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Steady motion of thin profile near interface of two heavy fluids

V. V. GOLOVCHENKO and D.N. GORELOV (NOVOSIBIRSK)

A NON-LINEAR problem of the motion of a thin profile at a constant velocity near the interface
of two heavy fluids having different densities has been considered. The problem is reduced
to a system of non-linear equations. The solution of the latter determines the shape of the interface,
pressure distribution along this interface and hydrodynamic reactions on the profile. Some
results of calculations for the air-water media are given.

Rozwazono nieliniowe zagadnienie cienkiego profilu poruszajacego si¢ ze stala predkoscia
w poblizu powierzchni rozdzialu dwoch plynéw cigzkich o réznych gestosciach. Problem spro-
wadzono do ukiadu réwnan nieliniowych, ktorego rozwiazanie okreéla ksztalt powierzchni
rozdziatu, rozklad ci$niei wzdhuz tej powierzchni i reakcje hydrodynamiczne wystepujace
na profilu. Podano pewne wyniki obliczeni dotyczace oérodkow wodno-powietrznych.

PaccmoTpena HemmHelHas 3a7a4a TOHKOTO NpodHiIs JABIMKYIIErocs ¢ MOCTOAHHON CKOPOCTHIO
BOJIM3H MOBEPXHOCTH pasfesia ABYX TAMENbIX MHOKOCTEH C PasHBLIMH IUIOTHOCTAMH. 3ajaua
CBOIMTCA K CHCTEMe He/IMHelHbIX YpaBHeHHIi, pelleHHe KOoTopoi onpenenser dopmy nmoBepx-
HOCTH pasfieNia, pacTpele/icHHe NaBJIeHHH BJOJIL 3TOH NOBEPXHOCTH M FHAPOAMHAMHYECKHE
peakuuH BBICTYMawoUmMe Ha npodmae. IlpHBencHB! HEKOTOpPBIE PE3Y/ILTATHI BHIYHCICHHH,
KacalolHeca BOJHO-BO3NYLUHEIX Cpexd.

THe PROBLEM of wing motion near an interface of two fluids has been considered in a great
number of papers in which the flow was assumed to be two-dimensional and fluid interface
to be free surface, the pressure being constant. Most problems were solved in terms of the
linear theory of small disturbances; the non-linear theory was only used for problems
of motion of the vortex with a given intensity (e.g., see [1, 2, 3]).

The present paper gives a solution to the non-linear problem of the thin profile steady
motion near the interface of two heavy fluids in a more general statement, without assu-
ming that on this interface the pressure is constant. The problem is reduced to the system
of non-linear equations. The solution of this system determines the shape of the interface,
the pressure distribution the realong and the hydrodynamic reactions on the profile. Some
results of calculations for an air-water medium are also given.

1. Let us consider the motion of the profile at constant velocity V,, near the interface
of two fluids having different densities, g, and g,. The general assumptions are:

(a) Fluids are heavy, perfect and incompressible.

(b) The flow is steady, two-dimensional and potential.

(c) The profile is a plate of negligible thickness.

The axis of the fixed coordinates Ox and Oy is taken as shown in Fig. 1. The perfect-
fluid equations in regions D, and D, (see Fig. 1) are

0)) Wy = ——Vp-g,

(2) div Y = 0, rot YWw=V,
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where v (Vix,¥sy), 8(0, —g) are the velocity and acceleration of the gravity vectors, respctive-
ly; p is the hydrodynamic pressure.

Equations (1) and (2) must be solved under corresponding boundary conditions which
will be formulated below.

From Eq. (1) we have Bernouli’s equation:

3 P/?t'*‘%("t"’k)‘*‘g}’ =C, Cp=const, k=1,2.

Equations (2) are Cauchy-Riemann’s conditions for the function

(4) ;’)}(Z) = Upx— ivky: z = x+iy.

Fic. 1.

Accordingly, we will find the analytical functions

v(z) at zeD,,
v,(z) at zeD,

©) () = {

which satisfy the following boundary conditions.
The normal velocities at the profile and the interface are zero

) Im{g({)[1+iF'(x)]} =0 at ¢{, elL,,

@) Im{o(()[1+if'(®)]} =0 at {elL.

The pressure is continuous across the interface

(8) limp(z,) = limp(z;,) at (eL, zeDy, k=1,2.
234 23—

The conditions at infinity are
©) lim 9(z) = Vo, lim f(x) =0.

|z]-»o0 X——00
Kutta-Joukovski’s condition at the trailing edge point is

(10) lim [5(,)] < oo at ;el,.

17+Iy

This problem contains 3 unknown functions: two components ?,, v, of the complex-
conjugate velocity v = v,—iv, and the function determining the interface.
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2. The analytical function ¥(z) may be represented by the Cauchy’s integral

g 1 y1(§1)dl, 1 (y@)dl
(11) o(2) = Vw+ﬁl —Cl_z +'2_:M'J -z

where y,(¢,), () are new unknown functions.

Substituting Eq. (11) into Eqgs. (6) and (7) we have two equations with respect to the
functions y,, ¥ and f. To obtain the third equation let us consider condition (8). Taking
into account Bernoulli’s integrals (3) this condition can be written in the form

(12) 2gf(x)-V&l(e1—e2) = @2 li_IE_ v(22)v(z2) — 01 Iiﬂa(zl)”(zz)
at CEL, ZkeDh k=1,2.

According to Condition (7) and Plemeli-Sokhotski’s formulas [4] we can write

im etz = [ 7@~ o],
-
(13) 2
lim%(z,)v(z;) = {Vo(CH —;13—?(0] ,
23
where
. 1+if'(x)
14 VO = R o C —— e —————
(14) @ "{" O +(f'(x))2}

and the function 7,({) is determined by Formula (11) at z € L (the second integral is
considered here in the Cauchy sense). Substituting Egs. (13) into Eq. (12) we obtain the
following third equation for the unknown functions:

1 1 1
(15) f(x) = EE[V;—VE.(C)— a?fC}Vu(C)-Ey’(C)],
where
_ 020
(16) L 0:+01

3. The system of equations (6), (7) and (15) is non-linear. It was solved numerically
using the method of successive approximation. As a result, the functions y,, ¥ and f are
determined for the given parameters g, b/h (b is the profile chord, / is the distance from
the middle of the chord to the undisturbed interface) and the Froude number F, = V2 /(gb).
Knowing these functions, one can determine the total hydrodynamic force on the profile
Y = 1/20,V%4bC,,a, where « is the angle of attack.

To take an example, the calculations are suggested for a plate moving in-air near
a water surface. The results are given in Figs. 24.

The Froude number effect on the lifting force coefficient C,, at & = 0.1 for different
distances from the undisturbed interface is represented in Figs. 3, 4. The sharp change
of the force coefficient is observed for narrow regions in the vicinity of the Froude numbers
F, = 1 and F, = 1.5. This effect is associated with the interface shape instability for these
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Froude numbers (see Fig. 3). At the further increase of the Froude number the coefficient
C,, slightly depends on F,. Moreover, at F, > 10 which are of practical interest the coeffi-
cient C,, is close to the corresponding value at F, = 0 (this value corresponds to the profile
motion near a solid plane). Figure 4 which shows the dependence of the coefficient C,,
on the b/h parameter for different values of the angle of attack a, illustrates it rather well.
The solid line corresponds to F, = 0, and the dashed line to F, = 100. The given results
show sufficient non-linear dependence of the profile lifting force on the angle of attack.
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