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N U M B E R  O F  P R O P E R  Q U A T E R N A R Y  «-I C S.

B y  J A.-C ol.  All a n  C u n ni n g h a m,  R. Ę.,  F ell o w  of  Ki n g ’s C oll.,  L o n d o n.

1.  I nt r o d u cti o n. A  Q U A N TI C  of  w t h d e g r e e  i n c c, _ y, z m a y  
b e  s ai d t o b e  c o m pl et e  w h e n  all  t h e p o s si bl e  t e r m s a r e  p r e s e nt,  
a n d t o b e i n c o m pl et e w h e n  s o m e of  t h e p o s si bl e t e r m s a r e  
a b s e nt,  s o t h at it c o nt ai n s a  n u m b e r  of  t e r m s r l e s s t h a n t h e 
f ull n u m b e r  of  t e r m s of  t h e c o m pl et e q u a nti c.

A  q u a nti c  of  w t h d e g r e e  m a y  b e  s ai d t o b e  a  p r o p e r  q u a nti c  
w h e n  it i s n ot t h e p r o d u ct of al g e b r ai c f a ct o r s of l o w e r 
d e g r e e s,  a n d  i s n ot  h o m o g e n e o u s. A  q u a nti c  w hi c h  c o nt ai n s a  
li n e a r o r  ot h e r  al g e b r ai c f a ct o r, o r  i s h o m o g e n e o u s,  m a y  b e  
st yl e d a n i m p r o p e r q u a nti c.

It i s p r o p o s e d  t o i n v e sti g at e i n t hi s P a p e r  t h e n u m b e r  of  
i n c o m pl et e p r o p e r  q u at e r n a r y  n ttl d e g r e e  q u a nti c s,  a ri si n g  f r o m 
t h e c o m pl et e w t h d e g r e e  q u at e r n a r y  q u a nti c  b y  e r a s u r e  of  s o m e  
of  it s t e r m s. T hi s  n u m b e r  i s i nt e r e sti n g a s b ei n g  al s o t h e 
n u m b e r  of  p r o p e r  w-i c  e q u ati o n s.

[ T hi s P a p e r  i s a n e xt e n si o n t o q u at e r n a r y q u a nti c s  of  t h e a ut h o r ’s  
P a p e r  o n t h e “ N u m b e r  of  P r o p e r  T e r n a r y  Q u a nti c s, ” p u bli s h e d  at p.  I 
of  t hi s v ol u m e. T h e  p r o c e d u r e  a n d n ot ati o n  will  b e  a s f a r a s  p o s si bl e  
t h e s a m e a s, o r  si mil a r t o, t h e p r o c e d u r e  a n d n ot ati o n  i n t h at P a p e r.  
T h e  n u m b e ri n g  of  t h e A rti cl e s  a n d R e s ult s  of  t h at P a p e r  will  al s o  b e  
f oll o w e d a s cl o s el y a s p o s si bl e ; t h o u g h of  c o u r s e t h e R e s ult s  i n t hi s 
P a p e r  a r e  f a r m o r e  n u m e r o u s. I n o r d e r  t o m a k e  t hi s P a p e r  c o m pl et e i n 
it s elf a  g o o d  d e al  of  r e p etiti o n h a s  b e e n  u n a v oi d a bl e.]

F r o m  t h e d efi niti o n s  it f oll o w s t h at e v e r y  c o m pl et e q u at e r∙ ^  
n a r y  q u a nti c  i s (i n g e n e r al)  a  p r o p e r  q u at e r n a r y  q u a nti c.

