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On the low and high-frequency behaviour of generalized thermoelastic
waves

J.N. SHARMA (AMRITSAR)

THE PROPAGATION of plane harmonic waves in a homogeneous transversely isotropic general-
ized thermoelastic medium has been investigated with the help of the theory of algebraic func-
tions. The low and high-frequency approximations for the propagation speeds and attenuation
coefficients have been obtained for quasi-longitudinal (QL), quasi-transverse (QT) and quasi-
thermal (T-mode). The limiting cases of the frequency equation have also been discussed.

Postugujac si¢ teoria funkcji algebraicznych, przeanalizowano problem rozprzestrzeniania sic
ptaskich fal harmonicznych w jednorodnym, poprzecznie izotropowym, uogolnionym os$rodku
termosprezystym. Otrzymano przyblizenia niskich i wysokich czgstotliwosci dla predkosci
propagacji i wspOlczynnikdéw ttumienia w przypadku fal quasi-podltuznych (QL), quasi-po-
przecznych (QT) i quasi-termicznych (T). Omoéwiono rowniez przypadki graniczne réwnania
czgstosci.

ITocny»xuBasice Teopueii anrebpanueckux (YHKUMH, NMPOaHAIM3HPOBaHa npobjema pacnpo-
CTpaHeHMs IUIOCKHX TAPMOHMUYECKHX BOJIH B OHOPOJAHOH, IIONEPEYHO HM30TPONHOM, 0600-
LEeHHOH Tepmoymnpyrou cpefe. IlonyueHbl ONpUOMMKEHHA HM3KMX M BBICOKHX YacTOT MJIS
CKOPOCTH PACIpPOCTPaHEHHA M Ko3(hhHIMEHTOB 3aTyXaHWA B CJyuyae KBasUNPOMOJIBHBIX
(QL), xBasumonepeunsIx (QT) u kBasurepmuueckux (T) Bonmu. OBcy»kaeHBLI Toxke Ipeje-
JIeJIbHBbIE CIIyYad YPaBHEHHA YacToT.

1. Introduction

IN coupPLED thermoelasticity, the propagation of plane harmonic waves in homogeneous
transversely isotropic heat conducting elastic materials has been investigated by CHADWICK
and SEeT [l]. CHADWICK [2] studied the basic properties of plane harmonic waves in an
homogeneous anisotropic heat conducting materials. Recently, the generalized theory
of thermoelasticity advanced by Lorp and SHULMAN [3] has been extended to anisotropic
elastic bodies by DHALIWAL and SHERIEF [4]. SINGH and SHARMA [5] discussed the propaga-
tion of plane harmonic waves in a transversely isotropic thermoelastic medium in the
context of the theory developed in [4]. Three dispersive waves, namely QL, QT and T-mode
apart from the SH-wave, are found to exist in such materials. SHARMA and SINGH [6]
investigated the propagation of plane waves in a homogeneous anisotropic thermoelastic
medium. Four dispersive waves are found to exist. The results have been verified numeri-
cally.

The aim of the present article is to give a detailed account of the low and high-frequency
behaviour of generalized thermoelastic waves in transversely isotropic materials in the
context of a theory developed in [4] and the theory developed by GREEN and LINDsAY

[7].



666 J. N. SHARMA

2. The problem and the secular equation

We consider an infinite homogeneous transversely isotropic, thermoelastic medium
at uniform temperature T,. We take the x;-axis as the axis of symmetry. Then the displace-
ment vector u(x,, x,, X3, 1) = (4, t,, u3) and the temperature 7(x,, x,, X3, t) in the
context of generalized thermoelasticity satisfy the basic field equations of motion and
heat conduction equation in the absence of body forces and heat sources as [5]:

1 1 ..
(2.1) (crp—e)ui 5+ 5 €y o)y i+ caatty 33+ (cp3tea)us,i3— B, Ty = oiy,
2 2

(2.2)  caqus jitessity a3t (cpateq)uy 3;— 3T 3 = oiiy, 1,j=1,2,
2.3) KT +KsTa3=0CAT+10T) = Tolfy Gy, s+ Todly, )+ B3(lis, 3+ Toids, 5)],
where
1= (c;1+e D)o +ep303, B3 =230 +C330;
and all other symbols have their usual meanings as in [5). The comma notation is used

for spatial derivatives and the superposed dot denotes time differentiation.
We assume that

K, >0, K;y>0, 0>0, To>0, C.>0, ¢,>0, ¢, >cp,,
el > clay  Caa > 0, exaleyteg;) > 2eis.
To solve Egs. (2.1)-(2.3) we take [5]

(2.4)

(2.5 Uy =¢ +y.,, U, = ¢ =%, Uy = Y 3.

