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The product of the differences of these is 

r- 1!! n*r<r~υ≠ (w1) ≠ (m2) ... φ (mk) ζi (mi, m3, ...i mtf

where φ (m) =m.m-n.m-⅛n ... m — (r — 1) n.

- There being r + k original quantities, this product is 
divisible by r + k — 1! I, and hence

$ n^r~1ff (mt) φ (⅛2) ... φ (nf) ζi (m1, m3, ..., mk)

is divisible by r! r+l! z + 2 ! ... r + k — 1 !.

This result reduces to that of § 1 when we make r zero ; 
when we make r equal to unity, it gives that

wlw3 ... w2, ..., mfc)

is divisible by ^k 1!.
Hence, if k integers ml, w,, ..., W2jfc, be all prime to each 

of 1, 2, 3, ..., k, or even such that an integer p can be found 
such that mi + p, mi+ p, ..., mk + p are all prime to each of 
1, 2, 3, ..., &, then the product of their differences is divisible 
byk∖∖.

THE NUMERICAL VALUE OF ∏t, =Γ(l + t).

By Prof. Cayley.

I DO not know whether the numerical value of ∏τ for an 
imaginary value of x has ever been calculated; and I wish to 
calculate it for a simple case x ≈ i.

We have

⅛ = (1+i) 

(ι+0e*h,i 

(ι+De,hli

(1+Jc ■
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where hl denotes the hyperbolic logarithm. Hence, in 
particular, z = t, we have

1 1 i
Γh'^^ +1

2
1 + -. cos hl j + i sin hl⅜.

w

1 + - .cos hl I + i sin hl j.

1 + -. cos hl I + i sin hl f.

= √(l + 1). cos θχ + i sin θl. cos φl — i sin φl.
√(1 + I). cos θ2 + i sin θi. cos φ2 - i sin φ2.
√(1 + ⅜). cos θ3 ⅛ i sin θ3. cos φ2 — i sin φ3,

(φt = 0, and in the subsequent terms the imaginary part is 
taken with a negative sign in order to obtain positive values 
for φ2, φj, &c.), = Ω (cosθ + i sinθ), if Ω be the modulus 
and θ the sum (θl - φ1) + (02 - φa) + (θ3 - φ3) +... .

We have Ωl = √(1 + 1) . √(l + ⅛) . √(l + ⅜) ∙.., which 
may be calculated directly: the value of ∩ admits, however, 
of a finite expression, viz. wτe have

a 1 _ sin 7rt _ e,r — e*
Π» ∏ (—«) 7rf 2π ’

the approximate numerical value is ∩ = 1*9173, viz. we have 
e* - eιr = 23'14l - Ό43 = 23Ό98 : log = 1'3635744,

— Iog27r= 1*201819, whence logi2i= '5653935, 
log∩ = 2826967, or Ω= 19173.

We have tan θχ — 1, tan θi = ⅛, tan θ3 = ⅜, &c.,

also ≠ι = θ, ≠. = 57 lθg 2, ≠∙ = 57 lθεi> &c-> 

where M is the modulus for the Briggian logarithms,
^^= '4342944 log = Γ'6377843,

7r = 3/1415926 „ = '4971499,
b80 n = 2'2552755,

ι m^ι 180°lθg⅛^=2'1203383, τf- = 131o∙9284. 
b 3∕ττ Mτr

whence
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W e  h e n c e  c al c ul at e t h e s u c c e s si o n of  v al u e s of  θ  a n d φ  
a s  f oll o w s:

θ  t a n a r c
1  1  4 5°
2  * 5  2 6  3 4'

3  * 3 3 3 3 3 3 3  1 8  2 6

4  * 2 5  1 4  2

5  * 2  1 1  1 9

6  * 1 6 6 6 6 6 6  9  2 8

7  * 1 4 2 8 5 7 1  8  8

8  ∙ 1 2 5 7  8

9  ∙ ‰ 1 1 1 1 1 1 6  2 0

1 0  * 1 5  4 3

φ 1 3 1°. 9 3 ×  θ- φ ≈
1  =  0  1 4 5°

2  l o g V * _ - 3 0 1 0 3 0 0 = 3 9°  4 3  2  - 1 3°  9'

3  2∕3  * 1 7 6 0 9 1 3  2 3  1 4'  3  4  4 8

4  θ∕4  * 1 2 4 9 3 8 7  1 6  2 9  4  2  2 7

5  4/ 5  * 0 9 6 9 1 0 0  1 2  4 7  5  1  2 8

6  . 5∕ o * 0 7 9 1 8 1 3  1 0  2 6  6  0  5 8

7  6 / 7  * 0 6 6 9 4 6 7  8  5 0  7  0  4 2

8  7 / 3  * 0 5 7 9 9 2 0  7  3 9  8  0  3 1

9  8 / 9  * 0 5 1 1 5 2 5  6  4 4  9  0  2 4

1 0  9∕i o  * 0 4 5 7 5 7 5  6  2  1 0  0  1 9

T h e  s u r a of  all t h e n e g ati v e  a r c s θ i —  φ 2 , # 3 —  φ 3 , ... a 3  
f a r a s  c al c ul at e d,  t h at i s u p  t o θ l 0 —  <∕ > 1 0  i s = > 2 4° 4 6', o r,  w riti n g  x  
f o r t h e s u m of t h e r e m ai ni n g a r c s θ n  —  φ ll t o i nfi nit y, w e  
h a v e

— . = 1 ,9 1 7 3  ( c o s θ +  i si n θ),
Γ h

w h er e  θ  =  4 5°  —  2 4°.  4 6'  —  c c, =  2 0 o 1 4'  —  x.

It w o ul d  n ot  b e  diffi c ult  t o c al c ul at e  a  li mit t o t h e v al u e  of x.
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