2.  P r eli mi n a r y  F o r m uł c e. L et  n  d e n ot e  t h e d e g r e e  of  a  
f u n cti o n of y,  z.

L et  u w n  d e n ot e  a bi n a r y  q u a nti c of  w t h d e g r e e, s o t h at i n 
g e n e r al

w( n) „ =  α %, o * n  +  α π n -ι,ι *" ~ ⅛ < + —

.....................+  α '" ∖, n-, ^"'1 + ¾ n∕ ∙-(1 )∙

L et  Z 7 θ d e n ot e  a t e r n a r y q u a nti c  of  w tt, d e g r e e,  s o t h at i n 
g e n e r al

U 0  =  u' ∖ , ( a c o n st a nt) .........................................................................( 2 n),

i ζ =  (α 'ι, ox  +  tt' o, 1 y  +  <, o  z  =  u ∖  +  m '0 ∙ « ........................................( 2 έ),

w w w.r ci n. or g. pl
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u i =  (a " 2,0  χ 2  +  a -r∖ ,ι x y  +  α " o, 2  2∕ 2 ) +  ( «" 1, 0 x  +  α '' o,ι 2∕)  z  +  tt" o, o z * 

=  w " 2  +  u'' 1 . z ÷  w'' 0 . z * ................( 2 c),

V a  =  ( a ‰ x s +  α' ∖ 1 af y  +  √ " m  +  a' ∖ 3 y*)

+  O'".,.  · »’+ α '"ι,∣ ∙r2' + ≈"',, y') z  +  (α '",..x  + y)  s' +α '"∙,.z >

≈  tt "', +  u "',.  z +  √ " 1 , z ‘ +  √ " 0 . i∙...........( 2 <f),

a n d,  i n g e n e r al,

^  +  ̂  +  « < \_, * ’ + ................

u < n ∖. s n -1  +  w <" >. s n ...............( 2 e).

L a stl y  l et rfn d e n ot e  a  q u at e r n a r y  q u a nti c  of  n t h d e g r e e  i n 
t h r e e v a ri a bl e s  ( #, y,  2),  s o t h at, i n g e n e r al

‰ = ^ + ε ξ,- l+ ..........+  tf, + r 1 + ε ζ ..................( 3)∙

N e xt  l et t , T , τ d e n ot e  t h e n u m b e r  of  t e r m s i n u' n) , 
V n , T ι r e s p e cti v el y ; t h e r ef o r e

L =  ( « +  !) ...............................................................................................( 4 α),

^ 7m = 2 o ( O =  (( w  ÷  1)  ÷  n  +∙∙∙ ÷  3  +  2  +  1}

=  ⅜  ( « + 1)  ( w +  2)}  ...........( 4 6),

L, = ^ r a  =  2 n o ⅛( *  +  1)  ( n +  2)}

=  ⅜  ( n +  1)  ( n ⅛  2)  ( n +  3) ..........( 4 c).

L et  G  ( n, r) d e n ot e  t h e n u m b e r  of  c o m bi n ati o n s of  n  dif -
f e r e nt t a k e n r t o g et h e r, s o t h at

C , ( n, r) =  n  1 / r ! ( n —  r) ! ............................( 5).

L et  S  ( w, r) =  n u m b e r  of  s et s, c o nt ai ni n g r t e r m s, f o r m a bl e 
f r o m T n .

L et  s ( n, r) =  n u m b e r  of  s et s, c o nt ai ni n g  r t e r m s, f o r m a bl e 
f r o m T b , e a c h s et c o nt ai ni n g at  l e a st o n e  t e r m f r o m U n .

L et  Σ  ( z z, r) =  n u m b e r  of  f u n cti o n s of  w t h d e g r e e,  c o nt ai n -
i n g r t e r m s, (i n cl u di n g i m p r o p e r q u a nti c s)  f o r m a bl e f r o m T n .

L et  σ  ( n, r)  =  n u m b e r  of  i m p r o p e r q u a nti c s  of  w t h d e g r e e,  
c o nt ai ni n g r t e r m s, f o r m a bl e f r o m T n .

