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Abstract

In the paper we consider a new variant of the genetic algorithm for
finding the location and size of small holes in the domain, in which the
coupled linear and non-linear boundary value problems are defined.
The linear and non-linear parts are connected by the transmission
condition on on the common boundary. The expansion of the shape
functional for non-linear part and the expansion of Steklov-Poincaré
operator for linear part are provided in order to determine the form of
topological derivative for the coupled model. The value of topological
derivative is then used for computing the probability density applied

later in generating location of holes by the genetic algorithm.
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1 Introduction

In the paper we investigate the design problems for a coupled model, where
one part is a structure modelled by a linear equation or system of equa-
tions, and the remaining part is a structure which is modelled by non-linear
equations e.g. of the Navier-Stokes type. As an example we can consider
a fluid-structure or a gas-structure interaction, another example constitutes
the identification of inclusions in coupled models. It means that the com-
putational domain is divided into two or more parts with some interface
conditions (interaction conditions) on the common boundaries. The problem
under investigations is the optimal design of the elastic or linear part. We
employ the domain decomposition technique in order to split the coupled
model into separate parts. The interaction of these parts in both domains is
modelled by the appropriate Steklov-Poincaré non-local boundary operator,
which can be defined for the linear part and includes the information about
the design in its interior. It means that we can apply the asymptotic analy-
sis for decoupled elliptic boundary value problems and determine topological
derivatives for shape functionals of interest.

The Steklov-Poincaré operators appear in boundary conditions of the fluid

or gas (non—linear) models in the second sub-domain. This transmission of



the behavior of the linear part to the non-linear part allows us to apply the
tools of shape and topology design to the coupled models. For example, if
the non-linear part represents the compressible Navier-Stokes equation, we
may use recent results concerning its shape optimization, see [25].

We start with a simple scalar model, for which the topological derivative
is determined and numerically tested. The test consists in using the values
of these derivative in order to accelerate the convergence of the genetic algo-
rithm, which is used for finding the location of one or two holes inside the part
of the domain described by the linear model, but on the basis of measure-
ments conducted in the surrounding non-linear medium. Such combination

of genetic algorithm and topological derivative seems to be new.

2 Problem formulation

Let D and w be two bounded domains in R? with the smooth boundaries dw
and I' = 9D. We suppose that D = QUw has a geometry presented in Fig.1,

where Q = D\ @, such that 9 = I'U 8w. In the domain D we consider the




following non-linear boundary value problem for a fixed function :

~AU(z) = F(z,U(z)), z€D,

U(z) = ¢(z), 0,U(z) = Gap(z), « € Ow.

The function F(z,U(z)) is defined as follows

~U3(z) + f(z), z€Q,
F(z,U(x)) = ( (@)
0, T E W,

where f is a constant or linear function. The boundary condition on the

common boundary dw constitutes the so-called transmission condition.

Figure 1: Domain QU w.

Next we introduce a small perturbation in the domain w by creating a
small hole B, at the point O, chosen, without loss of generality, at the origin,
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see Fig.2.

Figure 2: Domain Q and w, = w \ B..

We denote

We = w\gs (3)

Bw, = BwUOB, : (4)

The problem (1) can then be defined in the perturbed domain as follows:

—AU.(z) = F(z,U.(z)), =€ D\B.,

UE(I) = ‘10(1)1 anUs(I) = antp(z)) z € Juw,

8.Uc(z) =0, € 8B,




where  is a fixed function, F(z,U(z)) is defined by:

F(Ix UE(:E)) = _UE (:E) + f(.'IJ), T € Q, (6)

0, =€ w.

and f is the same as in (G).

According to [7, 6] we can rewrite the condition in (5) using the Steklov-
Poincaré operator A, defined below in the domain w,. The operator A,
is a mapping of HY*(0w) - H~Y*(0w). It means that for each function

@ € HY*(8w) we have
Ao € H(0w) — 8,U, € H™Y*(0w). (7

The problem (5) can then be rewritten as follows:
~AU(z) = F(z,Ue(z)), z€D\B,,
Ufz)=0, ze€T,
3, Ue(z) = A (Uc(z)), € duw,
G Ue(z) =0, z€dB

with the function F' defined as in (6).



3 Expansion of the Steklov-Poincaré opera-

tor

In order to find the form of the topological derivative, we have to determine

the approximation of the operator
A, s HY48w) — H™Y*(6w) on duw.

