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Mathematics in the alternative set theory 
as a tool of Newtonian mechanics 

W. NAGORKO and C. WOZNIAK (WARSZAWA) 

WE ARE TO sHow that the concepts of the alternative set theory, [1], can be taken as the analyti
cal basis for the modelling of motions and interactions within mechanics. In this way the 
foundations of Newtonian mechanics can be formulated without using any infinite sets and 
limit passages. At the same time the notion of a "material continuum" and that of "local inter
action" can be derived directly from the mass-point system mechanics on the basis of purely 
phenomenological assumptions. · 

Wykazano, i:e koncepcje altematywnej teorii mnogosci [1] moi:na wykorzystac jako analityczn~ 
baz~ dla modelowania ruch6w i oddzialywan w mechanice. W ten spos6b forrnuluje si~ podstawy 
mechaniki newtonowskiej bez ui:ycia ja:kichkolwiek nieskonczonych zbior6w i przejsc granicz
nych. R6wniei: poj~cia "materialnego kontinuum" oraz "lokalnego oddzialywania" moi:na wy
prowadzic bezposrednio z mechaniki system6w dyskretnych na podstawie czysto fenomeno
logicznych zaloi:en. 

Iloi<a3aHO, liTO I<OHI.\elli..(IDI a.JlbTepHaTHBHOH TeopHH MHO>I<eCTB [1] MO>I<HO HCIIOJib30BaTb I<ai< 

aHaJIHTHl.leCI<HH 6a3HC ,[(JIH Mo,[(eJIHpoBaHHH ,[(BH>I<emrH: H B3aHMo,[(eHCTBHll B MexaHHI<e. Ta

I<HM o6pa30M <t>opMyJIHpyiOTCH OCHOBbl HbiOTOHOBOH MeXaHHI<H 6e3 HCIIOJib30BaHHH I<ai<HX

HH6y):(b 6eCKOHel.IHblX MHO>I<eCTB H IIpe,[(eJibHbiX rrepeXO,[(OB. To>I<e IIOHHTHH ,MaTepHaJIDHhlli 

I<OHTHHYYM" H ,JIOI<aJibHOe B3aHMO,[(eHCTBHe" MO>I<HO BbiBeCTH HeiiOCpe,[(CTBeHHO H3 Mexa

HHKH CHCTeM ,[(HCI<peTHHX Ha OCHOBe l.IHCTO <l:>eHoMeHOJIOrHl.leCKHX. rrpe,[(IIOJIO)KeHHH. 

1. Introduction 

THE KNOWN formulations of classical mechanics involve different mathematical structures 
and concepts (such as infinite sets and sequences, passages to the limit etc.) the relation of 
which to the physical objects is questionable. On the basis of experiments and observa
tions we are not able to give any example of an infinite set of individual real objects and 
we are not able to verify that continuous physical structures and processes really exist. 
Moreover, the investigation of physical objects by means of certain analytical methods 
(mainly in continuum mechanics) may provide certain information about the mathemat
ical tools .of mechanics rather than about the physical problems under consideration. 
Such situations take place, for example, if we analyse existence problems in continuum 
mechanics. A source of these facts is that "contemporary mathematics ... studies a con
struction whose relation to the real world is · at least problematic .... Mathematics can be 
d~graded to a mere game played in some specific artificial world", [1] p. 10. An attempt 
to reformulate the foundations of mathematics on a phenomenological basis was made 
in [1] and called the alternative set theory. Using this theory we eliminate all actually 
infinite sets from mathematics and, at the same time, we treat infinity as "a phenomenon 
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involved in the observation of large, incomprehensible sets", [I] p. 11. In the alternative 
set theory we also postulate the existence of a class which is included in a set but itself 
is not a set; such class is said to be a proper semiset (each set is trivially a semiset). Hence 
all "large" sets -(sets which cannot be "grasped") include a proper semiset. The founda
tions of the alternative set theory are due to P. VoPENKA and can be found in [1]. 

