sand
specimens in undrained conditions is predicted and realistic relations are obtained in constant
hydrostatic pressure tests.

Przedstawiono przyrostowa teori¢ sprezysto-plastycznego wzmocnienia osrodkéw sypkich.
Wykazano, Ze przyrosty odksztalcenia plastycznego zaleza na ogdét od odksztalcenn postacio-
wych i objgtosciowych doznanych uprzednio przez prébke materialu. Model przedstawiony
w tej pracy moze byé sprowadzony do klasycznego modelu Cam Claya, lecz wybor wlasciwych
parametréw prowadzi tu do lepszej interpretacji wynikéw doswiadczalnych. W szczeg6lnosci
przewidziano charakterystyczny “haczyk” jaki wykazuje droga naprezen dla probek wilgotnego
piasku i otrzymano realistyczne zwiazki w do$wiadczeniach przy stalym ci$nieniu hydrosta-
tycznym.

IlpencraBiieHa TeopHA B IIPHPOCTaxX YNPYTo-TUIaCTHYECKOrO YNPOYHEHHA CBHIMYYMX Cpef.
IToxasaHo, YTO NPHPOCTLI MiacTuuecKod AedopmalMd 3aBHCAT B oOuieM oT Aecopmaryit
caeura H obbeMHBIX JedopMammii, HCIBLITEIBAEMBIX paHbile obpasiom marepuana. Mopens,
npeACTaBlleHHass B 3Toil pabore, MoykeT OBITE CBefleHa K Kiaccmyeckoil mopmenmu Kam Knes,
HO 1MoAGop NPaBHILHEIX NTAPAMETPOB NPHBOIMUT 3/16Ch K JIyUINei MHTEPIPETALMH SKCIIEPHMEH-
TANLHBIX PE3YNBTaTOB. B YacTHOCTH, MpefBHAEH XAPaKTEPHCTHYECKHH ,,KPIOK'’, KOTOPBIM
obnafaer myTh HanpsDKeHHH JUIA 00pasioB BOAOHACKHIEHHOTO MeCKa M TIOJYYeHB! peajibHbIe
COOTHOLIIEHHSI B SKCIEPHMEHTaX NPH MOCTOAHHOM CHIPOCTATHUECKOM [aBJICHHH.
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constants,
dilatancy,
yield locus,
plastic potential,
elastic shear modulus,
hardening modulus,
elastic bulk modulus,
hydrostatic effective pressure,
p. consolidation pressure,
p. hidden variable,
q stress deviator,
Vo initial volume,
v, v¢, 0P total, elastic, plastic volumetric strain rate,

.

W dissipated power,
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£, €%, EP total, elastic, plastic shear-strain rate,
& strain tensor,
1 stress ratio,
A positive scalar,
A, k virgin consolidation and swelling parameters,
ki, 71 hidden variables,
M critical state stress ratio,
m;; Stress tensor.

1. Introduction

HisToRICALLY the behaviour of soil has been described in different ways depending on
which purposes one had to fit. If the main problem was to guarantee the overall stability
of an earth mass, the soil was idealised as a rigid, perfectly plastic material, and the
classical theory of plasticity was used to predict the safety factor with respect to the global
collapse of the system. Following the methods of the theory of plasticity, useful calcula-
tions of upper and lower bounds of the safety factor were performed (PRANDTL (1930),
TERZAGHI (1943), DRUCKER and PRAGER (1952)) and in more recent years the Sokolovskii
method of characteristics has been applied to evaluate solutions of complex problems
(SokoLovskit (1965)). On the other hand, when the major interest of the desinger was
to avoid excessive settlements, the soil was idealised as a linearly elastic material and the
well-known solutions of the theory of elasticity applied to predict settlements. Re-
cently, more sophisticated analyses have been performed using a variable shear modulus
(KONDNER (1963), KONDNER and ZELASKO (1963)), but still maintaining the hypothesis
of an elastic behaviour, albeit nonlinear.

