
4 7.

A  D E M O N S T R A TI O N  O F  T H E  T H E O R E M  T H A T  E V E R Y  H O M O ­

G E N E O U S  Q U A D R A TI C  P O L Y N O MI A L I S R E D U CI B L E  B Y  

R E A L  O R T H O G O N A L  S U B S TI T U TI O N S  T O  T H E  F O R M  O F  

A  S U M  O F  P O SI TI V E  A N D  N E G A TI V E  S Q U A R E S.

^ P hil os o p hi c al M a g azi n e,  i v. ( 1 8 5 2), p p. 1 3 8 — 1 4 2.]

It  is w ell  k n o w n  t h at t h e r e d u cti o n of  a n y  q u a dr ati c  p ol y n o mi al

t o t h e f or m αι ξ' ^ +  « 2 ’?“ +  ∙∙∙ +  « η  w h er e  ζ, η... θ  ar e li n e ar f u n cti o ns of

X,  y  .., t, s u c h t h at zr ® +  y ^  +  ... +  r e m ai ns i d e nti c al wit h + +  ... +

( w hi c h i d e ntit y is t h e c h ar a ct eristi c t est of ort h o g o n al tr a nsf or m ati o n), 

d e p e n ds  u p o n  t h e s ol uti o n of  t h e e q u ati o n

=  0.

T h e  r o ots of  t his e q u ati o n gi v e  a ,̂  a ^ ... « ni a n d  if t h e y ar e r e al, it is e asil y  

s h o w n t h at t h e c o n n e xi o ns b et w e e n x, y  ... t ∖ ζ, η  ... θ, ar e als o r e al. 

M.  C a u c h y  h as  s o m e w h er e gi v e n  a  pr o of  of  t h e t h e or e m *, t h at t h e r o ots of  λ  

i n t h e a b o v e e q u ati o n m ust  n e c ess aril y  al w a ys b e r e al; b ut  t h e a n n e x e d  

d e m o nstr ati o n  is, I b eli e v e,  n e w ; a n d b ei n g  v er y  si m pl e, a n d r e p osi n g u p o n  

a  t h e or e m of  i nt er est i n its elf, a n d c a p a bl e n o  d o u bt  of  m a n y  ot h er  a p pli c a ­

ti o ns, will,  I t hi n k, b e i nt er esti n g t o t h e m at h e m ati c al  r e a d ers of t his 

M a g azi n e.

* J a c o bi a n d M.  B or c h ar dt  h a v e  als o gi v e n  d e m o nstr ati o ns;  t h at of  t h e l att er c o nsists i n 
s h o wi n g t h at St ur m ’s f u n cti o ns f or as c ert ai ni n g t h e t ot al n u m b er  of  r e al r o ots e x pr ess e d  b y  m y  
f or m uls θ ( m a n y y e ars  a g o  gi v e n  i n t his M a g azi n e)  ar e  all, i n t h e c as e of  ∕( λ), r e pr es e nt a bl e as  t h e 
s u ms of  s q u ar es, a n d  ar e  t h er ef or e ess e nti all y  p ositi v e.
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Let 

it is easily proved that ∕(λ) ×∕(- λ) 

where

If, now, for all values of r and s, (r, s} ≈{s, r}, that is, if /"(O) becomes the 
complete determinant to a symmetrical matrix, then every term [r, 5] in 
the derived matrix becomes a sum of squares, and is essentially positive, 
and (— 1)”/*(λ) ×y(- λ) assumes the form 

where F, G, ... L will evidently be all positive; for it may be shown that F 
will be the sum of the squares of the separate terms, that is, of the last 
minor determinants of the given matrix, G the sum of the squares of the 
last but one minors, and so on, L being the square of the complete deter­
minant. For instance, if 

where

Hence it follows immediately that y*(λ) = 0 cannot have imaginary roots; 
for, if possible, let λ = p + q √(- 1), and write
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y( λ)  b e c o m es  

or  s a y φ  ( λ'), a n d  t h e e q u ati o n  φ  ( λ') ×  φ(- ∖')  =  Q  will  b e  of  t h e f or m 

w h er e  F ∖  G',  H'  ar e  all ess e nti all y  p ositi v e. H e n c e,  b y  D es c art es ’ r ul e, n o  

v al u e of  λ' ≡ c a n b e n e g ati v e, t h at is, ( λ-c a n n ot b e  of  t h e f or m - q '̂, 

t h at is t o s a y, it is i m p ossi bl e f or a n y  of  t h e r o ots of  ∕( λ) = 0 t o b e  i m a gi n ar y, 

or,  as w as  t o b e  d e m o nstr at e d,  all t h e r o ots ar e  r e al.