The aim of the note is to show that the alternative set theory constitutes a suitable 
background for the mathematical modelling of the basic concepts of Newtonian mech
anics. From a purely formal point of view, the mathematical approach to the physical con
cepts of mass-point mechanics presented in the note can also be realized using the methods 
of the non-standard analysis, [2-5], or via the .Q-calculus, [6]. Howewer, the phenom
enological sense of the alternative set theory seems more adequate to the physical ideas 
of mechanics we are to investigate. All concepts and denotations of the alternative set 
theory which are not explained throughout the note coincide with those used in [1], cf. 
also Appendix to the paper. 

2. Galilean space-time 

By the Galilean space-time we shall mean here fourtouple (E, "', r, h) of classes 
(from the extended universe or codable) (1), the objects of which will be explained below': 

1. E is the class of events e, e E E (from the extended universe), e being elements of 
the universal class V = {x; x = x }. 

2. The symbol "' stands for the equivalence class (defined here for elements of E 2 , 

but in general dom ("') = V), such that the factorization of E modulo "', i.e. 

U = E/ "' = {u; (3 (e1 , e2 ) E E 2
) [u = E 2 n("'" {(e1 , e2 )}]}, 

is a four-dimensional vector space over the set RN which is also a translational space of 
E(l). 

Elements of U (translations in the class of events) are classes and U is a class codable 
by (U, -). 

Hence for every (e, u, u1 , u2 ) E Ex U3 

(e+u1)+u2 = e+(u1 +u2), e+O = e, e+u = e => u = 0 

and for every (e1 , e2 ) there is exactly one u and e1 +u = e2. At the same time, for any 
basis (e0 , (a1 , a2 , a 3 , a4 )), ai E U, there is 

e = e0 +Ci(e)at. Ci(e) ERN, i = 1, 2, 3, 4, 

i.e. each basis determines a mapping C: E--+ (RN)4 • 

3. r is the class from the extended universe, which is a linear function r: U--+ RN, 
interpreted as a time-form. Hence S = Kerr is a class of space translation and Sis a three
dimensional vector space over RN. 

(1) Absolute elements of Newton's mechanics can be represented by classes (from the extended uni
verse or codable), while dynamical elements can be given by sets (from the universe of sets). The physical 
scope of this section is based on Chapter III of [7]. 

(2) X"Y ~ {u; u =Set (u), (3v E Y)[(u, v) EX]}. 
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4. h is the class from the extended universe, which represents a scalar product h :S x 

x S ~ RN. We shall interpret h(e 1 - e2 , e1 - e2 ) as the square of the distance between 
the events e1 , e2 provided that r(e1 - e2 ) = 0, by a distance we mean any rational number 
le1 - e2 [ ERN such that [e1 - e2 [

2 == h(e1 - e2 , e1 - e2 ). Mind that the distance is not uniquely 

defined e). 
From now on we shall assume that there is the pair r = (e 0 , (a1 , a2 , a 3 , a 4 )) deter

mining what can be called the inertial reference frame in E, i.e. the pair satisfying the 

known conditions: r(a4 ) = 1, r(aiX) = 0 for ex= 1, 2, 3, h(aiX, af3) = l51Xt!_, e0 E £. Hence 
for every e E E we obtain e = e0 +xiXaiX+ ta4 , where xiX, tERN. 

R EMARK. The choice of classes r and h depends on the choice of the unit measure of 
time and space distances, respectively. 

3. lndiscernibility and tolerance of events 

One of the main features of mathematics in the alternative set theory as the tool of 
mechanics is the possibility of describing the concept of indiscernibility of events in the 

Gallilean space-time. 
It can be easily observed that every time form r( ·) and every scalar product h(. , .) 

leads to the indiscernibility relations =i:' = and T in time and space, respectively, by 
means of the following definitions: 

