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NOTE ON THE TRANSFORMATION OF AN 
HEINEAN SERIES.

By Prof. L. J. Rogers.

Th e properties of the series 

1 . (* 1 ~ α∏1 ~ r , (1 (1 -¾)fl-⅞g) 2
+ (l-2)(l-c} (l-2Kl-√,)(1-<jHi-c2)

in which the [r + l)th term is

(1 -α) (1 -αg) ... (1 - aqr~1} (1 - ⅞) ... (1 - ⅛r~1) χr
O~2) — 0-2r)0-0 ∙.∙ 0-c2r"1)

have been investigated by Heine in his Kugelfunctionenr 
VoL l., Chap. 2, under the functional form φ[a, b, c, q, x].

Moreover, in Crelle., Vol. XXXII., he establishes a chain- 
fractional form for the quotient of

2_ j
φ [a, bq, cq, q, √J ÷ φ [a, b, c1 q, a],

from the easily proved identity

Φ E«, fy> c2> 2, aG ” Φ [a, b, c, q, a]
(1 — α) (δ-c) r , , _

°(l-c)ti-<¾J≠⅛>⅛⅞'¾it]∙
This form is

1 — b (1 — a) [b — c) x (1 — bq} (a — cq) x
1 — c — 1 - cq — 1 - cqi —

(1 - aqy) (b - cq) qx (1 - bq2) (a — cq2) qx nχ
× —i-c2≈*- l-c2*- ................W’

the 2rth link being

(1 - aqr~v} {b — cqr~1) qr~1x
1 - cqlr~i - >

and the (2r+ l)th being

(1 - bqr) (a - cqr) qr~1x 
1 - cqir - ~ *
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Now, if b = 1 and ax—cq^ we get

Φ jj, 2> c2> 2> x

1 x — cq (1 - q} (1 — x) cq (x-cg2'} (1 — cq} q
1 — 1 - c2 — 1 — c22 — 1 — cqi -

= _£ x-cq ___ U-gH,l-.⅛,-----  say ......... (2)

where ≠ = -±- ⅛Z⅛2 (1- ?’) (1 - a∙gl <√.
1 1- 1 — c2- 1 — cq —...

Reducing (2), we see that

⅜ = l÷‰c>--⅜i1-≡g)⅛ ............... (3).
ψ 1 — q (1 - cq) (1 — x} ψl 7

Similarly if

. J_ (x ~ <,g3) √ (1 ~g*)(l ~¾,g^2)
^a-J- l-c28- 1 —c28-... ,

.1 . l-co8 „(& —c2i) (1 - 23)
ψχ 1— xq 1 (1 - cqf} (1 - xq}r

Proceeding in this way we get a series for

c2> 2, aψ(1~c)>

viz.

___ 1~c¾, I m (g-c<7)(i-g) ,1 _ »,
(l-c)(l-a) 7(1 -c) (l-c2) (1- x) (1 -xq)k 1'

+ cV (a;- cg) c9a) (1 - g) (1 - ga) _
7 (1 - c) μ - C2)(l - cq*) (.1 - x} (1 - xq} (1 - xq'}k

+................... (4))
in which the (r⅛ l)th term is

cr√ (x~c^ fc~cgit)∙∙∙Gg-cgr)(1~g)(1~ga)∙'∙(1~⅛r) z1 !r+η 
1 (l-c∏l-c2)...(l-c2r)(l--Λ)(l-^)...(l-ar2rr 1 '
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3 0 O F  A N  H EI N E A N  S E RI E S.

A  f e w w ell- k n o w n  i d e ntiti e s m a y  b e d e ri v e d  f r o m t hi s 
t r a n sf o r m ati o n, a n d  a s  w e  g et  v e r y r a pi dl y c o n v e r gi n g s e ri e s,  
t h e r e s ult s a r e  n ot  wit h o ut  i nt e r e st.