I m a y  t a k e t his o c c asi o n  t o r e m ar k, t h at b y  w h at e v er  li n e ar s u bstit uti o ns,  

ort h o g o n al  or  ot h er wis e,  a gi v e n  p ol y n o mi al  b e  r e d u c e d t o t h e f or m Σ νίι ζ·-,  

t h e n u m b er  of  p ositi v e  a n d n e g ati v e  c o effi ci e nts is i n v ari a bl e : t his is e asil y  

pr o v e d. If n o w  w e  pr o c e e d  t o r e d u c e t h e f or m ( e x pr ess e d u n d er  t h e u m br al  

n ot ati o n) +  « 3 ^ 2  +  ∙∙∙ +  ci n ^ nf  t o t h e f or m 

b y  first dri vi n g  o ut  t h e mi x e d  t er ms i n w hi c h  i Cj e nt ers,  t h e n t h os e i n w hi c h  

λ 7 2 e nt ers, a n d s o f ort h u ntil  e v e nt u all y  o nl y of  t h e ori gi n al v ari a bl es  is 

l eft, it m a y  r e a dil y b e  s h o w n t h at

It f oll o ws, t h er ef or e,t h at i n w h at e v er  or d er  w e  arr a n g e  t h e u m br a e  aj aj ... a „,  

t h e n u m b er  of  v ari ati o ns  a n d  of  c o nti n u ati o ns  of  si g n i n t h e s eri es  

will  b e  i n v ari a bl e, a n d i n f a ct will  b e  t h e s a m e as t h e n u m b er  of  p ositi v e  

a n d  n e g ati v e  r o ots i n t h e g e n er ati n g  f u n cti o n i n λ  a b o v e tr e at e d of,  t h at is, 

si n c e all t h e r o ots ar e r e al, will  b e  t h e s a m e as t h e n u m b er  of  v ari ati o ns  

a n d c o nti n u ati o ns i n t h e s eri es f or m e d b y  t h e c o effi ci e nts of  t h e s e v er al  

p o w ers  of  λ,  t h at is

T h e  first p art  of  t his t h e or e m a d mits of  a n e as y dir e ct  d e m o nstr ati o n  ; 

f or b y  m y  t h e or y of  c o m p o u n d d et er mi n a nts,  gi v e n i n t his M a g azi n e *,  w e  

k n o w t h at
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The first member of this equation is equivalent to

Hence it follows, that if the two factors on the right-hand side of the 
equation have the same sign, 

have also the same sign inter se, and consequently the two triads 

and 

will in all cases present the same number of changes and continuations, 
which proves that the contiguous umbrae, a,., α^+ι, may be interchanged 
without affecting the number of variations and continuations in the entire 
series; but, as is well known, any one order of elements is always convertible 
into any other order by means of successive interchanges of contiguous 
elements, which demonstrates that, in whatever order the elements «j, α,.,.α» 
be arranged, the number of continuations and variations in 

is invariable. But that the same thing is true (as we know it to be), for the 
relation between any one of these unsymmetrical series and the symmetrical 
series (resulting from the method of orthogonal transformation)

IS by no means so easily demonstrable in the general case by a direct method, 
and the attention of algebraists is invited to supply such direct method of 
demonstration. My knowledge of the fact of this equivalence is, as I have 
stated, deduced from that remarkable but simple law to which I have 
adverted, which affirms the invariability of the number of the positive and 
negative signs between all linearly equivalent functions of the form Σ + 
(subject, of course, to the condition that the equivalence is expressible by 
means of equations into which only real quantities enter); a law to which 
my view of the physical meaning of quantity of matter inclines me, upon the 
ground of analogy, to give the name of the Law of Inertia for Quadratic 
Forms, as expressing the fact of the existence of an invariable number 
inseparably attached to such forms.
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