L et  N" , ( n, r), N' κ ( n, r) b e t h e n u m b e r  of  p r o p e r  t e r n a r y 
a n d q u at e r n a r y q u a nti c s of  n t h d e g r e e,  c o nt ai ni n g r t e r m s, 
f o r m a bl e f r o m U n , rfli r e s p e cti v el y.

w w w.r ci n. or g. pl
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Let N"' (n∖ N'κ (w) be the total number of proper ternary 
and quaternary quantics of wth degree, formable from I7n, Vn 
respectively.

Thus N'y (/?, r), 2Vv (n) are the numbers now sought, 
whilst N'" (n, r), N"' (n) are those investigated in the pre-
vious Paper (p. 2).

Then
Z?(n, r) = C(τn,r) = τn!∕r! (n-r)!-------(6),

s(n,r) = S(n,r) - S {(n - 1), r}..................(7),

= <‰, r^)~ C(Tn-l}r).......................(7a)f

∑(n,r) =s(n,r)........................................................... (8),

Arv(w, r) = Σ (n, r) — σ (n, r)...............................(9),

= 8 (n, r) — σ (w, r)............................. (9α).

The computation of σ (n, r) will occupy most of the rest of 
this Paper; and, in fact, presents the only difficulty.

3. Decomposition of σ (n, r) into parts. A quaternary 
n-ic is an improper quantic in following cases:

I. When containing one, or more, of x, y, z as factors.
II. When it is a function of only one of the variables x, y, z.
III. When it is a homogeneous function of only two of the variables 

a·, y, z.
IV. When it is a non-homogeneous function of only two of the 

variables x, y, z.
V. When it is a homogeneous function of the three variables.

These cases are to a considerable extent mutually involved,
«·?·
(axn + bxm + cxp) falls under both Cases I., II.

(axn + bxfiym + cxsyv) falls under both Cases I., IV.

(axn + bxn'mym + cxn~w~pys zp^) falls under both Cases I., V., 
&c., &c., &c.

and the only difficulty consists in avoiding counting such 
cases more than once. A special symbol will now be defined 
to denote the number of functions falling under each Case I. 
to V., such as to exclude all falling under previous Cases.

I. Let σ (w, r; x, y, z ; yz, zx, xy; xyz) be the number of 
»?-ic functions of r terms, containing one or more of x1 y1 z as 
factors.

www.rcin.org.pl



PROPER QUATERNARY 7J-ICS. 11

II. Let σ (n, r∖fx,fy,fz') be the number of rc-ic functions 
of r terms which are functions of only one variable, but not 
containing z, y, or z as factors.

III. Let σ (n, r; f(y : z),f (z : x),f(x : y) be the number 
of homogeneous binary zz-ic functions, (∕.e. homogeneous w-ic 
functions of two variables only), of r terms, not containing 
a, y, or z as factors.

IV. Let σ{n, r↑tf(y, z),f(z, x),f(x,y)} be the number 
of non-homogeneous ternary w-ic functions of two variables con-
taining r terms, but not containing a;, y, or z as factors; 
(these are clearly proper ternary w-ies of r terms.)

V. Let σ {u, r; f (x 'y'.z')} be the number of homogeneous 
ternary w-ic functions of three variables, containing r terms, 
but not containing a:, y, or z as factors.

Collecting the five parts of σ (w, r), it follows that 
σ(w,r) = σ(n,rj o?,y,z; yz,zx,xy↑i xyz)

+ σ(n,r-, fx,fy,fz') + σ [n,r; ∕ (y : z), f{z : x),f(x :y)} 
+ σ {rz, r,∙ ∕(y, z),f(z, x),f(x, y)} + σ {w, r,/(a;:y:«)}...(10).

It will be seen that the five parts of σ (n, r) have been so 
defined as to exclude twice counting of functions falling under 
more than one of the five Cases I.—V.

