VALUES OF INTEGRALS IN TERMS OF #.
By J. W. L. Glaisher.

§ 1. THE investigations contained in the present paper,
which relates principally to the expansion of definite integrals
in powers of &, were suggested by some of the formule in the
preceding paper, in which corresponding expansions in powers
of A were obtained,

x
The dertvative qff su"u en"u dn"u du, §§ 2-4.
L

§ 2. The formula

d X n n '!" I rl H42
J};[ sd udu——2— Jo 8d"""u du,
which was proved in § 2 of the preceding paper (p. 110), may
be generalised in the following manner.
Putting snu=a?, we find
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Expanding (1 —%x)¥? in ascending powers of A, the
coefficient of 4" in this integral
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We thus find

w0 (Nt +n
QFL T +1)
X H_(ff_tl)({"__— 1)54_('-'”"'1)_("”“"3)(}?-1)(?‘32;‘a
2(m+n+2) 24(m+na+2)(m+ntd)

_(m+ ) (m+ ) (m+5) (p-1)(p=-3)(p- 5),“+&cl
246 (m+n+2)(m+n+d)(m+n+6) 'f'
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146 DR. GLAISHER, VALUES OF INTEGRALS IN TERMS OF %"

The series in brackets is equal to the hypergeowmetric series
F(zy By, b), if
_m+1

1—»
a="—, B=—1,

m-+n

5= th

go that we may write the formula

K
j sn"u en™u dofu du
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Now
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Putting m +2 and p—2 for m and p in the formula
proved above, we have

+2, a}.

K
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L]
() o LK
407 2 F/m+3 3-p m+n+2h)
B S L T 3 ) il
or (3" +2)

0w

whence we find

X — ' 4
c%‘x [ sn"u cn’y dn"u du = -]-—2—? f sn"*u en"u dn”"u du,

L
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or, since dA = — 2dh,
K -1k

-‘i f sn™s on”u dou du =B f sn"*u en"u dn®u du.

d 2 1 L

In order that the integrals may be finite it is only necessary
that m and » should both be > — 1.

It is curious that the external factor on the right-hand side
of the equation should be independent of m and #, and that
the exponent of cnu should be the same in both integrals.

§ 3. By putting p = — m, the formula becomes

K x
iz-f 8d™u en"u du = — Mf sd™u en"u du.
dax/, i/,
We thus see that the formula in § 2 is unaltered by intro=
ducing the function cn"v under the integral sign.

§4. The formula in §2 may also be expressed in the
forms :

x x
;;—i I sd"u cd"u ndu du =" n::p_ﬂj 8d"*u cd"u nd®u du,

k]

m and n being both > -1

iflﬂ‘" "u de? du—-l = xac‘""unc"u de? *udu
S e delu i = =3 L y
m being >~ land m+n+p<1;
X R
ﬁf ns"u cg'u ds”adu=l———1’f ns"u cs"u ds*"u du,
dh ], = Mk
n being > —landm +n+p < 1.

Particular cases of the general sertes, §§ 5-10.

§ 5. By putting p=—m in the general formula of §2,
we find

()
J’Id.,. . ( 2 } \ 2 14 (m+])‘
05 R oy 2[‘(’”45-}1) 2(m+n+2)
=
(m +_l_)’ (m + 'j)' B 4 &e }
2.4 (m+n i Yy (m+n+d) e
L2
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whence, putting n = — m and replacing m by =,

K/ snu \" ®
——— | dig = ———
o \cnudnu 2 cosgnm

2 {1 A (n +'l)‘k N (n+1) (n+38) Bt &c.} )

2 2¢ .47
In this formula » must lie between — 1 and + 1.

§ 6. Similarly, by putting p =m in the general formula,
we find
m+ 1 n+1
()

2[‘(”‘ «: n+ l)

K
f sn™u enu dnu du =
[i]

G- Lom g (0 5n) (O Sl }
% [l+2(m+n+2)*+2.4(m+n+2)(_m+n+4)}'+&c' !

whence, putting m = — 2,

x " y_ 9
" ( enu  \ T f1+1 n}i
Jo \8

nudnu/l u=2cos§n'rr1 2*

1 = ") (3" = ") : _
RO TR P

In this formula also » must lie between + 1 and — 1.
§ 7. The series in the last formula is unaltered by changing

the sign of n. This is as it should be, for by substituting
K - u for u in the integral, we find .

f : (sn::1$:1 u). du= j :" (m;]dun u)-ct'u.