DEFINITION 1. Define u =$' Ofor every u E U, if r(u) == 0. Then putting for every e1 , e2 E E 
and u 1 , u 2 E U: 

e 1 ~ e2 <=>e 1 - e2 =$' 0, 

u1 =$' u2 <=> r(u1) == r{u2), 
(3.1) 

we shall refer to as the time indiscernibility relation. 
T 

D EFINITION 2. Define u == 0 for every u E U and r(u) = 0, iff h(u, u) == 0. Then putting 
s 

for every e1 , e2 E E: 

(3.2) 

we shall refer == to as the space indiscernibility relation. 
s 

Let us observe that the concepts . of the time- and space-indiscernibility, via the con-

cepts of time and space monads defined by 

MonT(e0 ) = {e; e ~eo}, 
(3.3) 

Mon5 (e0) = {e; e == e0 }, s 

respectively, constitute a certain alternative to the wellknown treatment of the space-time 

as a four-dimensional differentiable manifold. 
Now assume that {R~, n E FN} is the generating sequence for == ; here R~ is assumed 

T 

to be a tolerance relation on E (or on U) for every n E FN, where R6 = E 2 (or RT; = U 2
) 

1 
(3) Here rx == f3 if rx E BRN, f3 E BRN and \rx- Pi < - for every n E FN. 

1l 
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Analogously, let {R~; n E FN} be the generating sequence for =; here R~ is assumed 
s 

to be a tolerance relation on S, where Rg = S 2
• By virtue of the known definitions, [1], 

we have 

= = · n RT 
T - neFN n' 

= n R~. s neFN 

Every R~ can be treated as a certain "n-th tolerance approximation" of = and every R; 
T 

as a certain "n-th tolerance approximation" of =i. At the same time the sets {R~; n E FN}, 

{R~; n E FN} constitute tolerance systems in the sense of [8]. Hence we see that the tol
erance approach to problems of mechanics, which has been proposed in [8], can be inter
preted as a certain approximation of the "exact" approach to the mechanics, based on 
the concepts of the alternative set theory. For example, the concept of monads (3.3) can 
be approximated by the sequences of sets defined by 

(3.4) 
Ap~(e0) = {e; (e, e0) E R~}, 

which will be called the tolerance approximations of Monr(e0 ), Mon5 (e0), respectively. 
The concept of indiscernibility can also be ased here in the sense given in [9]. 

4. Mass-point mechanics 

Let E ~ (RN) 3 x RN be an arbitrary but fixed inertial reference frame (cf. Sect. 2). 
As the primitive concepts of the single mass-point mechanics we postulate: 1) mass mE (RN)+ 
2) motion RN 3 t ~ p(t) E (RN)3

, 3) impulse of a force F([t 1 , t2 ]), defined for every non
empty closed time interval [t 1 , t2 ] c RN. Let Y be the known infinite natural number, 
v EN""'FN and define e = Y-

1
. Moreover, let le = {tERN, t = ±nc, n EN} be the 

subset of the "time-axis" RN. 
We shall assume that the Newtonian mass-point mechanics can be developed if the 

domain RN of motion is restricted to the subset le of RN for some infinitely small c. This 
mearts that all information about the motion (which is~ required in order to formulate the 
dynamics of any mass-point) can be obtained, roughly speaking, from a "rapid series of 
photographs", (cf. [1], p. 97), of physical objects, i.e. "series of photographs" taken at 
time instants t E 1e. Hence also all impulses of forces can be treated as concentrated exclu
sively at time instants t E Ie; i.e. for every t 1 , t2 ERN we assume that [t1 , t2 ]nle = 0 

' ' 
implies F((t1 , t2 ]) = 0 and that [t1 , t2 ]nle = {t} implies F([t1 , t2 ]) = F( {t }). The fore-
mentioned assumptions correspond to the general idea given in [191 that "a world in 
which all motions consisted of a series of small finite jerks would be empirically indistin
guishable from one in which motion was continuous" (cf. [10], p. 140). It follows that 
Newton's law of motion has to be postulated in the form 

(4.1) 

where 

(4.2) v+(t) = p(t+c)-p(t), 
c 

-c)_ p(t)-p(t-c) 
v t = ' c 

t E I., 
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stand for the RHS-velocity and the LHS-velocity. at t E IE, respectively. Obviously, 
v+(t) = v-(t+e) is the (constant) velocity in every time interval (t, t+e), t E IE. Setting 

(4.3) () 
_ v+(t)-v-(t) 

at= , f( t) = F( { t}) , 
e e 

we obtain Eq. (4.1) in the equivalent form 

(4.4) ma(t) = f(t), ·t E IE. 