Unfortunately, both approaches are not completely satisfactory. The first disregards
the influence of deformations on the collapse load. In particular, the dilatation properties
of the soil are completely ignored. The second can give only a rough estimate of settle-
ments because of the many restrictive hypotheses implied. In fact, some irrecoverable
deformations take place from the very beginning of the loading process in most practical
cases. This implies that not only the behaviour is non-linear, but also the direction of
the strain increment is mainly determined by the state of stress and not by the stress
increment, as in the elastic theory. This fact is not essential in cases in which only one
parameter is representative of the state of stress, say the bending moment in a section
of a beam, but is of importance where domains of allowable stresses ought to be con-
sidered, as practically in every Soil Mechanics problem.

To take account of this fact, many elastoplastic models for soil behaviour have been
proposed. Among the most successful are Cam Clay (SCHOFIELD and WROTH (1968))
and more recently the model of LADE and DUNCAN for sands (1975). In both, considera-
tion is given to the expressions of the plastic potential and of the yielding surface, whilst
the definition of the hardening function is somewhat less convincing. In Cam Clay
Schofield and Wroth assume that the volume is a function of the state of stress and of
the loading history. They can define a state boundary surface that encloses all the possible
states of the material and use it to evaluate the strain history. To evaluate the shear
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strain they integrate the shear strain rates along the stress path. Lade and Duncan assume
that the dissipated work is a hyperbolic function of the shear strain. The strain increments
are obtained by derivations.

The strain rates play a key role in an incremental theory of plasticity. If they are known,
once the stress path is fixed it is possible to determine the total strain history step by step.
A theory that is founded on the definition of the strain increments rather than on integral
relations seems to be a more logical one. In this work, a general method to determine
the expressions of the strain increments is put forward. Some simple assumptions will
enable us to predict strains qualitatively close to reality in various conventional tests.
Stress paths and pore pressures will also be predicted in an undrained test.

2. Strain increments

The following derivation is well known in metal plasticity. We shall assume that the
material exhibits a work hardening behaviour, at least in the region in which we are
concerned with. We shall suppose the existence of a family of plastic potentials that
governs the direction of the strain increments, and of a family of yield loci that evolves
as the soil hardens. Moreover, the soil will be considered as virgin at-the first application
of a load, which means that it will exhibit some irrecoverable deformation from the very
beginning of the loading process.

Instead of working in the traditional space of tensors oy;, &; it is extremely useful
to limit ourselves to the “triaxial” plane defined for the first time by SCHOFIELD (1959).
We thus define the following quantities:

oy 420}

@) p="3"2 . g=g-d, n=%,

2.2) U= & +28;, &= (& —&;).

A dash indicates effective stresses, a superimposed dot increments of strain or stress. The
indices p and e will mean plastic and elastic strain, respectively:

(2.3) b= 0°+P, &=+

From the definitions (2.1), (2.2), we see that p and g are the effective hydrostatic pressure
and the deviator of stress respectively, whilst ¥ and & are the corresponding volumetric
and shear strain increments. Volumetric strains are taken positive in compression. The
coefficient appearing in the definition of & is necessary to express the dissipated power
W as:

(24) W= O'UE.‘U = p?'J"+qé’.

For this simple derivation see SCHOFIELD and WROTH (1968).
In general we can define a plastic potential as

(2'5) g(ps 9", v, &, k:) . 0;
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where k; constitute a set of parameters depending on the previous history of the material.
They are generally known as hidden variables and are functions of the state of strain.
From the definition of plastic potential it follows that

. g
.

(2.6) P =4 R
. og
) J—

2.7 & =A %

where / is a positive scalar.
We can then define the dilatancy d as

o _ 0glép
(2.8) d= o L
In a similar way one can express the yielding surface as
(2‘9) f(P; q,v,¢&, Zi) = 09

where j; constitute another set of hidden variables. Let us assume that the yielding sur-
face can be expressed as a family of curves in the p, g plane depending on a single para-
meter p,. This latter assumption is common to Cam Clay and the Lade Duncan model.
It is not strictly necessary and what follows is valid also if the yield locus depends on
more than one hidden variable, but this complicates the algebra without any appreciable
result. Moreover, suppose that both the plastic potential and the yield locus do not depend
on the stress path and therefore on the state of strain. Many experimental data are in
accordance with this assumption (e.g. ROWE (1972), SCHOFIELD and WROTH (1968), LADE
and DUNCAN (1975), POOROOSHASB (1971), TATSUOKA and ISHIHARA (1974)).

