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1 Introduction

1.1 Domain decomposition with Steklov-Poincaré op-
erators for linear problems

We start with a simple model problem on applications of the Steklov-Poincaré
operators to the topological sensitivity analysis of linear variational problems.
The shape functional is given by the associated energy functional to the
boundary value problem. Given domains 2, 2(e) = Q\B. € R¢, d > 2, with
a small hole B, = {z € R? | ||z|| < £ of radius &€ —» 0, the associated energy
functional to the elliptic boundary value problem under considerations is
introduced for the singularly perturbed equation :

Find u, = u(Q(g)) such that

-Au.=f in Qe), (1)
u, =0 on I'=980, (2)
Sue
= e = ]Be ’
n 0 on T'e=¥d (3)

where f € L*(R?) is a given element which vanishes in the vicinity of the

origin O € w.

The boundary value problem corresponds to the minimization of the



quadratic functional
1 2
Lle)=5 [ IVel'~ | fe ©
Q(e) N(e)
over the linear subspace V' C H*({1{¢)) of the form
V={pecH((E) |¢=0 on I} (5)

The shape functional

1 2 _ =L
seEn=g [ vul- [ =g [ s ©

defined by the equality
J(Qe)) = Le(ue) ()
is the energy for the singularly perturbed domain Q(¢). We know already

that the energy admits the expansion with respect to the small parameter

€ — 0 of the following form
J(Qe)) = J(Q) — O(d)e? e (O) + 0(e?) (8)

where e, (Q) is the bulk energy density at the origin O, in general the bulk
energy density at a point a point xo, To = (z1,0,** ,Za0) € R? is given by
the formula

eul®o) = [ Vu(zo)fi* -
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1.2 Two spatial dimensions

The results for the Laplacian in two spatial dimensions are obtained explic-

itly. We have
JQe)) = J(Q) - %m-:"’ eu(O) + o(e?) , 9)

where e, (0) is the bulk energy density at the origin O, in general the bulk
energy density at a point a point zg, o = (21,0, Z2,0) € R? is given by the
formula

eu(wo) = [ Vulzo)l® .
If the function u is harmonic in a ball Br ¢ R?, of radius R > 0 and the centre
Ty then the expressions for the first order derivatives of u in the following

form

1 1
us1(Tp) = m/r - u- (21— z10) ds, us2(To) = m/r u- (Ty — za0) ds.
Rz

r(zo)
(10)
are exact.
Here we use the notation

du .
u/i(%)Z'g;, i=1--,d.



In view of this, expansion (9) can be rewritten in the equivalent form

J(e)) = J () - Zr%_s [(/FR uQT; cis)2 -+ (/I‘R unzzds)z} +o(e*) ,
(1)
which is interesting on its own, as it is observed in [2], [3], since (11) can be
rewritten as follows

J(Qe)) = J(Q) +e*(Bu, w)r, + o(e?) . (12)

with a certain integral boundary operator 5. The operator B is selfadjoint

since it is defined by the symmetric an positive bilinear form

(Bu,u) = b(Cri v, u) = —ﬁ [(/FR uty ds)2 + (/PR uzs ds> QJ (13)

From the above representation, since the line integrals on g are well
defined for functions in Ly{I'g), or even in L;(I'g), it follows that the operator

B can be extended to the bounded operator on Ly(['g),
B € L(La(Tr) — La(T'a)) (14)

since the symmetric bilinear form of the operator, given by the equality

(Bu) U) = b(FH; U, U) = (15)

st l(] ) ([ )+ ([ 4) (] )
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is continuous for all u,v € L;(Cg). In fact, the bilinear form
Lo(Tr) x L2(Tr) 3 (w,v) = 8(T'rju,v) € R

is continuous with respect to the weak convergence since it has the simple

structure
b(Triu,v) = Li(w)L1(v) + Lo(w) La(v) u,v € Ly(TR)

with two linear forms v — L;(v),i = 1,2, given by the line integrals on
['r. This gives us an additional regularity for approximation of the singular
perturbation of geometrical domain by the regular non-local perturbation
B of the pseudo-differential Steklov-Poincaré boundary operator A,. The
Steklov-Poincaré boundary operator A, is defined in the following way. For

given element v € H/2(I'y) solve the boundary value problem

ow

~Aw =0 inC(R,e), Vi 0 onT,, w=v onlpg (16)
and set
ow
AEU:E on FR s (17)

where v is the unit exterior normal vector on C(R, ), note that the unit
exterior normal vector n on T'p C 8Qg is n = —v. We denote by C(R, ¢) the
annulus Bp \EE, in our application we also introduce the truncated domain
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2 = 2\ Bg and use the domain decomposition technique with the Steklov-

Poincaré operator.

