48.

CONCLUDING PAPER ON TACTIC.

[Philosophical Magazine, XX11. (1861), pp. 45—54.]

IN my tactical paper in the May Number of this Magazine [p. 264 above],
I considered the number of groupings and of types of groupings of synthemes
formed out of triads of three nomes of three elements each. The first example of
considering the ensemble of the groupings of a defined species of synthemes
(each of such groupings being subjected to satisfy a certain exhaustive con-
dition) was, as already stated, furnished by me in this Magazine, April, 1844.
In that case the synthemes consisted of duads belonging to a single nome of
6 elements, and the total number of the groupings was observed to be 6,
all contained in one type or family. The total number of synthemes in that
instance being 15, and there being 6 groupings of 5 synthemes each, it
followed that in the whole family every syntheme is met with twice over;
once in one grouping, and once in another. In the case treated of in my last
communication to this Magazine, the total number of the synthemes of the
kind under consideration is 36 (for it may easily be shown that the number
of synthemes of n-nomial n-ads of » nomes of ¢ elements each is (1.2.3...9)");
and as each grouping contains 9 synthemes, these 36 are distributed without
repetition between the 4 groupings of the smaller of the two natural species,—
a phenomenon of a kind here met with for the first time in the study of
syntax. If now we go on (as a natural and irrepressible curiosity urges)
to ascertain the groupings of the synthemes of binomial triads of the same 3
nomes of three elements each, we advance just one step further in the
direction of type-complexity ; that is to say, we meet with the existence of 3,
and not more than 3, types or species in which all such groupings are com-
prised. The investigation by which this is made out appears to me well
worthy to be given to the world, as affording an example of a new and
beautiful kind of analysis proper to the study of tactic, and thus lighting tl.le
way to the further opening up of this fundamental doctrine of mathefmatlc,
the science of necessary relations, of which, combined with logic (if. indeed
the two be not identical), tactic appears to me to constitute the mam stem
from which all others, including even arithmetic itself, are derived and
secondary branches. The key to success in dealing with the problems of
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this incipient science (as I suppose of most others) must be sought for in the
construction of an apt and expressive notation, and in the discovery of
language by force of which the mind may be enabled to lay hold of complex
operations and mould them into simple and easily transmissible forms of
thought. I must then entreat the indulgence of the reader if, in this early
grappling with the difficulties of a new language and a new notation, I may
occasionally appear wanting in absolute clearness and fulness of expression.

Let us, as before, represent the nine elements by the numbers from 1 to
9, and suppose the nomes to be 1,2,3:4,5,6:7,8,9.

If we take any syntheme formed out of the binomial triads belonging to
the above nomes, and if out of such syntheme we omit the elements 1, 2, 3
(belonging to the 1st nome) wherever they occur, the slightest consideration
will serve to show that the synthemes thus denuded will assume the form
L.m.r, p.q, n, where I, m, r may be regarded as belonging to one of the
remaining nomes, and p, ¢, n to the other. The total number of synthemes
in a grouping which contains all the binomial triads is 18, because the total
number of these triads is 54; and consequently it will be seen that every
grouping will in fact consist of the same framework, so to say, of combinations
of elements belonging to the second and third nomes variously compounded
with the elements of the first nome.

This framework may be advantageously divided into two parts, each
containing nine terms, and which I shall call respectively U and U. Thus
by U I shall understand the nine arrangements following :—

4.5.7,8.9,6; 4.5.8'7.9,6; 4.5,9,7.8, 6

5.6.7,8.9,4; 5.6.8,7.9,4; 5.6.9,7.8 4

6. 4.7, 8.5 6.8 T 9..05: 6.4.9. 7,8.5
each imperfect or defective syntheme being separated from the next by a
semicolon, or else by a change of line. So by U I shall understand the
complementary part of the framework, namely :—

8119 6 oSyl 10 1850duib, w8301 7118 48, 4% 510
8 /94y, 56Tyl 1. QuwdyrBia6; BY 7. 8udi578,9
8908 61y THHLUTEONB6 4] 85557 851634, 0

It is of cardinal importance to notice that the order in which the imper-
Ject synthemes are arranged in U and U is one of absolute reciprocity. It is
in this reciprocity, and in the fact of U or U being each in strict regimen
(so to say) with the other, that the cause of the success of the method about
to be applied essentially resides.