4. Number of terms containing χi y, z.
Let £n, Xn)i Xn be the number of terms containing

x  ιn  m '‰ zL ‰
Let ηn, Fn, ¥ be the number of terms containing

yin u(\, Un,Tn,
Let ζι, Zn, ⅜n be the number of terms containing

« i∏ <,, ‰
Let λn, Ln, 2Ln be the number of terms containing both

y, z in u<∖, Un, Tll,
Let ∕in, Mn, 4Mnbe the number of terms containing both

*> x in u<n>n, σn, T ,
Let rn, 2Vn, JJin be the number of terms containing both

zr,y in td*>n, Cζ, Tn,
Let ττn, Pn, Pn be the number of terms containing

a∙y2 in u<∖, Cξ,, T„.
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12 LT.-COL. CUNNINGHAM, NUMBER OF

Then, recurring to the definitions of u(n)n, Cζ, Υ,n in equa-
tions (1), (2e), (3), it follows that

f.=⅞=e, =»..................................................................(n).

A7n= Yn = Zn = ∖n + (n - 1) +...+ 3+2 + 1}

= ⅛τz (n + 1) = Tn_x............................(llα),

*n = K = ¾ =∑tl0(Λ) = ∑ζ⅛n(n + l)

= ⅜n(w+l)(w + 2) = τn,1 ..........(llδ),

K≈Pn = vn =(w-l)................................................... (12),

Ln = Mn = Nn = {(n-l) + (rc-2)+... + 3+2÷l}

= ⅜w(n-l)= Tn~2............................(12a),

2=^n=^n = ∑"1 (Zn) = Σn1⅜n(n-l)

= ⅜w (w- 1) (n - 2) = τn,, ........... (123),

Lastly -sr = 0 .................................................................(13),

and, observing the form of Un in equation (2e), it is seen that 
the three terms ι√nζ, wt"∖1-1.2n"1, u(n\.zn contribute nothing to 
Pn, whilst each intermediate term, such as iY\_(i.z'1 contributes 
its quota vq (see notation above) to Pn,

therefore -Pn= {(v- l) + (v-2)+...+ 3 + 2 + 1}

= ⅛ (w - 1) (w - 2) = Tn_3............ (13α),

^n = ∑"1Pβ=∑n1⅜(n-l)(n-2)

= ⅜n (n - 1) (w - 2) = τη_, ..........(13δ),

5. Decomposition of σ (nir∙1 x^y^z∖ yz, zx, xy; xyzf 
This may be decomposed into the algebraic sum of seven 
parts, viz.

3 parts, when only one of x, y, z enter as factors.

3 parts, when only two of x, y, z enter as factors.
1 part, when x, y, and z all enter as factors.

Special symbols will now be defined for these.
Let &(w,r,.r), S(n,r,y), S(n,r,z)∙, S(n,r,yzf S(nir,zx)t 

S(n,r, xy) 5 & ^n∙> r∙> xyz) be the number of sets of r terms 
containing either x1 or y, or z; or yz, or zx, or xy ; or xyz as 
a common factor formable from the Xrι, "5fn, S&n; ⅛n, fWn, J)ln ; 
or ⅛ln terms of Tn which by definition (Art. 4) contain these 
factors respectively.

www.rcin.org.pl



PROPER QUATERNARY ft-ICS. 13

Let s (n, r, x), s(n,r,y), s(n,r,z); s(n,r,yz'), s(n,r,zx)} 
s (n, r, xy); s (w, r, xyz) be the number of sets formed precisely 
like the preceding $, except that each set is to contain at 
least one term from Un.

Let σ (w, r, x), σ (??, r, y), σ (n, r, 2); σ (w, r, yz∖ σ [n, rj zx)i 
σ (n,r,xy) ∙ σ {n,r,xyz) be the number of n-ic functions of r 
terms, containing either x, or y, or 2; or 7/2, or zx. or xy'1 or 
xyz respectively as a common factor, formable from Tn.