To this goal we consider both linear and non-linear problems separately. In
the domain Q we have the following non-linear problem
~Ave(2) +v3(z) = f(z), z€Q,
ve(z) =0, zel, (9)

Onve(z) = Ac(ve(z)), € Ow.
The Steklov-Poincaré operator is defined using the linear boundary value
problem. If in the domain w, we have

—Au(z) =0, z€w
u(z) = ¢(z), =€ Bw
Onus(z) =0, z€0B:

then A () = Onu..




From (10) we may immediately compute the corresponding energy func-

tional

0=—/ Aus-ugdz—;/ |Vuslzdx—/ Onle * Ue AT
We we Fw

=/ 1Vu5|2dz—/aw.«45(<p)~npda:.

Thus the Steklov-Poincaré operator on the common boundary dw allows us

(11)

to compute the energy functional in the domain we.
/|Vu¢|2 dz = /Ae(np) “pdx (12)
we Bw

for each function ¢ € H~Y%(0w). Since the operator A is symmetric, we

can also write the energy as:
J RPN v— (19
The topological asu;mptotic expansion for the energy functional can be writ-
ten in the following way (8, 26}:
/ V|2 d = / (V|2 dz — 2762 | Tu(O) 2 + o(e?) (14)
where u is tl:: solution to t;e linear problem (10) for € = 0 defined in the

unperturbed domain w. Thus, according to {7, 3] we have the following

expansion of the Steklov-Poincaré operator:

Ae = A+ 2B +o(e?) (15)
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in the operator norm L(HY?(8w); H~/%(8w)), and, by the symmetry of the

operator this expansion can also be written in the following way:
(Ae(p), @) = (Alp), @) + € (B(w), @) + 0(e?)- (16)

As a result, the first term in the asymptotic expansion of the energy func-

tional has the form
(Bp), $) = ~27Vu(0) - Vu(O) (17)

in the domain w.

4 Topological Derivative

Let us consider the following shape functional

)= / (ve — 20)dz, (18)
Q

with v, the solution to the semi-linear problem (9) and z; a fixed target

function defined in the domain Q. Let us introduce also the adjoint state,

which is used usually in order to simplify the form of topological derivative:
—Ap+3lp = (v—25), inQ,

—Ap=0, inw (19)




where v is solution to (9) for e = 0.
Theorem 4.1 The topological derivative of the functional J has the follow-

ng form:

Ta(0) = —(B(v),p) = 2xVv(0) - Vp(O). (20)
Proof. Let us assunie that the solution to the nonlinear problem (9) has the

following expansion
ve(z) = v(z) + %w(z) + U (z) - o(e?). (21)

Then from (9) we get

—Alv+euw)+ (w+etw) = f, inQ,

v+e?w=0, onT, (22)
(v + e*w) = A{v + e?w) + ?Bv + e*w) +..., ondw
Since
(v + e?w)® = v* + 3v%%w + Juetuw? + 5w (23)

we get two non-linear boundary value problems. The first one comes from
(22) taking into account the terms without &:

~Av+vd=f inQ,



where v is solution to (9) for £ = 0. The second one corresponds to the terms
with €2
—Aw+ 30w =0, in{,
(25)
Gaw = A(w) + B(v), on dw.
As a result the shape functional depending on the solution v, can be written

in the following way:

ve) = = | (v — 24)? _1 v+ etw - 23)? da
J(ve) 2/0(‘ ) do 2/0(-%-5 )2d o

=J('u)+52/nw(v—zd)dz+...
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Next we apply the adjoint state to replace the last integral and obtain:
/ w(v — z5) dr = / w(—Ap + 3v’p) dz
2 0
= /p(-Aw + 3viw)dz + /(a,,w -p—Oup-wdz
Q r
—/ (Onw - p— 8- w)dz
Ow
:/ (Onp - w — Bw - p)dzx
Ow

:/Ap-wd:c+/Vw~Vpda:——/ Oyw-pdz
w w Bw

:/Vw~Vpd:c—/a (A(w) + B(v))pdz

27)

