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V A L U E S  O F  I N T E G R A L S I N T E R M S  O F  k ∖

B y  J. W.  L.  Gl ais h er.

§  I. T h e  i n v e sti g ati o n s c o nt ai n e d i n t h e p r e s e nt p a p e r,  
w hi c h  r el at e s p ri n ci p all y  t o t h e e x p a n si o n  of  d efi nit e  i nt e g r al s 
i n p o w e r s  of  A,  w e r e  s u g g e st e d b y  s o m e of  t h e f o r m ul a e i n t h e 
p r e c e di n g  p a p e r,  i n w hi c h  c o r r e s p o n di n g e x p a n si o n s  i n p o w e r s  
of  λ  w e r e  o bt ai n e d.

T h e  d e ri v ati v e  of  ∣ s n,u  c n" n d n r u  d u f § §  2 — 4.

§  2. T h e  f o r m ul a

f s ∂ n u d u  =  -—  I s d" + 2 Mi Zι Z,
2 j0

w hi c h  w a s  p r o v e d  i n § 2  of  t h e p r e c e di n g  p a p e r  ( p. 1 1 0),  m a y  
b e  g e n e r ali s e d  i n t h e f oll o wi n g m a n n e r.

P utti n g  s n M  =  aι i, w e  fi n d

i s n m M  c ri ,u  d n ⅞  d u  = i x i",~ i ( 1 —  xf n ~ i (I —  h xf p ~t d x <

J a  J 0
E x p a n di n g ( 1 —  h xf p ~ i i n a s c e n di n g p o w e r s of A, t h e 

c o effi ci e nt of  h r i n t hi s i nt e g r al

=  (- 1  )r⅜- ⅜) ⅜ Z ⅜)∙∙∙ B p- ⅞  (2 r ~ 1 )) i1 a ∕ +i >'-i ζ 1  _ a ,)i" ¾ 

1  J Q

Γ  I ∏  7 w  +  1 λ  r M  +  l ∖
-f ι γ∙( p- 1 ) θ ~ 3 )∙∙∙(ff- 2 r + 1 ) ×  2 ∕ V 2  ∕

2". r!  r (r  +  2 L +i + i)

W e  t h u s fi n d

r( ^ 1 ) r( ψ)

s n m ii c n"∣ t d n ’u  d u  =  —  -------- -— -— √-
, 2G ^ + 1 )

× ( 1 _  +  ι) ( p- 1)  z ( m +  l)(ffl ⅛ 3)(∕ >-l)( p- 3)
1 2( z n  +  n  +  2)  2. 4  (i n +  n  +  2)  ( w +  n  +  4)

- (m ÷  1 ) (z n + ( w +  5)  O  - 1)  Q-  3) Q-  5)  +  & β  ) ,
2. 4. 6  ( > n +  n  +  2)  ( τ n +  n  +  4)  ( m +  n  +  6)  ∫ ’
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T h e  s e ri e s i n b r a c k et s  i s e q u al  t o t h e h y p e r g e o m et ri c  s e ri e s  
β,  y,  Λ),  if

m  +  1 r , 1 — 7 7  7 7 1 +  7 1

a =  ~ 2 ~ f @ = 2 ~' 7  =  —  2 _ + 1 ’

s o t h at w e  m a y  writ e  t h e f or m ul a 

/ ■· £
I s n m w  c n " w  d n p w  d u

r( ⅛ ± 2')r(' ^ ±-1 ')

∖ 2  ∕ ∖ 2 ∕ Z m + 1 l— o m  +  n ,∖
=  ̂ 2' r( ^-n  +  1 )  H ~ ,  ’ ~ +  ’ )'

N o w

β,  7,  x) ≈ ^ F( a +  1, ∕3 ⅛  1, 7 +  1, x),

s o t h at

∕m  +  o ∖ ∕n  +  1 ∖

- ≤ Γs n m u  c n n M  d n p w  d a  =  (m  +  1 )(1 ~ ξ) U  ∏  2j  
i∕Λ  J  0  2  ( m +  w  ÷  2) 2r  (m  +  n  +  χ )

× < 4- 3 . ⅛ ,> r a4 M

r  Λ 7 z  +  3 ∖  γ  λ * +  λ
- i~ p  2  ∕  ∖ 2 ∕ τ ,(m  +  ⅛  ⅜- p m  +  n , o 7 ∖

2 2r +  n  1 2)  ' 2 ’ 2 ’ 2 +  , r

P uttj n g  7 n + 2  a n d p  - 2 f or m  a n d p  i n t h e f or m ul a 

pr o v e d  a b o v e,  w e  h a v e  

fJ Γ
j s n mt, w  c n * ,M  d n p ~ ,w  d u

1 √!i ±- 3h √- 1

∖  2 ∕ ∖ 2 / „/ m +  3  3  —  p 0 1  +  n Λ
2 r( ^ ±-n  +  2 ) ∖ 2 ’ 2 ’ 2  ’ ) ’

w h e n c e  w e  fi n d

~  j s n m w  c n " u  d n p M  d u  = J s n w +, tf c n " u d n p ^ ,M  d u,

w w w.r ci n. or g. pl
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o r,  si n c e d K  =  - 2 d h i

J s n ,',M  c n" u d n p w  d u  =  - - J s n m + 3 u  c n n u  d n p ~ ,u  d u.

I n o r d e r  t h at t h e i nt e g r al s m a y  b e  fi nit e it i s o nl y  n e c e s s a r y  
t h at m  a n d n  s h o ul d b ot h  b e  >  —  1.