Computing from above definitions:—

£(w) r,x)=S(n1 r,y)≈8(n, r, z) = G(Xn, r)
= c(τn-vr).................. (14)>

s(τi, r,x)=s(n, r, y)=s(ni r, e) = S(n, r, x)-S(n- 1, r, x) ..., 

σ (rc, ri x) = σ (nj r1y)≈σ (n, r, z) = s (n, r, x)

= 8 (w, te) — 8 (n — 1, r, x)

= C(τι,1, r)- C(τfl,2, r) ..........(15).

Again, 8 (n, r, yz) = 8 (77, r, zx) = 8 (n, r, xy)

= <2‰ r)= C,(τn-2, r)............... (lθ)j

s (77, r, yz) = s (n, r, zx) = s (n, r, xy)

= $(n, r, yz) - S(n - 1, r, yz) ..., 

σ (n1 r, yz) = σ (7?, r, 2x) = σ (n, r, xy) = s (n, r, yz)

= 8 (n, r∣ yz) - S(n-l,r, yz) 

≈C(jn^r)-G{τn^r) ......(17).

Lastly, 8 (??, r, xyz) = C($„, r) = C(τn,3, t ∙) ..........(18),

s (n, τ∙, xyz) = S (n, r, xyz) - S(n — 1, τ*, .ry2)...,

σ (??, r, xyz) = s (77, 7·, xyz) = 8(n, r1 xyz) - 8 (n - 1, r, xyz)

≈C(τ^r)-C(τn^ r)..(19).

Now, the seven numberings of type σ just computed are 
not mutually exclusive, but would—unless properly com-
bined—include many repetitions, thus

σ (n, r, 2) includes all sets in σ(n, r, zx), tr (m, r, xy), σ (w, r, xyz), 

σ (ra, r, y) includes all sets in σ (ra, r, yz), σ (re, r, xy), σ [n, r, xyz), 

<r(r., r, z) includes all sets in σ(w, r, yz), σ (n, r, zx), σ (re, r, xyz), 

σ (,m) r> yz∖ σ {n> r, zx), & (re, r, xy) each include all sets in σ (re, r, xyz).
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14 LT.-C()L. CUNNINGHAM, NUMBER OP

Combining these seven parts in . such a way as to avoid 
twice counting of any sets, the final value is 

σ (n, r, a, y, s; yz, zx, xy; xyz)
= {σ (rc, r, x) + σ (ni r, y) ÷ σ (w, r, z^)}
— {σ (r<. r, yz~) + σ (w, r, zx) + σ (n, r, xy)} 

+ σ(n,r,xyz) .................. . .........................(20)

= 3 Cr(τn-n r) - θ c (τ,∣-2> r) + ½C (Tn_3, r)- C r)..(2l).

β. Number of terms containing only one variable.
Let X, , ¥' S' be the number of terms of form .xmt 

or αιm, ym, or ι√ '∖ zm contained in T , where m takes all the 
values, 1, 2, 3, ..., n, (but not zero), lhen on comparing the 
form of Tn in equation (3) with those of Uv If, ..., Un in 
equations (26), ..., (2e), it is seen that each function Um con-
tributes one term of required form to each of the numbers 
X ', ¥ ', S ',
therefore " X∕ = ¥„' = ¾' = n.......................................(22).

7. Computation of σ (n, r, fx, fy, Jz). This may be 
decomposed into the sum of three parts as follows;

Let σ (w, r, y⅛), σ (n, r, fyf σ (n, r, fz'} be the number 
of n-ic functions, of r terms each, formable from Tw, which are 
functions of x only, or of y only, or of z only, and yet not 
containing x ι y, or z as a factor.

It is clear that the functions included in the numbering 
σ (rc, r, y⅛), σ (n, r, fy), σ (n, r, fz) must each contain the 
constant term u<u,θ,, and also either αrζ 0⅛", or uf∖ny", or 
ι√"ζzn, and also (r — 2) other terms taken out of the above 
Xn', ¥„', ¾' terms of (Art. 6) respectively,

Λ σ («, r, ∕x) = σ (w, r,∕z∕) = σ (w, r,∕s) = C (Xf - 1, r - 2)

= C(w-l, r-2) ................(23).