=/Vw-Vpd:c— A(w)pda:—/ B(v)pdz
w 2% Bor

= ~(Bv).p) = 2rVe(0) - Vp(0).
5 Numerical Approach

The shape optimization problem considered in this section consists in finding
locations and size of finite number of ball-shaped holes in the domain which
minimize a certain integral functional. The standard approach would use the
values of topological derivative for initial location of these holes, and then
shape derivative would be applied for fine tuning their sizes and positions.
Such a method is fast, but there is a danger of landing in a local optimum.
The main idea of the approach proposed in this paper is to combine the
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genetic algorithm (in order to avoid local optima) and continuous method
using topological derivative for speeding up computations. This is illustrated
by the examples based on boundary value problem described in preceding

sections and cases of:
e one hole of fixed size;
o two holes of fixed sizes;

The topological derivative is used here for constructing the probability den-
sity defined on the domain in which the holes are allowed to appear. Then
this density is used in the random selection of locations for the initial popula-
tion of single holes or their pairs. The same probability is used to supplement
the population in consecutive generations.

The approach exploiting the information supplied by topological deriva-
tive is compared to the method using exactly the same genetic algorithm, but
with uniform distribution of holes locations. The performance is measured

in both cases statistically over several runs.
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5.1 Algorithm
5.1.1 Definition of the domain.

We define the domain D as a square (—1,1) x {(~1,1) in R2. In D we define a
sub-domain w as a circle of the center at the point O = (0, 0) and the radius
7 = 0.5, Thus D consists of two open sub-domains w and Q = D\ @, see

Fig.3, with the boundaries I' = 9D and dw.

1
0 w

Figure 3: Domain D = Q U w.

In the interior domain we define a linear elliptic boundary value problem

as follows:

(28)



Outside the circle w, in the domain Q, we define the following semi-linear
boundary value problem with the Dirichlet condition on the exterior bound-
ary I" of the square and the transmission condition on the common boundary

Jw of the circle:

v(r)=0, zeTl, (29)
Opu(z) = Alv(z)), = € dw.
The operator A is the Steklov-Poincaré operator and the function f(z) are

given.

5.1.2 Solution to the non-linear and linear problems.

In order to solve numerically the coupled problem described in (28) and (29),

we introduce a characteristic function x defined as follows:

1 z€Q,
x(§2) = (30)
0 zew.

Thus, the coupled problem under consideration can be rewritten in the fol-
lowing way:
~Aw(z) + x(Qu'(z) = x(Vf(z), z€D,
(1)

w(z) =0, zel.
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Let V(D) = {v € H{(D) : v = 0 on I'}. Multiplying (31) by a function

© €V and integrating by parts we get the following weak formulation:
dw(z) _
Vw(z)Vgp(:c)dz - B o(z)dS ~ | Vw(z)Vp(z)ds
1

a“’ (z) d5'+/wa(x)(,p(x)dx=/f(:c)cp(:c)dx, Vo € V(D).
2 o

(32)
Here we denote by n; the outward normal vector to w, and by n, the outward
normal vector to Q. If we suppose that wlq = v, w|, = u, then we get the

following variational formulations of the nonlinear problem in the domain §:

Find v(z) such, that

/Vv(x)Vgo(x)dx+/v3(:1:)tp(x)dx=/f(m)<,p(z)dx Y € V(D),
a f it
(33)

with the transmission condition on the common boundary ensured by:

a“(x 2)dS + / ‘%(x)w( )dS = 0. (34)

Similarly, for « = v on Jw we obtain the variational formulation in the

domain w:

Find u(z) such, that v = v on dw and
(35)
/Vu(x)Vgo(z)dz =0, Ve V(D).

17



5.1.8 Minimization of the shape functional.

For numerical experiments we use the tracking type shape functional with a
known element 24, so an optimal value is 0.

In the first case we consider the instance of the single hole. Let us set
we = w \_Es(xo), where B.(z¢) is a small hole created in the interior circular
domain w at certain point zo and of fixed radius €. Thus, D, = QU w, and
in such domain we define a target function 24 as a solution to the following

boundary value problem :

—Azy(z) + x(Q2() = x(VSf(2), =z €D,

z4(z) =0, €T, (36)
8zq
EI— = D, T e 635

The cost functional that we want to minimize is of the tracking type, as

mentioned above, and depends on the location z¢ of the hole:

Iw) = 5 [ ule) = ), (37)
Q

where v, is the solution to the semi-linear problem in perturbed domain

~Avg(e) + o3(a) = f(a), zEQ,










the circular hole. In case of two holes, the individual is given by a vector
of four coordinates defining centres [z1, y1, T, y2] of two holes. The initial
population is randomly initialized with a constant number & of individuals.
For the initialization, the probability density function defined in (42) is used.
Since the values of this function are defined only in the nodes of the dis-
cretized domain, we need the following procedure to draw a random point,
not necessarily the node, in the domain.