Substituting Eq. (2.5) in Eq. (2.1)-(2.3), we obtain

(2.6) bt sztesy ss—p,Tley = Q‘i’./('n i

2.7 3P ity ity a—PF3Tley = ofeyy,

(2.8) T i+ KT 33— (0Co/K)(T+1,T) = (To B, [KDP. i+ o, i + B, 33+ Toy. 3],
2.9) (cri—C1) ) it+2C4ay . 33—20% =0, i=1,2,

where

(2.10) ¢ = c3sfer, €2 = caafeyy, €3 = (cratesa)/eny, K = Ky/K,,

B = 3;/B.
Equation (2.9) gives a purely transverse wave which is not affected by the temperature
and is polarized in planes perpendicular to the x;- axis and may be referred to the SH-wave.
This wave propagates without dispersion or damping with the speed

(2.1 Vi = [{(c;;—c;5)sin?0+2c 4 c0s%0}/20]' /2

where 0 is the inclination of the wave normal to the x;-axis.
Since Egs. (2.6)-(2.8) are independent of y and vice-versa, we exclude Eq. (2.9) from
further discussion.
For plane harmonic waves we take
¢ = Aexplio(v~'x,n,—1)}, 1w = Bexp lim(v 'x,n,—1)},

2.12
=13 T = Cexplio(v™'x,n,—1)],
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where i = ]/(_—_1), A, B, C are the amplitudes, v is the phase velocity (in general complex),
o the angular frequency (assumed real) and n = (n,, n,, n;) is the wave normal which
specifies the direction of wave propagation.

Using Egs. (2.12) in Egs. (2.6) to (2.8), we obtain the secular equation as

(2.13) (I =700t ) —AD(E— ) +2D(=2)((—-4) = 0,
where

¢ = ov%le,y, D= sin20+ Kcos2f, o = C,e,, /K, - & = BiTo/0C.c,y,
(2.14) 1t =ofof,

(a, £/ (@3=4a))f2,  77.2% = (1+2,)(4,
1) (43-44))/2,

z=1iy* A, A

(2.15) a, = e>sin*0+ (¢, +c3—c3)sin®6cos?0+¢,c,cos0,
(2.16) a, = (1+c¢,)sin?0+ (¢, +¢,)cos?0,

(2.17) A, = Cysin*0+ (C; + C3—C3H)sin?0cos260+ C, C,cos*0,
(2.18) Ay, = (1 +C,)sin?6+(C, + C,)cos?0,

(2.19) Cy = (c;+& /(1 +¢), Cy = c;/(1+¢), Cy = (c3+eB)/(1+¢)

and 0 is the inclination of the wave normal to the axis of symmetry.

3. Limiting cases of the secular equation

When @ — 0. i.e., z = 0 Eq. (2.13) reduces to

(3.1 (E—AD(E—43) = 0.
The roots of this equation are
(3.2 L@ = 2F, L0 =0, i=1,2.

It follows from Eq. (2.14) that the velocities associated with these roots have real values
v; = (1, A¥Jo)%. The modes associated with the first two roots {; are quasi-longitudinal
(QL), quasi-transverse (QT) and the third associated with {5 is the thermal (T-mode).
Obviously, there is no damping in either of these modes in this limiting case.

The secular equation (2.13) may also be written as

(3.3) E-100N - C—AD+D(C—-2)(—4) =0,
where z = 1/z.

When o — o0, ie., z — 0, Eq. (3.3) reduces to
(3.4) T (=) E - +D(E-4)(—4,) = 0.

Approximate values of the three roots of this equation will be obtained in the next section
as a special case of high frequency approximation. However, when 7, — O this equation
may be written as

(3.5) ('C=4p(E—4) =0.
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The three roots of this equation are
(3.6) CE=)"ES C:-,——- o0, l=1,2

The velocities of the first two modes associated with {; have real values (4;¢;,/¢)!/2. The
third mode (T) has infinite velocity of propagation and it thus diffusive in nature.