From the formulas (4.2)-(4.4) it follows that the mass-point mechanics under consid~ra
tion can be analysed in terms of the functions 

p(. ): IE 3 t--+ p(t) E (RN) 3
, f(. ): IE 3 t--+ f(t) E (RN)\ 

which will be referred to as a mass-point motion and an evolution of the resultant force, 
respectively. In order to elimiJ?.ate "unphysical" situations (which cannot be observed 
and measured), we have to introduce, however, certain extra regularity conditions. 

DEFINITION 3. Mass-point motion p ( ·) will be called micro-regular if p(t), v+(t), 

a(t) E (BRN) 3 for every t E IEnBRN. 

PROPOSITION I. For every micro-regular motion p( ·) the conditions p(t) = p(t+ e), 
v+ (t) = v- (t) hold for every t E IEnBRN(4

). 

PROPOSITION 2. If mE (FRN)+, f(t) E (BRN) 3 for every t E IEnBRN and v+(t0 ), 

p(t0 ) E (BRN) 3 for some t0 E I6 nBRN, then the mass-point motion is micro-regular. 
The mirco-regular mass-point motions constitute a subclass of what will be called 

regular mass-point motions in which, for every t 1 , t2 E IEnBRN, the condition t 1 = t2 
implies that 

p(t1) = p(t2), v+(tl) = v+(t2), a(t1) = a(t2). 

Let u~ observe that every micro-regular motion p( ) : Ie --+ (RN) 3 is a motion in the 
sense given in [I], i.e. "is a phenomenon which we perceive when we are presented with 
a sequence of states in which each state differs indistinguishably from the preceding state 
in time and substance" (cf. [1], p. 97). 

Moreover, the known continuity and smoothness assumptions concerning motions 
are replaced here by a more physical concept of regular motions. Henc~ we see that the 
notion of rational numbers RN in the sense of the alternative set theory makes it possible 
to describe the physical concept of motion and to formulate Newton's law of motion 
without using any limit passages. 

5. From a mass-point system to a material continuum 

Now assume that a system of mutually interacting mass-points is given. Let 0., fJEN"'FN 

be a number of points in the .system under consideration; thus we deal here with a certain 
"large" set of mass points, cf. Sect. I. Moreover, let 

i = 1, 2, 3 for every n E FN +· 
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If: 3 t-+ py(t) E (RNP, 

If: 3 t -+ f..;(t) E ( RN) 3
' y = 1 ' 2' ... ' D' 

stand for a motion and an evolution of forces, respectively, in the mass point syst~m under 
consideration, cf. Sect. 4. Let the governing relations of a mass-point system be given by 

(5.1) 

y = 1 ' 2' ... ' f)' t E If:' 

where by(·), q;y6( ·) are the known functions with values in (BRN) 3 and BRN, respectively, 
and where q;6y( ·) = ([Jy6 ( ·), ({Jyy( ·) = 0 for every y, b E {1, 2, ... , f)}. 

Using an approach analogous to that given in [4, 5], we can pass from Eqs. (5.1) to 
the governing relations of a certain "material continuum". Here a "material continuum" 
will be interpreted as a certain phenomenon due to the effect of the space indiscernibility. 
This means that the mass-point system under consideration, for every t E In is "observed''• 
as a part Br of the "physical space" ( RNP given by 

(5.2) Br:={pE(RN) 3 ;p ='=py(t) for some yE{l, ... ,f}}}, 

provided that {p 1 (t), ... , Pt~(t)} is a connected set ([1], p. 93). Mind that 

Br = Fig( {p 1 (t), . . . ,pt~(t)}), 

where Fig (X) is a figure of a set X, d. [1], p. 94. Moreover, if Brn(FRN) 3 represents a cer
tain "three-dimensional" part of (FRN)\ then {p 1 (t), ... ,p0 (t)} will be called a "ma
terial continuum''. 