The slightest reflection will serve to show that every complete syntheme
of the kind required will be of the form

UxP|
‘ I,'f'xP',
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where the symbolical multipliers P and P are each of them some one of the
forms (by no means necessarily the same) represented generally by the
framework of defective synthemes hereunder written (defective in the sense

that all the elements of the second and third nomes are supposed to be
omitted),

saaibos i sb¥eaq it Lesab

o cottel eials g, be

s Gsoa@bs . oo, bes o, b oa,
or else by the cognate framework

S Nbetut Siglab s W, Whliew

TR0 e g Shet M e nird

PGS an I Nh Foa s M, *be,
where a, b, t are identical in some order or another with the elements of the
first nome, namely, 1, 2, 8; so that there are six different systems of a, b, ¢
in each of these two frameworks. !

No other combination of the elements in U or U (all of which belong to
the second and third nomes) with the elements in the first nome is possible ;
for any such combination would involve the fact of a repetition of the same
triad or triads in the same grouping, contrary to the nature of a grouping.
Hence, then, the number of forms of P and of P being twice six, or 12, we at
once perceive that the total number of groupings is 12 x 12, or 144.

But now comes the more difficult question of ascertaining between how
many distinet species or types these groupings are distributed. If we study
the form of P or P, it is obvious that it will be completely and distinctively
denoted in brief by the twelve forms arising from the development of

abec achbh

bea and b a c¢; videlicet

cab cba
(1) (2) (3) (4) (5) (6)
198 2484l JE11% 207118 1342 3821
% | Sl T2y 1B T 32,1 b B
312 12 3 2484l 321 2138 182
() (8) (9) (10) (11) (12)
1'8:2 2:148 82 2t 8m 14948 3.1 9
2138 3 2:1 118+2 11208 8412 2i8:4
321 1'8 2 2183 1 B 2181 1283

which we may for facility of fature reference denote by
Ty, Tay gy Tyy Tpeee T2

Now as regards the types: since the order of the elements in one nome is
entirely independent of the order of the elements in any other, it 1s obvious
that it is not the particular form of P or of P which can have any influence
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on the form of the type, but solely the relation of P and P to one another.
In order then to fix the ideas, I shall for the moment consider P equal to

123
231
S

This at once enables us to fix a limit to the number of distinct types. In
the first place, the essentially distinct ForRMS of the first column in P, with
respect to that of P, may be sufficiently represented by taking the two
columns identical, or differing by a single interchange, or else having no two
elements in the same place. Hence P, so far as the ascertainment of types
is concerned, may be limited to the six forms following :—

(a) ) (€)

15243 213 231
231 132 33l
312 321 123
(8) (9) (m)
1382 231 .
2413 123 321
Shs 312 132

But again, since (8) and () are each derivable from () (the assumed form
of P) by an interchange of two columns inter se, it is clear that, as regards
distinction of type, » =/, and consequently there are only at utmost five
types remaining, which may be respectively described by the symbols

’Ua ‘Uali 'Ua] Ua | ani
| Ua lUBt;UﬂiUM'Ue['
It must be noticed that a comprehends or typifies the squares numbered 1;

B those numbered 7, 8, 9; 4 those numbered 4, 5, 6; & those numbered 10,
11, 12; e those numbered 2, 3.

|
{

I say designedly that the number of types is at utmost limited to these
five. But it by no means follows that the number is so great as five; for it
will not fail to be borne in mind that these differences have reference to the
peculiar mode in which we have chosen to decompose in idea each syntheme,
by viewing it as a symbolical product of an arrangement containing only the
elements of the second and third nomes by an arrangement containing only
those of the first nome. But the nomes are interchangeable, and therefore
it may very well be the case that two types which appear to be distinct are
in reality identical, their elements in the groupings appertaining to such
types having absolutely analogous relations to different orderings of the
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uomes, so that the groupings will be convertible into each other by permuta-
tions among the given elements. We must therefore ascertain how the
above types, or any specific forms of them, come to be represented when we
interchange the first nome with either of the other two, or, to fix the ideas,
let us say with the second.