§8. By putting K- u for u in the last formula of § 4,

we find
K " ‘
"‘ (cnu dn . it & ;ﬂ:n!l + @_’!‘:2 k
, snu [/ 2cosgnmw | g

(n+ 1) (n+ 3) o y
il | “""'}’
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150 DR. GLAISHER, VALUES OF INTEGRALS IN TERMS OF £’
» 4 " .
Series _for f sn"u du, &e. itn ascending powers of k, §§ 11, 12,
o

§11. By giving special values to m, n, p in the general
formula of §2, we obtain the following system of results,
which is perhaps worth placing on record ;

x i I (’E_i!)
L ki E (gjl) {'sz(m»::;z)‘ii

1.3(n+1)(n+3) ,,
A DD "'&c'}’

LIeEs ( y

2
k
+1) [RPTCE=)

n
2
rs e
Eyver Trwy T &gy
f dn"u du = %W{l—”——,-]-h
. 2
13(n—1) (n-3) ,,
+ ( 2.“4'( )h -—&0.},
n+1
j cd"udu = 3 +2(n—+2—)
o . s 1
g1 \3+1)
13(n+1)(n+8),,
DI & ”“"}’

{’rgd"u du =,i(_ﬂ—;_;) {1 o .(n-tl?'
Ya 21‘(§+1) (e +2)

(n+ 1)? (n+ 3)_'
24 (n+2)(n+ 1)

A &c.} ,
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K 1
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L ar n -1
fn cB8 ﬁdu«—z—c';sm {l-‘-——-‘:z':‘*—'ﬁ

. 1.3(:;—1)(?:—3)&,_&0.}.

2°. 4"

In the formule involving sn, en, cd, sd, n must be > —1;
in those involving dc, ne, ns, ds, n must be < 1; in those in-
volving dn and nd, n is unrestricted ; and in those involving
sc and cs, n must lie between + 1 and — 1. These conditions
must be satisfied in order that the integrals may be finite, It
will be noticed that when n is intermediate to + 1 and — 1 all
the twelve integrals are finite,

The case n =0, § 12,

§ 12. When n=0, all the twelve formule reduce to

8O T g
K—E ‘tl -!-2—,}2+ 2;*2‘,?! +mﬁ + &c.}.
e . . Ky osnm "
This is also the case with the series forj ( ) du, &e.
in §§ 5-10. o \enudnu
All of these series may therefore be regarded as generali-
sations of the above well-known series for K.

The case n =1, §13.

§13, Since

it | 14k (K "
fo snua’u=2—klogﬁ§, ‘ Sd“d“=k_k"

"" Y X 1., 14k
fu cnudu-:g, Lcdudu=2_klogi__._k’
j:rdnudu - ; 5 j:{nd udu =2—:, s

we find, by putting n=1 in the formule of § 10,

il 1+ % 1 14 o]t
2klug.-l—_—k-1+§k+5& +_jfs + &ec.,
G2 o4 1 1°, 8¢ RSN TEe
;Il=l+BI}d T _‘r)! }J‘+ ?'i", h “]‘&c.’
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2' 2‘ 4" 2°.4%.6°

- b ’ .
M’ 1+ =R+ = M+ &e.,
T @ 2! 4! ay 6
5}?_5{l+2’k+4 4‘,?1 2,4,.;&-}&&}

which are very easily verified.
The case n=2, §14,

§ 14, Similarly, since

K
f sn’u du= —-{, [st’u du = -C-
o Jn ’l‘

K s d K I
fn SRl » J. cdudu::—i,
K
f do’udu= E, jxnd’udu=§,
o -]

we find, by pulting n=2,

D =

~1=1{4 k+;3: Mc},
g=g{l+;_l}‘ 24, ft+&c )