4. Discussion of the secular equation

The secular equation (2.13) is, in general, an irreducible cubic equation in the unknown
¢ which determines the complex phase velocity. When the numerical values of all the
parameters involved are given, this equation may be solved exactly or numerically by
standard methods. However, it is of theoretical as well as of practical interest to investigate,
as far as possible, the three roots of Eq. (2.13) as it stands. We discuss the roots of Egs.
(2.13) or (3.3) with the help of the theory of algebraic functions taking z or z as a complex
variable.

4.1. Low-frequency approximations

Let )
4.1) F(Z,2) = (I-7r072) (- D) (- A +2({-24)((—4) = 0.

The critical points of the algebraic function F defined by Eq. (4.1) are the zeros of the
discriminant obtained by eliminating { from

(4.2) F(,z)=0, &F/dt=0

and the zeros of the coefficient of highest power in ¢, which is a sextic equation in z. Let
the roots of this equation be z; (j = 1, 2, ..., 6). The seventh critical pointisatz = 1/r w§.
By a basic theorem in the theory of algebraic functions there are three distinct roots £;(z),
(/= 1,2, 3) which are analytic functions of z in a domain D of the complex z-plane
which excludes these critical points [8]. It may be shown that z; are the branch points
and 1/7ow¥ is a simple pole of these roots. None of z; could be zero, for otherwise at least
one of { = 0, A¥, 4% would be a repeated root of F({, 0) = 0. Thus these roots admit
Taylor series expansions in the neighbourhood of z = 0. We may, therefore, write

(4.3) G@ = a1+ Y2y, i=1,2,

n=1
(4.4) 53(2) = ) dul(—2)"

n=1

where the first two coefficients in these series are given by
4.5) e = DgUNIf (A AE,  dy = Dg(0)/f'(0),
(4.6) o = P [Dg'(AF) = Tl f (AN =X/ )2/ (),
4.7) d, = d,[Dg'(0)—Towlf"(0)—d,f"(0)/2]//(0),

(4.8) fQ) = -2 (E—23), &0 = (E—4)(—-A).
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These series converge for |z] < R where

4.9 ' R = Min{l/vo0f, |z}, Jj=1,2,3,..
is the distance of the nearest singularity (critical point) of {; from the origin.
If we write

o7 = V-ltinTlg,
where ¥ and g are real, the exponent in the plane wave in Eq. (2.12) becomes
(4.10) —gqx,n,+io(V1x,n,—1t).

This shows that V is the speed of propagation and ¢ the attenuation coefficients of the wave.
Using Eqgs. (4.3)-(4.4), we obtain the values of V" and ¢ for different modes:

4.11) Vi = VEVR[cos($:/2), q.= wsin(@/2/VFVR, i=1,2,3,
where for elastic waves

R, =V (47 +B}), ¢, =tan"'(+|B/A)),
A =1—cPy*2, B, =cPp*, V¥ = (citlo)?

and for the T-mode
(4.13) A3 = _X*zdz, By =d, % v = (Cu/Q)l/z-

The signs + or — in the determination of ¢; are taken accordingly as x,n, > 0 or <0
in the expression (4.10)

(4.12)

4.2. High-frequency approximation

We now obtain approximations to the roots of the secular equation (3.3) when Z is in
the neighbourhood of z,w¥. The critical points of the algebraic function defined by Eq.
(3.3)are at z; = 1/z;, (i=1,2, ...,6) and 2 = 7,0%. Due to the roots (3.6), it may be
shown that z = T,0* is a removable singularity for the roots £;(%) and a simple pole for
£3(2).2, (i = 1,2, ..., 6) are branch points of all the three roots £;(2), (i = 1, 2, 3). Thus
¢y, £, admit Taylor’s expansions and ;(z) admits Laurent’s expansion in the neighbour-
hood of z = 7,m*. We can, therefore, write

[oe]
(4.14) 2 = a1+ Y ep(-2y),
n=1
(4.15) 8(2) = 1(2)/2,
where
o)
(4.16) Z=j-n0f, ()= d(@r.
n=0
The expansions (4.14) and (4.16) are valid for
4.17) IZ| < R,
where

(4.18) R = Min{|z;— o0} }.
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If the critical point z; which defines R in the relation (4.17) is labelled Z, and we write
2, = X, +iy
then the relation (4.17) leads to
(4.19) w? > 0¥ {x3+31-2x,T00%).

This gives the lower limit on the frequencies above which the expansions (4.14) and (4.15)
hold.