To effect this, let Ua, Ua, UB, ify, U, Ue be actually expanded ; by the
performance of the symbolical multiplications we obtain—

jid w6 T LELO L 61 9B IES T 110119 16 11 8 5.9 748.8161251
Ua=1156.6.7 8,92 4 118: 506.8:.7.953 4.1.2: 5.6.9°718.1 4.2.8
6 4GS 90 BSR4 TR OTI 9V 5528 6. 4.9 . 8.2 51153

i 819G S5 SHa SUETLD GG 8.1, 81172 8.6/4105.89.2.1
Un=18.9.465.6.27.1.837.9.45.6.38.1.217.8.45.6.19.2.8
8195 6104 43 T PEE 7500506 401018 208171185 674/:249 .18

: g o el W A ShG BT R T i RS 0 T e B e i S S SR G T e
UB=|8.9.4 5.6.2.7.1.817.9.45.6.18.,2,817.8/4'5.6.839.2.1
859880 48T . SN ENT OGN0 4L 28108 | T 85 6.4019.208

4 ST VA ST LS ETS9 64 C 6T 82,8 ['7TV8.614.5.8 91172
Uy= 1800 506, 1iRequ8 (17,9 4:5:06.8 8.1u2:7.844 5:6.2/9:1.8
8.90. R 4087 LUl 709 0506540 8.1.8/1.7.8.5.6.4.1%19,2.3

: BABVELACEH2N TGS Eg 16740528 8. 1. 2:417.8/6 4U5:19.2.8
Ud= |'8.91 4156 .0 7.2.8: 7.9.4,5:6.2,8.1.8]7.8.4.65.6.89.1.2
8.9¢5 6148 T 1,20 T 584018 12.8:17.8.6°6.4.2 9,18

; 306 4B TG S8 TN B GBS B T8N 6 4. 8.1 902.8
Ue=18.9.45.6.87.1.2|7.9.45.6.18.2.3/7.8.45.6.29.1.3
8.9.5:6,4.3 7.2.8]7.9.6/6.4,2 8.1.87.8.566.4.8'9.1.2

Let us form a framework with the nomes 1.2.3,7.8.9 exactly similar
to that which we formed before with 4.5.6,7.8.9, and .let V, V be its two
parts respectively analogous to U, U, we thus obtain for V,

0 e gt T i i e TR

2198 G800 e QBB AT 19 o) i 20,8 01 T 8]

Sl 8902 dniBilea 8t 0 2 8 e Qe TS 849,
and for V,

S TR A T G e T S G . 08 S

a0 D0 T ol dA e R 0 - A . 88 SRS TR

80902 Bl sy 700908158 T8N 3L, O

We must now perform the unwonted process of symbo_lical di‘vision, and
obtain the quotients of Ua by V, and of Ua, UB, Uy, U8, Ue by V (it will of
course be perceived that it is known @ priori that the dividend forms. of
arrangement are actual multipliers of the divisors ¥ and V). In writing
down the results of these divisions, which will consist exclusively of elements
belonging to the nome 4.5 .6, and of which each term will be of the fo'rm
d, e.f, we may, analogously to what we have done before for greater brgwty,
write down only the single element (d), and omit the residue (ef), which is
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determined when (d) is determined. We shall thus obtain the quotients
following :—

Ua 0%6
7=604'

465
oS 8 . 56 4 546
e s ligupg U—,’f’=645 Uy_465
V 265 V 456 V 654
5ot 58 # ¢ V. 365
Qf:qsﬁ Ue_ 546
Lo V"6'5 4

