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NUMBER OF PROPER QUATERNARY =2-ICS.
By Lt.-Col. Allan Cunningham, R.E., Fellow of King's Coll., London,

1. Introduction. A QUANTIC of n'* degree in z, y, 2 may
be said to be complete when all the possible terms are present,
and to be incomplete when some of the possible terms are
absent, so that it contains a number of terms r less than the
full number of terms of the complete quantie.

A quantic of n™ degree may be said to be a proper quantio
when it is not the product of algebraic factors of lower
degrees, and is not homogeneous. A quantic which contains a
linear or other algebraic factor, or is homogeneous, may be
styled an ¢mproper quantic,

It is proposed to investigate in this Paper the number of
tncomplete proper quaternary n™ degree quantics, arising from
the complete »™ degree quaternary quantic by erasure of some
of its terms. This number is interesting as being also the
number of proper n-ic equations.

[This Paper is an extension to quaternary quantics of the author’s
Paper on the “ Number of Proper Ternary Quantics,” published at p. 1
of this volume. The procedure and notation will be as far as possible
the seme as, or similar to, the procedure and notation in that Paper.
The numbering of the Articles and Results of that Paper will also be
followed as closely as possible; though of course the Results in this
Paper are far more numerous, In order to make this Paper complete in
itself a good deal of repetition has been unavoidable.]

From the definitions it follows that every complete quater-
nary quantic is (in general) a proper quaternary quantic.

2. Preliminary Formule. Let n denote the degree of a
function of 2, y, 2.

Let w™_denote a binary quantic of n" degree, so that in
general
u® =a® 2" 4+a™ 2"y 4

fi—1

vessenreennnt @@ 2y e, 40 (1),

Let U, denote a fernary quantic of o™ degree, so that in
general

U,=u'"", (a constant) c.ooesivvrernnnecccnnnnnaninesiesenennn(20),

U=(,,2+0,7+d 250+ 1.2 ccrreirviienennn(20),
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+u” e+ w2 w8 e (2d),

and, in general,
- L 1} n k ]
U=u® +u™ _ z+u®™ . .2"+.........
n-y L]
w2 w2 (2e).

Lastly let T denote a quaternary quantic of n™ degree in
three variables (z, y, 2), so that, in general

Y=U+U_+...t U+ U+ U, ccereeen..(3).

n=i

Next let ¢, 7', 7, denote the number of terms in u™
U,, T, respectively ; therefore

) e e e TR Rt . /s DRSS | LI
7,=2"(t) ={(r+D+n+...+3+2+1}
=1(n+1)(n+2)} ...ee..(4d),
7o =2 (L) =2"{} (n+ 1) (n +2)}
' =% (n+1)(n+2)(n+8) ... ().

Let € (n,#) denote the number of combinations of n dif-
ferent taken » together, so that

Cln,)=nlfrl(n—2)] ccccisiirnnaeand(5).

Let S (n,r) =number of sets, containing r terms, formable
from 7.

Let s (n, r) =number of scts, containing » terms, formable
from 7T, each set containing at least one term from U

Let = (n,7) = number of functions of n'" degree, contain-
ing r terms, (including improper quantics) formable from 7,

Let o (n,7)=number of amproper quantics of n™* degree,
containing » terms, formable from 7,

Let N"' (n,7), N” (n,r) be the number of proper terrary
and quaternary quantics of »™ degree, contalning r terws,
formable from U, T, respectively,
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