During any loading process in which plastic deformations occur, the yielding surface
is constantly activated and therefore its increment f is null

6f of .. o .

210 = 55 Pt 5y it b

= 0.

The increment p, is a function of the plastic deformations and thus we may write

3P u 5.0.. %

@11) = Degrt

and from the definitions (2.6), (2.7)

o A %Px 98 P g
(2.12) p.—A(avP o 6q)'

Substituting in Eq. (2.10) we get
o . of.
" 2!
of (ap.. dg ap..@)‘

dp. \ov? 0p ' 0e® oq

(2.13) A= —
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The plastic strain increments can then be determined through Egs. (2.6), (2.7) once the
yielding surface, the plastic potential, the stress increments and finally the dependence
of p, on the state of strain are known. The elastic increments ¢° and &° are easily found
once the elastic properties of the material are known. If X is the bulk modulus and G
the shear modulus, it follows from Egs. (2.1), (2.2), (2.3) that

i B . @
2.14 f=, =
219 R S T
The history of strain as a function of the stress path can now be determined by integration.
Several plastic potentials and yielding surfaces have been presented in the literature
which are suitable for the former representation. The aim of the following section is to
determine a simple relation between p, and the state of strain.

3. Hardening parameters

In Eq. (2.13) two quantities which have to be evaluated experimentally appear. The
first, dp./dvP, is an index of the evolution of the parameter p, and, consequently, of the
yielding surface with the variation of volume in a process without plastic shear strain,
i.e. an isotropic compression. In fact, it is widely accepted that under an all round pressure
the only occurring deformation is volumetric. The parameter p, can be any convenient
value of the hydrostatic pressure characterizing the current yield locus. Let us choose
as p, the pressure corresponding to the intersection of the current yield locus with the
line # = M along which the critical state is attained-as shown in Fig. 1. On this line no
plastic volume change is possible.

Rl |

yield locus

———— plastic.
potential

p=0; €f=0

Pu 1Pc p,v*f

FiG. 1. Yield locus in p/g plane.
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Suppose we test a specimen along a g = O stress path. A reasonable assumption,
confirmed by experimental data is that

- Pu
3.1 oP =C—,
3.1 - 7
where C is a constant. This result follows when we assume the usual logarithmic relation
between the plastic volumetric strain and the pressure p.—see Fig. | — (SCHOFIELD and
WROTH (1968)) and the dependence of the yield locus on the single parameter p,. In this
way the ratio p./p, is constant and Eq. (3.1) follows. From this equation we can write

Pu _ Pu

(3.2) o =

To determine dp,/de® we have to perform a test along the n = M line. In fact, if the
plastic potential is independent of the stress path, then, along this line, 7 = 0 also during
a hardening process, provided this is possible. Assume that

; C p.
3.3 P ekl
@3) ’ m=M D pu
such that
ap D
(3.4) o6 ”C—Pu»

where D is another constant. Some 7 constant tests performed by NAMY (1970) on normally
consolidated clays support this hypothesis.
Equation (2.13) now becomes

of .  of .

7,7,
(3.5) Ad=-C- 7 la 2 .

g 4
o (502

4. A simple example: an undrained test on Cam Clay

Equation (3.5) holds for any kind of flow rule, associated or non-associated. To show
which are the implications of this kind of approach let us confine ourselves to the simple
case of an associated flow rule. A very useful one to be treated analytically is the original
Cam Clay. In this model

@.1) ng=q+M4m51—q=m

u

4.2) C =ik,
(4.3) D=0.