Bl fi-La-2lu- T80 g,
=T s sl

Fog e i e e,

koown formule,

—_

which are al
The case m =n=p, § 15,

§15. The formula obtained by putting m=n=p in the
general theorem is perhaps worth notice, It may be written

i1
K . r'(nﬂ ) n'= 1
f (snucnudnu) dﬁ-—m {1—4_(;:+l)

+ (ﬂ"_‘i)_(ﬂ-s) A (“ ’)(ﬂ 3)(” _5J) i &(']
48(n+l)(ﬂ+2) a8.12(n+)(m+2)(n+
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DR, GLAISHER, VALUES OF INTEGRALS IN TERMS OF &% 155
in which the exponents «, 3, y arc attached to separate

functions,
Putting K — u for % in this integral, it becomes

K
i ‘! (csu)™*(dnu)*(sd w)""du.

This form of the integral may also be obtained from the
geries by means of the transformation

F(‘Y —o Y- B} v @)= (1 =3 m)ﬁﬁ—‘F(a: -8; Yy x)‘

I have not examined in any detail the other expressions to
which the well-known transformations of a hypergeometric
series give rise,

FParticular cases of the general result, §§ 18—21.

§18. By means of the formulas

8 i in 2, ),
;zs—i']t%%é_t ( :l- 2;11, g, siu’f),
cosnt:F( ; : -g ’ %, sin !},

we may deduce from the general formula of § 15 the following

results
, e e(1-1)
K (sn udnn \ 2 2 sinny
udu= 3 -
o \ chnu 7 7 siney
n I—-n
N EED
K fsnudnu\® , Do) 2 sinney
—— | snudu= i — —,
o \ cnu / m 7 8iny cosy

j (ﬁpudnu\ dnu(z _r_(g_)_[‘(l;ﬂ')

COS Ny,
cnu / snu 27l U
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n+1 n

. goo W)
fx(snudnu) 1 o 2 2/ cosny
. cnu ecnu Qard cosry ’

v being the modular angle.

In these formule, in order that the integral may be finite
it is necessary that m should lie between —1 and 2 in the
first, between — 2 and 1 in the second, between 0 and 1 in
the third, and between 0 and — 1 in the fourth.

§19. By putting n=4 in the first formula, and n=—}
in the last, we tind

K @ 1
fo A(snuenudnu) du= = e
j’K du ‘(1) cosiy
, M(snacnudnu) “ @t Zcosy '

The right-hand members of these equations may also be
expressed by
2 and 2K° cos by
cos &y cosry
respectively (p. 112).
§20. These two results may also be deduced without

difficulty from § 15, for, putting # = } in the formula of that
section, we have

X 2
f vV(snucnudnu) du= ir—‘(.%)—
.; 2r(3)
oo 17 R 19011 (RN
{45437 G) + 55 (5) + =)
Now, in the well-known expansion
{H— ,Vr‘(l_“)}": gt {1 - nt+ "__(2_!3) = E(;l__';_)!(f_'_s) A &c.} )

let 4¢=% and n=—%: we thus find

Niomord (g By LT (R 1901 Ry o
(A +h)t=2 Lt b ) + 3!-(5) +&c.},
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50 that the value of the integral
RO N 2 R
F(3) V(L +cosy) 7 cosdy

as before.
Similarly, putting n=- £,

du _U®d
v’(sn wenudnu) 20 (3)

«fiaag i1 (5) + 57 (5) +8os

and differentiating the expansion of {1 + /(1 — 46)}",

{1+V’(1_40}"-I_ "t ('n 1) (n '3)2
AU gy, =000 ),

whence, putting 4¢= 2, and n = §,

(LEADE _2*{1+3ﬁ+57(k) +&c.}

» 2!
Thus, the integral

U@ va+ cos'y) I*(}) cosgy
= or (3) W2.cosy ‘ot 2 cosy
as above.

§21. In connexion with the results in § 18, the formula

rE /1 —cnu)d T sm?e'y
~kk sinew !

_’ sdu kl +cnu

which was obtained in § 18 of the preceding paper (p. 118),
may be noticed.
Putting 2u for », and = for 27, this result gives

[K /snudnu\ m  sinny
) 13 e 2kk sngny’

L]

T sin ny
= e - .
gingn sinry
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