Let t;, = [ti;], ¢ = 1,..., M be a i-th triangle with vertices [t;1, tis, t3).
The values P,;, 7 =1...N, j = 1...3 are the probabilities connected with

these vertices. The probability P(t.) of the i-th triangle Z;. is calculated

through the formula

i=1,..., M (43)

For each triangle t;, we define the vector A; = [Ay], 7 = 1,2, 3, such that
Aj =Py, 1y, di=1,...,M, j=1,203, (44)

Here r; are three independent random numbers generated using uniform

distribution on [0,1] interval. The point p € ¢, is selected using these A
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Crossover.  Once the initialization and evaluation are complete, the crossover
operations perform genetic code exchange between pairs of individuals. These
pairs are chosen in following way. First we define, as a parameter, a number
of dominating elements which are always at the beginning of the population
vector. Then every dominating element undergoes crossover with every sub-
ordinate element. Let a be a random number with uniform distribt.ltion on
{0,1], different in every formula. In case of one hole, the crossover of two

individuals z = [z1, z2]" and y = [y, ¥2] " results in 2 = [21, 20)7 given by

21 z1 "
=0 +(1—-a) . (46)
22 T2 Y2

In case of two holes, the crossover of = = [z, g, T, 74| " and y = [y1, Y2, ¥3, va] T

gives two individuals z = [y, 22, 23, 24T and 2’ = (2], 2}, 24, 7] according to

formulae ~ {_ _ o
{ 21 £S5 Y
23 T2 Y2
= =+ (1 - Q) 3 (47)
z3 I3 Y3
24 Z4q J Ya J
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New generation. In the next step the population consisting of old indi-
viduals and those produced in the crossover stage is pruned by removing the
elements violating the constraints (distance between centres greater then 2e
in case of two holes) and sorted according to fitness value.

The next generation contains %S of the best elements. In order to prevent
locking in local optima, %S individuals are again drawn randomly using ap-
propriate probabilities, i.e. the one based on topological derivative or uniform

on w.

5.2 Numerical results

In the first example we consider a case with one hole. As a target domain
we take a square with one hole inside the interior circular sub-domain. The
center of this hole is at point (—0.2;0.2) and the radius is 0.08. The goal
functional is computed using z4 corresponding to the function f(z) = 2.
The size of the initial population for GA is 21 genes, with 3 dominants, and
the number of generations is 10. The optimization process is repeated 20
times which gives the average results presented in Fig.4. As we see, the
algorithm using topological derivative gives on average faster convergence.

For comparison, we give in Fig. 5 the history of true distances of the best
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Figure 4: Value of shape functional due to the topological derivative density

(solid line) and the uniform distribution density (dashed line) in case of one

hole.

individuals to the reference hole; however, this value was not subject to
optimization. The value of density probability is shown in Fig. 6.

In the second example the reference shape contained two holes with radius
0.05 located at (—0.1,0.2,) and (0.2, —0.1). The goal functional consisted of
the sum of two parts with different reference functions z4;, z4z corresponding
to right-hand sides fi = z1+z3 and f; = z; —z2. As a result, the topological
derivative was also computed twice, and the value of the final 7~ was the sum

of these two parts. It is shown in Fig. 7 while the Fig. 8 presents the average
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Figure 5: History of true distances of the best individuals to the reference

hole.

performance of both types of genetic algorithms.
In Fig. 9 we see again the average true distances of the best individual
to the reference pair, and Fig. 10 shows the typical last population of the

genetic algorithm using topological derivative. Nearly all members of this

population overlap.
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speeding them up may be worthwhile.

The topological derivative is an ideal tool to this purpose. The cost of
its computing is negligible in comparison to genetic calculations and it can
be easily transformed into probability density for drawing elements from
populations of all possible designs. As we see from examples, the effect is
quite meaningful and justifies such usage. The approach proposed here is, to

the knowledge of the authors, new.
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Density of probabilty

Figure 8: Value of shape functional due to the topological derivative density

(solid line) and the uniform distribution density (dashed line) in case of two

holes.
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Figure 9: History of average true distances of the best individuals to the

reference pair of holes.
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Figure 10: The best individuals given by the topological derivative.
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