ON THE HARDENING OF SOILS 451

From Eq. (4.1) and the definition (2.8)

of
4.4
4.4 ¥ 7] =1,
@.5) 3f = MnZ g,
Du
of p
4.6 = —-M-=,
(4.6) o .
Thus Eq. (3.5) can be written as
dp+q
4.7 A= (A-k) Aod
In Cam Clay
3 )4 .
4.8 *=k—, &=0
(4.8) -
Then, in an undrained test (¥ = 0)
: p
4.9 P = —k—
4.9) P
and, from Egs. (4.7), (2.6)
: p 9\ A-k p
4.10 o= —k—= (d-i-——)—----———.
(319 p op] M p
Taking account of the fact that d = M— -f;—, we get
dq ¢ Mi
(4.11) = =k
Integrating, we have the stress path equation
Mi pc
(4.12) g=-—pPhn

and we can calculate the shear strains
. k.
(4.13) B ff-"= ek

From Egs. (4.12), (4.13) we finally get

kft—-=
(4.14) %:1_6» ( ").
This solution coincides with that presented by Schofield and Wroth expressed in terms
of volumetric strain instead of volume. This means that the constants 1 arnd k used here
correspond to those used in Cam Clay divided by the initial volume V.
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- It is of interest to see what happens if D is taken as a positive constant. Equations
(4.12) and (4.14) become respectively

p __A-k(n kD, [  nM
M
_ Me
k
n k D\ [t=%
4, ¥ . KDViy ,
(4.16) M(HAM{Ie )

If we imagine that a sand can be modelled in this way, we note that much experimental
evidence can be fitted better by taking D > 0. In particular, the characteristic “hook”

o .
& p_, KD
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F1g. 2. Undrained test stress paths,
— — — drained stress path and total stress path.

exhibited by the stress path of sand specimens in undrained condition is predicted, as
we can see in Fig. 2 where stress paths corresponding to different values of D/M are
presented. We see how a low value of D/M can model loose sand, whilst a high value of
D|M can model dense sand. The same conclusion holds for Figs. 3 and 4 in which pore
pressures and stress ratios are plotted against shear strains.
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F1G. 3. Undrained test-stress strain law.
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FiG. 4. Undrained test pore pressures.
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5. Hardening-softening transition

In the theory of elastoplasticity allowing for hardening or softening, Eq. (2.13) is
often written as

1 a .
(5‘1) A= —g-‘ "é‘&l; Oij,
where H is referred to as “hardening modulus”. H > 0 is said to characterize hardening,
H = 0 perfectly plastic, H < 0 softening behaviour, respectively. Comparing Eq. (5.1)

with Eq. (2.13), we see that

i s af (fp_"_ai.{_ 3‘0"@
" Op, \Ov® dq ' 0¢® 0Oq
or, if we accept Egs. (3.2), (3.4), (4.1), (4.2),

(5.3) H= %p(d-l-f)).

(5.2)

If D is positive, hardening is still possible when d is negative until the failure locus is
reached.

Therefore, dilatation can occur during hardening, as it has been widely observed
experimentally in sands and rocklike materials. If we fix a failure locus, i.e. locus of the
peaks, the softening process can be described by taking D = 0, as in Cam Clay. There-
fore, hardening-softening transition can be accounted for in this way. Cam Clay allowed
only for elastic-softening or elastic-hardening behaviour, alternatively. This result is valid
whatever the assumption on the shape of plastic potentials and yield loci may be and it
is not restricted to the single Cam Clay model.

To illustrate this result, consider a constant p test. Borrowing again the expression
of the yield locus and of the plastic potential from Cam Clay, we can express the strain
increments as

. A—k
(5.4) eP = M(M—=n+D)p’
.5) ¥ o (M=) %)

No elastic increment of volume can occur since ;3'= 0. For the sake of simplicity assume
again &° = 0.
Integrating Eqs. (5.4), (5.5) we have:

D N
(5.6) %=(1+H (1 : -)
(5.7) Mo _ (_.'.1._1) —D&
. k o k ’? k .

Equations (5.6), (5.7) are plotted in Figs. 5, 6, 7 for different values of D/M. As in the
undrained test, a low value of D/M can model loose sand while a high value of D/M
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FiG. 7. Constant p test volumetric strain versus stress ratio.

does it for dense sand. A disagreement with experimental findings can be found in Fig. 6.
In fact, we see that the curve does not exhibit in its initial part the change in curvature,
characteristic in constant p test. This is probably due to the fact that the true yield locus
has a vertical tangent at ¢ = 0 and only for larger values of # it assumes a shape
similar to Cam Clay. The observed disagreement could be removed by correcting the
yield locus in this region. It must be emphasized that these equations are valid only during
the hardening process.