Hence, as the sets included in these three numbers σ are 
wholly different, the three parts σ are additive,

∙'∙σ (n, r^fχJyJz'} = σ (n, rJχ) + σ (w j r>Λ) + σ r,fc) 
= 3C(n- 1, r-2).................................(23α). 8

8. Computation of σ {n,r,f (yj,.zff(z↑, <r),/(zr:y)j. This 
may be decomposed into the sum of three parts as follows:

Let σ {n1 r,f(y : z)}, σ {n, r,f(z : x)}, σ ∖n, r,jfχ∙.yf be 
the number of homogeneous binary w-ic functions of r terms,
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PROPER QUATERNARY 72-ICS. 15

formable from Tn, which are homogeneous in y and z, or in 
z and x, or in <r, yi and yet not containing any of x, y or z as 
a factor.

Referring to the form of Cξι, Tn in equations (2e) and (3), 
it is seen that these functions must be all homogeneous binary 
w-ics contained in tζ, and must all contain the pair of terms,

^n∖,nyn+^∖.zn∖ or (uC")0.,"+α(∖X), or

respectively, and also (r — 2) other terms taken from the 
remaining (n — l) terms of the complete binary n-ics in 
y'. z, z∖ x, x '.y respectively contained in Un; whereof, w(n)n of 
equation (1) is the type-function of x: y,

.∙. σ {w, r,f(y : z^)} = σ {w, r,f(z ∙.x')} = σ {zι, r,f(x : y)}

= C (n - 1, r- 2)...........................(24).
Hence, as the sets included in the three numbers σ above 

are wholly different, these three parts are additive, and

σ {n, r,f{y:«)» f(z: *),∕O ' *∕)}
= σ k rιf(y∙ z)} + σ iw, r,∕O: z)} + σ in> r,Kχ'' y)}

= 3(7(n — 1, r - 2)..........(24α).

8a. Cbmputo½on of σ [n, r,f(y, 2), f(z, <r), /(#,?/)}. 
This may be decomposed into the sum of three parts as 
follows:

Let σ {w, r, f(y, z)}, σ {n, r, f(z, x)}, σ {n, r,∕(zr, y)} be 
the number of non-komogeneous ternary w-ic functions of two 
variables, i. e. of y, z ; or of zy x; or of x, y respectively, con-
taining r terms, but not containing any of x, y, or z as a 
factor.

These functions are evidently proper ternary n-ics; the 
number of these has been computed in the previous paper on 
the “Number of Ternary n-ics,” p. 5, and is denoted for 
shortness by N", (/?, r).

Thus σ {n, r,f(y, z')} = σ{n, r,f(z, .r)}

= σ {n, r>f(χ> y)∖ = N'" (w> r)∙∙............(25)∙
Hence, as the sets included in the above three numbers σ 

are wholly different, these three parts are additive, 

therefore σ {w, r,∕(ιy, zy), f(z, x),∕(*, yj}

= σ {*b r, ∕(y, z)∖ + σ {n, r,∕(s, *)} + σ {ni r,f(x, τ∕)} 

= 3χV'" (njr) ...........................................................................(25a).
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16 LT.-COL. CUNNINGHAM, NUMBER OP

By equation (29) of previous Paper,

2V'×'(n, r) = {C(Γn, r)-3C‰ r) + 3C‰ r)- C(Γn,,r)}

-3Cr(w-l, z∙-2) .............. ....(26).

8b. Computation of σ {n, r,f(χ∙.y : z~)}. By definition V 
(Art. 3), this is the number of homogeneous ternary 
w-ic functions of three variables, containing r terms, but not 
containing xpy, or z as factors: these functions are therefore 
all contained in Un, and are in fact all proper ternary w-ics> 
so that their number is N'" (n, r), see notation, Art. 8d, 

therefore σ {n, r, f (x: y: z)} = N"'(n, r) ...................... (27).