Since the energy functional in {}{e) takes the form
1 ) 1
J(‘Q(E)) =5 |Vu£l - fus + -(Asusa us)l"R 3 (18)
2 Ng [+79 2

provided the source term f vanishes in the small ball Bg around the origin,

and the Steklov-Poincaré operator admits the expansion
Ac=A+€B+R., (19)

where the remainder R, is of order o(£?) in the operator norm L(H/*(I'g)
H~Y%('r)). We obtain another approach to the evaluation of the topological
derivative for the energy type functional. The approach is based on the rep-
resentation of the energy functional in the form of a minimization procedure

for regularly perturbed quadratic functional in view of (18),

)=t (5[ vef= [ sersiaesing, @

weHLOR) | 2
where HL(Q0g) is a subset of H*(Qg) with the functions which vanish on I
This approach is of some importance for the variational inequalities since
allow us to derive the formulae for the topological derivatives which coin-

cide with the formulae obtained for the corresponding liner boundary value

problems.



2 Energy functionals and Steklov-Poincaré op-

erators for variational inequalities

Let us assume that Q C R? is a given domain. If B, denotes the sphere with
the centre at the origin
B,={z€R?||z| < g}

then we consider the domain 2(c) = '\ B, and the truncated domain Q5 =
2\ Bg.

The same mathematical model (20) can serve us in order to derive the
topological derivatives of the energy shape functional for variational inequal-
ities. It means that we replace in (20) the linear space HL(Q2g) by the convex

and closed subset K C H}(fr), and consider

1 1
IR = inf —/ 2—/ ~ (A, . 21
e (ue) WEKéII{I}(Qn){Q QRIWI nﬂfso+2( O P)re (21

The assumption we need now is simple, that the minimizer uf in (21) coin-
cides with the restriction to Qg of the minimizer u, := u(Q(¢)) of the cor-
responding quadratic functional defined in the whole singularly perturbed

domain (g),

Vol* — fe. (22)

J(Qe)) = inf —/
(e wEKCHA(O(e)) 2 n(s), ¢ Q)
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In this way the equality

2
1 . 1
=35 IquI - fuc + "'(Asue:v ue)FR
2 Qg g 2

holds for € — 0 and we can determine the topological derivative of J(§2)

J0E) = 2 / = [ =Rl = (23)

by using the expansion of I?(uf). The assumption we need to perform the
derivation of JR(uf?) with respect to the parameter ¢ at & = 0% is the strong

convergence for R > 0,
ufl 5 uf strongly in HYQg), (24)

i.e., there is no need to require any differentiability properties of the mini-

mizer ulf € H'(§1r) with respect to . In fact, we establish the existence of

the conical differential for the mapping
[0,e0) 2 e uf € H((r) , (25)
and of the expansion
ulf = uf + e +0%(e) in H'(Qg) . (26)

The element ¢ € H*(QR) is uniquely determined by a solution of an as-
sociated variational problem with the constraints defined in function of the
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solution uf and its coincidence set for the unilateral constraints imposed by
the cone X.

We describe the framework in details. The abstract model of an energy
functional for the non-linear boundary value problem in the form of varia-
tional inequality considered in this paper can be described in the following
way in three spatial dimensions.