In the real material at a certain level of the stress ratio depending on the density of
the sand the failure locus is attained and a softening process begins. For this reason the
lines presented in Figs. 5, 6, 7 are dotted for large values of the stress ratio compara-
tively to the density. It is questionable whether a p constant test could be performed
also during the softening phase and we prefer to leave it aside. Anyway, in principle,
Eq. (5.3) should be employed taking D = 0.

To compare qualitatively the results obtained in the undrained and p constant tests
presented here with experimental data see for example TATSUOKA and ISHIHARA (1973).

A quantitative comparison with real results is meaningless for sands. Indeed the
plastic potential used by Schofield and Wroth is not adequate. The Rowe’s stress dilatancy
relation offers a better interpretation of actual test data. Moreover the assumption of
normality embodied in Cam Clay is not correct for sand. An expression for the yield
locus different from that of the plastic potential must be used. POOROOHASB (1971) and
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TATSUOKA and ISHIHARA (1974) give expressions similar to Cam Clay yield locus but
different experimental parameters appear in their equations. Probably this is the reason
why the modified Cam Clay presented here gives a good qualitative agreement between
calculated and observed data.

7. Conclusions

This note presents an incremental approach to the elastoplastic hardening of soils. It
has been shown that in general the plastic strain increments depend not only on the volu-
metric but also on the shear strain previously experienced by the material specimen. It
has also been shown that the general expression presented here can be reduced to Cam
Clay once the strain hardening function is expressed in terms of volumetric stains instead
of volume change but the choice of appropriate parameters leads to a much better inter-
pretation of actual experimental results. An interesting feature of this model is the de-
scription of the “hook™ of the effective stress path of sand specimens in undrained condi-
tions. Moreover, the hardening-softening transition observed in sands and in many rocklike
materials can, in principle, be described in this way. Some more work should be done
to describe quantitatively the hardening, softening behaviour of soil employing more
realistic plastic potentials and yield loci.

Appendix A

Equations (3.2) and (3.4) deserve probably more attention. They have been derived
from a postulated response to an increment of isotropic stress, Egs. (3.1), (3.3), respectively.
The form of the latter equations has been chosen to match experimental data. If we now
integrate Eqs. (3.2) and (3.4), we can derive p, as a function of the plastic strains.

From Eq. (3.2) we have

(A.D) Clnp, = vP+F (c")

and from Eq. (3.4)

(A.2) Clnp, = DeP + F,(vP).

To satisfy both equations the only possible form for F; and F, is
(A.3) F,(e?) = DeP+const,

(A.4) F,(v?) = 9P +const,

therefore

(A.5) Clnp, = v°+ De? +const.

If we assume, as in the rest of the paper, that the material is virgin before the beginning
of the loading process and that the surrounding isotropic pressure is one atmosphere
when we start the test, the constant in r.h.s. of Eq. (A.5) is zero and we finally have

1 @P+0eP)
(A.6) Du=pu(vP, P) = e
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Equation (A.5) suggests a way to determine experimentally the family of yield loci. By
the definition of p,, it uniquely determines a yield locus. Thus, on a fixed yield locus

(A.7) P+ DeP = const.

Therefore, suppose we perform a series of tests and then we draw in a p=+¢ plane the
contours for which Eq. (A.7) holds. If we do it for several values of the constant, we
get a family of yield loci. Finally, a family of fitting curves approximating the aforemen-
tioned contours allows to express analytically the yield function f(p, g, p.).

Equation (A.7) specializes to

(A.8) o? = const

if D = 0. This is a well-known property of the Cam Clay model, following which any yield
locus is associated to a definite plastic volumetric strain. In the model presented here, it
is not a definite plastic deformation that is associated to a yield locus, but, instead, a linear
combination of plastic strains.
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