It may be observed that these divisions may be effected with great
rapidity ; because when three out of the nine figures (in any quotient) not in
the same line or column are known, all the rest are known. Thus, for

e it T 2
example, to find Ve it is only necessary to seek in Ue the syntheme which

contains 1. 2.7, and then to take out the figure in that syntheme associated
with 8.9 in that line, namely, 4; then again to seek the syntheme which
contains 1.2.8, and to take out the figure in that syntheme associated with
7.9, which is 6; and finally to seek the syntheme which contains 2.3.7,
and then to take out the figure associated with 8.9, namely 5; we thus

obtain the three corner figures of the square which represents %ﬁ as thus:

4 6
53

of which the six remaining figures are given by the condition that in no line
and in no column must the same two figures be found. In order to compare
these quotients, or rather the relations of the first of them to the remaining
five with those of a to a, /3, v, &, ¢ it will be convenient to subtract the
constant number 3 from each figure, and to transpose the first and second
columns ; we thus obtain \

123
-Ur,qz 231 |=m=a,
312 |
- 123 : 321
[
_gE 231 |=m=a, -@E 132 (=m=p,
i 7 e 1S
, 123 wail i8R 1
U .
—,’Y-E 312 |=m;=0, U,SE 213 |=m=y,
V 1231 | Yy
4 e
= EMm=e
V 1231

www.rcin.org.pl




48] On Tactic 283

Thus, for greater brevity, considering the five types to be represented by

a a a a a

a B v & ¢

AR IR0 S8 e

and calling the nomes &,, N,, N,, we find that the effect of interchanging NN,
and &V, with each other is to change

e Bl O ¢
into a2 B ey el

or still more briefly by

In like manner it may be ascertained (and the student is advised to
satisfy himself by actual trial of the fact) that the effect of interchanging NV,
and N, with each other is to convert

a8k 1Sk
into o)y A ©

From these two calculations it follows that the effect of any permutation
between N,, N,, N, is to produce a permutation in B, v, 8 inter se, but will
leave a and e unaltered*. Hence then we have arrived at the goal of our
inquiry, having demonstrated that

Va
Va
indicates one type,
‘ Tf'a ’ I'fa ’ ! I./'a ‘
VB Vy Vs |
each of them another the same type, and
Va
Ve
a third type,—and bearing in mind that
(a) belongs to m, exclusively,
() » Ty, Ty »
® Ty, Ty Ty
('7) » Ty T T »
(8) 5 s Ty Tz »

* This result, by the aid of a fine observation, may be more rapidly established wno ictu
(I mean by one caleulation instead of two) as follows. Let N, N,N; be made to undergo a cyclical
interchange, then it will be found that @, 7, & also undergo a cyclical interchange, whilst a and €
remain unchanged. This proves that 3, v, & are only different phases of the same type, which is
suflicient ; for as regards « and e, the fact of the number of individuals which they represeni.:
being unequal inter se, and also unequal to the number contained in 8, v, 9, renders it @ p.rion
impossible to allow that they can either pass into each other or into the forms 8, v, 3, by virtue
of any interchange among the elements.
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and that each form of 7 comprehends 12 groupings due to the 12 forms of
Va, we are enabled to affirm that the total number of groupings of the
binomial triads of 3 nomes of 3 elements each is 144, and that the number of
types or species between which these 144 are distributed is 3, comprising
12, 24, and 108 i‘espectively,—a conclusion which it would almost have
exceeded the practical limits of human labour and perspicuity to have
established by the direct comparison of the 144 groupings of 18 synthemes
each with each other, with a view to ascertain which admit of being permut-
able into each other, and which not.

The largest species of 108 groupings, it may be observed, is subdivisible
into 3 varieties, not really allotypical, of 36 each,—the characteristic of those
groupings which belong to the same variety being that they permute
exclusively into each other when the permutations of the elements are con-
fined to perturbations of the order of the elements in the same nome or
nomes, and the different nomes are subject to no interchange of elements
between themselves.

Just so the species of 36 groupings of trinomial triads, treated of in my
preceding paper, subdivides into 3 varieties of sub-families characterized by
a similar property.