Given a domain Q(e) = 2\ B. ¢ R?, with a small cavity B, € Bg of ra-
dius £ — 0, denote by Qg = Q \ By the domain without the cavity, and
by C(R,e) = Br \ B, the annulus with the small cavity. It means that the
domain §2(e) is decomposed into two subdomains, the truncated domain g
and the annulus C(R, £). The main idea which is employed here is to restrict
the asymptotic analysis to the annulus C(R, ), and apply the obtained result
to the variational inequality considered only in the truncated domain Qg. In
this way the singular domain perturbation in the annulus influences the vari-
ational inequality by a pseudodifferential operator of Steklov-Poincaré type,
which is localised on the exterior boundary I'g of the annulus, since at the
same time ['p is the interior boundary of the truncated domain Qp. In other

words, the variational inequality in the truncated domain takes the following

form :
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Find u. € K C V® which is the unique minimizer of the quadratic energy

functional defined in the Sobolev space VE = H!(§1r),
R 1 g R 1 R R
() = 50%(e,0) = L) + 5{A: (70, "0l (@7)

where A, stands for the Steklov-Poincaré operator for the ring C(R,¢). The
linear mapping 7% : H(Qg) = HY/*(T'n) denotes the trace operator on the
interface ['r created by the domain decomposition, and (-,-)r is the duality
pairing defined for the fractional Sobolev spaces #~V3(I'z) x H/?(Pg) on the
interface ['g, associated with the corresponding Steklov-Poincaré operator
A. @ HY*(Tg) = H~Y*(Tg). The Steklov-Poincaré operator is evaluated

in the ring C(R, €) for € > 0, € small enough, and it admits the expansion
Ac=A+e’B+R,, (28)

where the remainder R, is of order o(e?) in the operator norm L(#/%(T'g) =
H™2(Tr)).

We want to replace the original variational inequality defined in the do-
main 2(€) by the variational inequality defined in the truncated domain g,
i.e. we want to replace for the purposes of asymptotic analysis the original

quadratic functional defined in the domain of integration ()

L) = 5009~ L), ¥ €MD) (29)

11



by the functional I7(p) defined in the truncated domain without any hole.
To this end, we require the following property for the minimizers u, and uf
of I (1) and I*(;), respectively. For ¢ > 0 small enough the minimizer
uft in the truncated domain is given the restriction to the truncated
domain 2z of the minimizer u. in the singularly perturbed domain
Q(e). If it is the case, we can determine the topological derivative of the

energy functional

J(Q(E)) = ll,_-(u,;, us) - Ls(ue) (30)

N =

from the expansion of the energy functional in the truncated domain

IR = Rl ) - L) + 5 (AyM), v Rul)a (3D

which takes the form
IRBY = J(Q) + eH(B(v u),v*u)a + o(e?) , (32)

where uf = u(Qg) stands for the restriction to the truncated domain of the
solution u = u(f2) of the original variational inequality in the unperturbed

domain (2.

This result is based on the equality
J(Ue)) = L uf), (33)
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and the following characterisation of the energy functional for the specific

case

Luf) = inf

{ -;—aﬂ(% @) - LR(p) + %(Ae(v%), 7”99)5} - (34)

The domain decomposition method can be applied under the assumption
that the quadratic term € — {A:{yu.),YRuc) g is a regular perturbation of
the bilinear form.

Proposition 2.1 Assume that (28) holds in the operator norm and that the

strong convergence takes place

in the energy norm for the functional (34). Then we have

Ff) = I*u®) + (B, v®)r +ofe®) | (36)
where o(e%)/e® — 0 with €* — 0 in the same energy norm.
The proof of Proposition 2.1 is based on the evident inequalities

G G U i I U B

which imply the existence of the limit

[Huf) — IR@WR)

. IRf) - IRd)
imaup ST i S -
JR(uR) — [R(yR
lim inf E—(z-‘-—)——s—l-—-(i‘—) = (B@®),u®)x .
£30 3
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In the subsequent sections the explicit form of the bilinear form which
gives rise to the operator B is presented for the laplacian and for the linear

elasticity in three spatial dimensions.

3 Case of Laplace equation in R?
Let us consider the equation
Au=0 in QcR® (39)

with some, unspecified for the moment, boundary conditions, We assume
also that 0 € int{2, so that we may surround it with the sphere of some
radius R, S(R) C int Q. Our goal is to express gradu = (u/1,u/2,u/3)" in
terms of integrals of u on S(R). Asit is known, the solution to (39) is analytic
in the interior of domain, so we may use for this derivation the formal series
method, as mentioned already in {2] for the 2D case.

To this end we shall assume that in the neighbourhood of 0 the solution

has the form

(=]
1 :
u(x) = agop + Z Z maklhksx?‘l‘g“zgs (40)

a=1 ki+kytks=a

where ky, ky, ks are positive integers. In spherical coordinate system around
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