P utti n g  c  =  1 aft e r  di vi di n g  b y  1  —  c, w e  h a v e

0 0  ∕1- 9' " + 1 ' ∖ 1 — < 7 x- q i λ 3 .
« ? o  - xij i - χ  +  g ^ (i - a 0  ( 1 - x <i} 2

. ( x- q}( x- q,} ,, s,

* ( 1 —  X)  ( 1 —  x q}  ( 1 —  x q z ) v

F r o m t hi s e q u ati o n w e  m a y  d e ri v e t h e f oll o wi n g w ell-  
k n o w n  r el ati o n s.

L et  x  —  0,  t h e n

∏  ( 1 - q'")  =  1  - j - i>  ( 1 _ /) +  /  ( 1 - j∙) - 2 -(l -j >+ ... . 
n = 0

L et  x  =  q i. T h e n,  c h a n gi n g q  i nt o q 2 , w e  g et

( 1 —  r∕" +, ∖
- -5 5 + i 1 =  1  +  q  +  q i ( 1 +  q i) +  g l θ ( 1 +  q 5 } +...  .

7*- U J  i ×

L et  x  =  —  1,  t h e n

∏ θ (l ÷g ,,+ 1 ) =  1  - 2 ,“ 2  ( 1  -2 8 ) +  ∕(1  - 2 8 ) -∕(l - 2 τ ) +·· ■ · 

=  l- 2 q + 2 q4 - 2 q9 +...  .

A g ai n  i n ( 4) if x  =  q,  t h e n w e  h a v e  

1   c c ,
+  1  - 7  +  1- 7  + ” ‘

=  1 ~ c ?  , c∕ ∏  ~ c∕)  c ⅛ 8 (l - √)
fl- cj μ- 2)  (l- c 2 μi- 2 3 ) ( 1- < √h i - √,)+, " ,

o r  b ett e r,  w riti n g  e g  f o r c a n d  m ulti pl yi n g  b y  c,

1  “ 2  +  1-∕ +  l- 2s +, * , l- ⅛ 1 - ∕ +  1 - ∕+ * *

I- c g τ  l- c v∕ ψ  1- c 2 8 ^ ,,'5  

as  m a y  e asil y  b e  v e rifi e d  b y  e q u ati n g  c o effi ci e nts of  c r .
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When c≡l, we get Clausen’s identity,

v ? -rr1÷^, √1 + *∕3,

and when c = — 1,

________ sL + JL. =f,I±ιL√⅛'+, ∙1-⅛8-....
1-2 l-2∙+l-4s 2l-2, 2 1-2 2 l-2,

Leeds, June, 1893

PROOF OF A THEOREM IN THE THEORY OF 
NUMBERS.

By H. W. Segar.

§ 1. On  page 59 of vol. xxπ. of the Messenger the fact that 
the product of the differences of any r unequal numbers is 
divisible by r — l!r - 2 ! ... 3 ! 2 ! 1 1 was incidentally dis-
covered, and it may be worth while to give an independent 
proof of this property. Let the unequal numbers be denoted 
by α1, a2, a3, then the product of their differences is
ξi (a1, a2, a3, ..., ar), and this we shall shew is divisible by 
r — 1 ! r— 2 ! ... 3 ! 21 1 ! or r —1!!, say; which is the product 
of the differences ofl,2, 3, ..., r.

Let a be one of the prime factors of r — 1!!; then we shall 
first shew that there are at least as many of the differences of 
α1, α2, a2, ..., ar, divisible by a as there are differences of 
1, 2, 3, ..., r so divisible.

The investigation will be simplified if we restrict ourselves 
to the most unfavourable case. This will be when the number 
of letters α1, a2, a3, ..., ar having the various remainders 0, 
1, 2, 3, ... a — 1, after having been divided by a, are as nearly 
equal as can be; that is, when the number of letters having 
any one of the remainders does not differ by more than unity 
from the number of letters having any other remainder. For 
suppose that we have in this case p groups of letters having 
x letters each and q groups having x + 1 letters each, using 
the word ‘group’ to denote all the letters having the same 
remainder. The differences which are divisible by a are 
obtained by subtracting from one another the numbers which 
have the same remainders when divided by α. Hence each
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