If the expansions (4.14), (4.15) and (4.16), are introduced in Eq. (3.3), then by using
the roots (3.6) we obtain the following expansions for the first two coefficients as

ef? = f(A)/DAg' (X), ¢ = If'(ﬁ.-)— -;—Dl:f‘n”g”(ﬂs)] | Dg’(4:),

2
(4.20) do=~D, dy=) (A-1),
i=1

dy = 2D-V[AF A% — A, Ay +d, QAY+A5)— A, — A, +2d)],

where () and g({) have been defined in Eq. (4.8). To obtain the propagation velocities
and attenuation coefficients, we write

~

(4.21) Z = 5—1ow* = re',

where

(4.22) r=(* " *+7wtH)?, = tan"!(1/7w).

We then obtain

(4.23) Vi=cVrlcos(i/2), g = wsin(y/d/c;Vr, i=1,2,3,
where

ro=V@+b6}), wi=tan7!(xb/al),
(4.24) a; = 1—rcosypc?+r2cos2ypcs?,
b, = —rsinyc® +risin2ycd, ¢ = (c11 A/o)'?,

for elastic waves
as = — Dcos(y)/r+rcosyd, +r2cos2yd,,
(4.25) b, = Dsin(y)/r+rsinyd, +r3sin2ypd,, c¢3 =V (ci, /o) for T-mode.
The + or — signs in the determination of i are to be taken accordingly as x,n, < 0
or > 0.
The approximate values of the roots of Eq. (3.4) can be obtained from Eqs. (4.14)
and (4.15) on letting y* — co. We obtain
E= Al +roofFc+ 1302+ ..],
{3 = /gt +d, —dytowi+ ..., i=1,2.
The values of 7, for which these expansions hold follow from the relation (4.19), and are
to satisfy the inequality

A A
X34 38 —2%, ro0f > 0,
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The real values of propagation velocities follow from the above expansions directly. We
obtain

Vi=ci{l +to0f e+ 15c¢’0w¥?+ ...} for elastic waves
1

+d,—tow¥d,+ ... for thermal wave.
TowF

V_l:CJ{

This last result shows that the T-mode has now a finite velocity of propagation whereas
in the coupled thermoelasticity (7, — 0) this mode is evidently diffusive.

5. Analysis on the basis of Green-Lindsay theory

In this section we shall discuss the propagation of plane harmonic waves in a trans-
versely isotropic thermoelastic medium in the context of the Green and Lindsay [7] theory
of thermoelasticity. The basic equations of motion and heat conduction in the absence
of body forces and heat sources are

1 1 .
(5.1) e e it 5 (e eyt Cagtli 33 (0 3+ Cag)uy, i3 —0U; =
2 2

= ﬂl(T"-aO’I‘-‘)la
(5.2) Caalls,j;j+ a3y, 33+ (Cratcaa)tiy, 3;—0iis = f3(T+oag 7:'),3,
(5.3) KT ;+K5T, 33_QCe(T+ xg T) = To(Briyy,;+Bsit,3),

where «, and af are the thermal relaxation times and all other symbols have their usual
meanings as defined in [5]. The parameters @, and a«f satisfy the inequality

(5.4) o = o = 0.

If «y # 0, the stresses depend on the temperature velocity and if a* # 0, the heat propaga-
tes with a finite speed. Since af # 0 implies that a, # 0, it follows that the heat cannot
propagate with finite speed, unless the stresses depend on the temperature velocity.

Using Eqs. (2.5) and (2.12) in Egs. (5.3), we see that the purely transverse (SH) wave
again gets decoupled from the rest of the motion and propagates without damping or
dispersion with speed given by Eq. (2.11). The secular equation in this case for the rest
of the motion is given by

(5.5) (I—ag T 2)L(E=2)(E—2A3)+2D(C—2) (- 22) = 0,
where £, o}, z, ¥, 2%, D are given by Egs. (2.14) and

(5.6) Ay = [az+b; + {(az+b,)* —4da; (1+b;) }'/?]/2(1 +b,),
(5.7 A = [az+b,— {(a; +b,)* —4a,(1+b,)}'/*]/2(1+ D),

(5.8) b, = & (ao—a¥)w* D™ e, sin*0+ (c; —2c; f + f?)sin20cos20 + ¢, fcos*H],
(5.9) b, = ;0 (o—a¥) D1 (sin%0+ f>cos20).