The total number of modes of subdivision of 9 elements between 3 nomes
being 280, it follows, from considerations of the same kind as stated in the
May Number of this Magazine [p. 264 above], that there exist transitive sub-
stitution-groups belonging to 9 elements of

7 (9) 7 (9) 7 (9)

280 x12° 280x 24’ 280 x 108’

that is, 108, 24 and 12 substitutions respectively.

Again, let us consider the question of forming the synthemes of the triads
of a single nome of 9 elements into groupings where every triad shall be found
without repetition. We may obtain such groupings by choosing arbitrarily
any one of the 280 sets of 3 nomes into which the 9 elements may be
segregated*, and then forming one syntheme with the three monomial triads
(corresponding to such set so chosen), 18 synthemes (in any one of the 144
possible ways) of exclusively binomial triads, and 9 synthemes (in any one of
the 40 possible ways) of exclusively trinomial triads; we shall thus obtain in
all 280 x 144 x 40, or 1,612,800 solutions of the question proposed; I mean

* 280 is also evidently the number of synthemes of triads belonging to one nome of 9
elements. TIn general the number of 7.ads belonging to one nome of mn elements is

m(mn-1)x {m-1)n--1} x {(m—=2)n-1} o (n=1)

{rn-1)f"x {m-1)n} 7 {(m-2)n} ...w(n) °
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1,612,800 groupings, all satisfying the imposed condition, and reducible to 6
genera®, comprising respectively

4 x 12 x 280, 4 x 24 x 280, 4 x 108 x 280, 36 x 12 x 280,
36 x 24 x 280, 36 x 108 x 280,

that is, 13,440, 26,880, 120,960, 120,960, 241,920, 1,088,640 individual
groupings. I conclude with putting .a grand question, more easy to propose
than to answer, namely, are these one million six hundred thousand (and
upwards) groupings (classifiable under six distinct genera) all the possible
modes and types of grouping which will satisfy the conditions of the question?
and if not, what other mode or type of grouping can be found? Were I
compelled to give an answer to this question, I would say that the balance
of my mind leans to the opinion that the six types in question are the sole
possible types of solution ; but I do not pretend to rest this judgment upon
any solid grounds of demonstration, nor to entertain it with any strong degree
of assurance. Itis a question which the effort to resolve cannot but react
powerfully on our knowledge of the principles of tactic in general, and of the
theory of substitution-groups in particular; and as such I submit it to the
consideration of the rising chivalry of analysis, seeking myself meanwhile
fresh fields and pastures new of meditation.

* The above genera must not be confounded with types or species. (In my preceding com-
munications I may inadvertently have used the word family as coincident with type: species is
the proper term.) The type of a total grouping in the problem referred to in the text will depend
not only on the particular combination of the types of the binomial and trinomial partial
groupings which give rise to these 6 (=2 x 3) genera, but also on the relative phases of the types
so combined. The number of groupings in one type or species is always a submultiple of the
number of permutations of the elements; whereas it will be seen that the number of groupings
in one of the above genera greatly exceeds that number, which in the present case is only

1.2.3.4.5.6.7.8.9, or 362,880.

Whatever may be the case in natural history, the nature of a type or species, as distinguished
from a genus, family, or any other higher kind of aggregation of individuals, in pure syntax
is perfectly clear and unambiguous; those groupings form a-species which are commutable into
one another by an interchange of elements: thus the different phases of the same type or species
are in analogy with the different values of the same function arising out of a change in a
constant parameter. If it should turn out that the above sixteen hundred thousand and odd
groupings are not the sole solutions of which the question admits, then it will follow that even
in this early instance we shall have an example not only of species and genera, but of distinct
families of genera, for it is certain that the above six genera constitute within themselves a
complete natural family. It will form an interesting subject of inquiry to ascertain how many
types are included within each of the six genera belonging to this family; and be it never
forgotten that to each species corresponds, and from it is, so to say, capable of being extracted
or sublimated, a Cauchian substitution-group.
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