Now assume that q;y6(lpy(t)-p6 (t) i) =1= 0 implies py{t) ~p6(t) for every y, DE{1, 
2, ... , f)} and every t E If:. Then the (nonlocal) interactions in the mass-point system 
under consideration will be called macro-local. Hence the local interactions, which in the 
classical approach to continuum mechanics are postulated a priori, in the approach pre
sented in the note have a clear physical sense being defined as the interactions between 
the mass points situated in one space monad. The exact analysis leading from Eqs. (5.1) 
to the equations of continuum mechanics will be given separately in n 1 ]. 

At the end of the note let us also observe that the time- and space-indiscernibility 
depends on the choice of the time form r( ·) and the scalar product h(.,.). Hence the ideas 
of "material continuum" or "macro-local" interactions depend on the accuracy of a meas
ure or observations of the real objects and phenomena. Thus the approach to mechanics 
based on the mathematics in the alternative set theory has certain common features with 
that given in [8]. A more detailed analysis of the problems under consideration will be 
developed in [12]. 
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Appendix. On some basic concepts of the alternative set theory 

Among the primitive concepts of an alternative set theory (AST), [1], we mention 
here the following three: a class, a set and a semiset. The axio111s for classes are anal
ogous to those of the Kelley-Morse's theory of classes [13-14]. All sets are classes but not 
all classes are sets, for example the class of all sets- the universal class V = {x; x = x} -
is not a set. The fact that X is a set is denoted by Set (X). A semiset is a subclass of a set. 
We write Sms (X) for "X is a semiset". Thus Sms(X) = (3Set(Y))[X c Set(Y)]. Each 
set is trivially a semiset. A proper semiset is a semiset which is not a set. A very important 
axiom is an axiom of existence of proper semisets, namely· 

(3X) [Sms(X) A "' Set(X)]. 

A class X is finite (notation: Fin (X)) if and only if each subclass of X is a set. Classes that 
are not finite are called infinite. Obviously, each finite class is a set. Thus all proper 
classes, in particular, all proper semisets, are infinite. 

A x is a natural number if it satisfies the following conditions: I) each element of x 
is a subset of x , i.e. (Vy E x)[y c x], 2) is connected on x i.e. (Vy, z E x)[y E z V y = z v z E y]. 

The class of all natural numbers is denoted by N. FN will denote the class of all finite 
natural numbers, i.e. FN = {x; Fin (x) }. Evidently, FN c N. In AST we postulate tha~ 
there exists an infinite natural number. ·Thus N "'--FN =1= 0. Hence we also have two 
kinds of rational numbers. Let FN<-> = FNu {(0, n), n. =I= 0, n E FN, }. The class of finite 
rational numbers FRN is defined by 

F RN = 1 ; ; X, y E FN'-) 1\ y # o}. 
The class of all rational numbers (of all rationals) is denoted by RN. The class of bounded 
rationals is given by 

BRN = {x; x ERN A (3n E FN)[ /x / < n]}. 

Obviously F RN $ BRN $ RN. 

A sequence {Rn, n E FN } where Rn c V 2
, R0 = V 2 is called a generating sequence 

of a certain equivalence class which will be denoted by =, if and only if the following 
conditions hold: 1) for each n, Rn is a set-theoretically definable tolerance, i.e. reflexive 
and symmetric relation, 2) for each n E FN and each x, y, z E V, <x, y) ERn+ 1 and 
(y, z) ERn+ 1 implies (x, z) E R,n 3) = is the intersection of all the classes Rn . . 

An equivalence = is said to be compact if for each infinite set u E V, there are x , y E u 
such that x =1= y and x = y. A relation is called an indiscernibility equivalence if and· 
only if = is a compact and has a generating sequence. 

For a detailed discussion of the mentioned concepts cf [1]. 
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