9. Recomposition of σ (n, r). Combining the different 
parts of σ (n, r) from Results (10), (21), (23α), (24α), (25α), 
(^7),
σ {n, r} = {ZC(τn.1, r) - 6 C(τη_„ r) + 4 C (t „_3, r)-C(r„_4, r)}∙ 

+ 6C(n — 1, r — 2) + 4Ar", (w, r)..................... (28).

10. Final formula for N" (n, r). By equations (9α), (7α), 
(23), (26), the number sought is

-W" (», 0 - {C (τ., r) - 4 C (t ,_„ r) + 6 <7{τnj, r)- 4Ο (τ,.„ ι∙) 
+ ‰1, r)J - 4 (<7(Tn, r) - 3(7(Γm, r) + 3C(T~β r)

- C(2,^,, >∙)) + 6C(n- 1, r-2) .. ...(29), 

wherein by equations (4Z>), (4c),

Tn = ½(n + 1) (n + 2), &c.; τn=⅜ (n + l) (« + 2) (» + 3),&c.

, . ., l ................(30),
and the range of r is easily seen to be 
r not < 2, nor > τn, i.e. not> ⅜ (w + 1) (w + 2) (n + 3)...(31).

Thus the expression for Ar"z {n, r) is the algebraic sum of 
ten terms of form C; therefore the greater the value of r,
the simpler the general expression for N'κ (n, r) becomes by 
the property of C,

C (m, r) = 0, when r > m..................................(32),
so that each term C vanishes in turn as r increases through
the critical values,

r>(n + l)j Ιf3, Tn_2, Tn,l, Tn∙1
τn-4, τn-3, 7"n-2l Tn-1...........∙(31u),

www.rcin.org.pl
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and finally
N" (n1 r)≈ C (τn, r), when n > t m,1............... (33).

[In the previous Paper (p. 6) a Table of the reduced values 
of Ν'" [ni r) was given, showing the forms assumed as r 
increases through the critical values: a similar set of re-
ductions of formula (29) could of course be given for N'κ (n, r), 
but it does not seem worth while, as the reductions follow 
obviously from formula (32)].

11. Computation of N'y (n). From the definition, Art. 2, 
the final value sought is

N" [n) = Σ {jV" (n, r)} from r = 2 to r = τn....... (34).

But, by the Theory of Combinations,

CΓ { g (m>rV = CΓ {° (m, r}}-C (m, 1)

= (2m-l)-w ..................................................(35α),
and

CΓ1 {C[n-l,r- 2)j = Σ^-1 (n -1, p) = 2"- ...(356), 

therefore by Results (29), (34), (35α, δ), Ar'" (w) becomes

A" («) = (2τ" - 4 × 2τ"-, + 6 × 2τ"2-4 × 2τn-3 + 2τn^4)

- (τn - 4τn-ι + θτn-2 - 4t „_3 + τn,4)

-4 × (∕"-3 × 2r"-, + 3 x 2r"-i - 27n^3)

+ 4×(Tn-3Γ^+3Γn,8- TJ 

+ 6 x 2n"1,

and, as the 2nd and 4th lines of the above are both zero, this 
reduces to

N" (w) =≈ (2τn - 4 × 2τ"-, + 6 × 2rn'2 - 4 × 2τn^3 + 2τn'4)

- 4 × (2Γη - 3 × 2r"', + 3 × 2r"'2 - 2τ"~3) + 6 × 2n"1 ...(36)

a remarkable formula, in which the law of the coefficients is 
pretty obvious.

[By substituting for τ and T in terms of n, this can be reduced so as 
.to exhibit N" (n) as an explicit function of n, similar to the final formula 
for N,"n, see equation (35α) of the previous Paper: but the Result is 
so complicated that it does not seem worth printing].
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