Proceeding as in the previous section we again obtain the following approximations for
the speed of propagation and the attenuation coefficients of the QL, QT and thermal
(T-mode) waves:
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i) Low-frequency approximations

(510)  V, = V*VYRFcos(p}/2), qi= wsin(¢p}/2/V¥VRF, i=1,2,3,
where

(5.11) R¥ =y (LI +MD), ¢F=tan~'(+|M,/L)),
(5.12) L, = 1—cPy*2, M, =cPy*, V¥ = (c,,4}/0)'!* for elastic waves,
(5.13) Ly = —y*d,, M,=d,y* V¥=(c./o)V* for T-mode.

The quantities ¢, ¢, d, and 4, in this case are

(5.14)  c? = Dg*x(AN/AEf'(2F), i = " [Dg*¥ (A —ag T f (AF)
—ciPAEf (AN (AY),

(5.15) d, = Dg*(0)/f'(0), d, = d,[Dg*'(0)—oagwif'(0)—d,f"(0)/2]/f(0),

where f(£) is given by the relations (4.8) and

(5.16) ; g*(8) = (E-21) (- 13).

ii) High-frequency approximations

(5.17) Vi=ciVrfleosw}/2), i = wsin@}/Dfeiyrf, i=1,2,3,
where

(5.18) rf=V@E+m), vt = tan~l(|l/m]),

(519) I, = 1 =r*siny’c? +r*2cos2y’cs?  for elastic waves,

(5.20) m; = —r¥siny’c{?+r*3sin2y’cs?, ¢ = (cy; Ai/0)'?,

(5.21) [3 = —Dcos(y')/r*+r*cosy’d, +r**cos2y'd,,

(5.22)  my = Dsin(y)/r*+r¥siny'd; +r*?sin2y’'d,, c¢;3 = (¢y1/e) for T-mode.
(5.23) r* = (p* 24 a¥?0¥)2, ¢ = tan~!(l/ad w),

(5.24) i = fA)/DAig* (%), ¢ = P [f"(A)— DeiPAig*" (A:))/Dg*' (2,
2

dy = D) (=),
(5.25) i=1

d, = 2D M [AFAF— AL As+d 202 +A%)— A1 — A3 +2d,)].
If we take «y = ad = 7,, then all these results reduce to the corresponding results obtained
in the previous section, for Eq. (5.5) reduces to Eq. (2.13) and b,, b, tends to zero. Taking
% = af = 7o = 0, all the results reduce to the corresponding ones in the context of

coupled thermoelasticity. Thus we conclude that the results obtained in this section are
more general ones.

6. Conclusion

The SH-wave gets decoupled from the rest of the motion in the case of both theories
and propagates without dispersion or damping. The resulting motion is represented by
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three types of waves: QL, QT and T-mode, which are affected by the thermomechanical
coupling and relaxation times. At sufficiently low frequencies the waves are found to be
independent of relaxation times where as at high frequencies these are affected by the
thermal relaxations, which supports the conclusion that “second sound” effects are short-
lived. Though the waves in the context of the Green-Lindsay theory are subject to stronger
modifications than those in the Dhaliwal-Sherief theory, in general, both theories lead
to similar types of conclusions and results,

References

1. P. CHapwick and L.T.C. Seet, Wave-propagation in transversely isotropic heat conducting elastic ma-
terial, Mathematica, 17, 255-274, 1970.

2. P. CHADWICK, Basic properties of plane harmonic waves in a prestressed heat-conducting elastic material,
J. Thermal Stresses, 2, 193-214, 1979.

3. H.W. Lorp and Y. SHULMAN, The generalized dynamical theory of thermoelasticity, J. Mech. Phys.
Solids, 15, 299-2309, 1967.

4. R.S. DHALiwAL and H. H. SHERIEF, Generalized therinoelasticity for anisotropic media, Quart, Appl.
Maths., 38, 1-8, 1980.

5. H. SINnGH and J. N. SHARMA, Generalized thermoelastic waves in transversely isotropic media, J. Acoust.
Soc., Amer., 77, 1046-1053, 1985,

6. J. N. SHARMA and H. SINGH, Generalized thermoelastic waves in anisotropic media, J. Acoust. Soc., Amer.
[in press].

7. A.E. GreeN and K. A. LINDsAY, Thermoelasticity, J. Elasticity, 2, 1-7, 1972,

8. L. V. Arrors, Complex analysis (2nd Ed.), pp. 287-297, McGraw-Hill Kogakusha, Ltd., Tokyo 1966.

DEPARTMENT OF MATHEMATICS
GURU NANAK DEV UNIVERSITY, AMRITSAR, INDIA.

Received February 13, 1986.

12 Arch. Mech. Stos. nr 5—6/86