It i s c u ri o u s t h at t h e e xt e r n al  f a ct o r o n  t h e ri g ht- h a n d si d e  
of  t h e e q u ati o n s h o ul d b e i n d e p e n d e nt of  m  a n d  w,  a n d t h at 
t h e e x p o n e nt  of  c n w s h o ul d b e  t h e s a m e i n b ot h  i nt e g r al s.

§  3. B y  p utti n g ^  =  —  τ w, t h e f o r m ul a b e c o m e s

J s d m u  c n" w  d a  =  —  m - J s d m + 3 α  c n" w  d u.

W e  t h u s s e e t h at t h e f o r m ul a i n § 2 i s u n alt e r e d  b y  i nt r o-
d u ci n g  t h e f u n cti o n c n " w u n d e r  t h e i nt e g r al si g n.

§  4. T h e  f o r m ul a i n § 2 m a y  al s o b e e x p r e s s e d i n t h e 
f o r m s:

J s d n w  c d" u  n d p w  d u  —  r a ^ l r n  +  -- J s d" , + 3u  c d n w  n d p w  c ? w,

m  a n d n  b ei n g  b ot h  >  - 1 ;

J” s c m M  n c " u  d c p w  d u  = J s c ,'i+ 2 m  n c" w  d c p 3 w  d u 1 

m  b ei n g  >  - 1 a n d  m  +  n  +  p  <  1 ;

- ~ f n s m M  c s " u d s p w  d u  =  - [ ns n u  cs n u  ds p ~ ,u  d u f
< MJ 0  2 Jo

n  b ei n g  >  - 1 a n d  m  +  n  +  p  <  1.

P a rti c ul a r  c as es of  t h e g e n e r al  s e ri es, § § 5 — 1 0.

§  5. B y  p utti n g  p  =  —  i n i n t h e g e n e r al f o r m ul a of  §  2,  
w e  fi n d

∕m  +  l∖ ∕n +l ∖
Γ..,, . , I 2 r  k ∙ 2 Jf, l ( « +  !)’ , 
λ  β d u  'a u d u = 2 r^ +ι y V  +  2( m  +  n  +  2)  h

+ _______ ( m +l),( ⅛ ÷. 3 r------- h , +  & c  1

2. 4  ( m +  n  +  2)  ( m +  n  +  4)  )

L 2
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w h e n c e,  p utti n g  n  =  —  m  a n d  r e pl a ci n g m  b y  n,

(* f-j-  =  — —
J o ∖ c n u d ∏ M∕ 2  c o s ⅛ Λ 7 Γ

×  {l +  A  +  (" +  1 ^ +- g  ⅛ =  +  & c.j  .

I n t hi s f o r m ul a n  m u st  li e b et w e e n  —  1 a n d +  1.

§  6. Si mil a rl y, b y  p utti n g  p  =  m  i n t h e g e n e r al f o r m ul a, 
w e  fi n d

rf e ± Γ) r( ⅛ ±I ,) 
iε „ . j , 1 1 2 Γ  V 2 ;
I s n u  c n u  d n  u  ci u = ----------------------------- -j°

∫  Is — w ’ j ( 1, —  m 2 ) ( 3 8 —  m' 2 ) ,. „ )
X ( 2  ( w +  n  +  2)  2. 4  ( m +  n  +  2)  ( m +  n  +  4)  ∫ ’

w h e n c e,  p utti n g  m  =  —  w,

Γ ς  ∕ c n w ∖"  7  σ τ f 1,- wa 7

Jo ∖ s n u d n M∕ 2  c o s ⅛ ∏ 7 τ ( 2

I n t hi s f o r m ul a al s o  n  m u st  li e b et w e e n  +  1 a n d  —  1.

§  7. T h e  s e ri e s i n t h e l a st f o r m ul a i s u n alt e r e d  b y  c h a n gi n g  
t h e si g n of  n. T hi s  i s a s it s h o ul d b e,  f o r b y  s u b stit uti n g  
K-  u  f o r u  i n t h e i nt e g r al, w e  fi n d

Jo ∖ s n w d n u∕ Jo ∖ c n u ]

§ 8. B y  p utti n g  K — u f o r u i n t h e l a st f o r m ul a of  § 4,  

w e  fi n d

f( c n κ ⅛ ⅛  _  _j r  1 ,. f 1 +  ( n +  l∕h

Jo ∖ s n w ∕ 2 c o 8 ⅛∕i 7 r  ( 2

÷(" + ^ ÷ 3 >,z,.+ ⅝ c,},

w w w.r ci n. or g. pl



In the first of these equations n must be > — 1, and in the 
second n must be < 1. Both integrals are unaltered by 
substituting K - u for ιι.
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and also, by changing the sign of n in the same formula,

∣∙jrfcΛf.⅜ιι≈ "ι... L √1-,*>'⅞
Jo ∖ snu J 2cos∣ft7r ( 2

+ (—)'<j-o,y+⅛cj.
In these formulae n must lie between + 1 and — 1.

§ 9. It· is easily shown that these two results are con-
sistent with each other, for by putting

w + 1 n + 1
α= , β = -— , γ=l, x = ħ 

in the formula

√^(γ - α, 7 - ∕S, γ, ∞) = (1 - x')a+'3~''F(a, ∕3i 7, a?), 

we deduce

τιfl-n I-7i ∖ ,n (l + n 1 + n ∖
fU > > 1> λ) =7' 1∖~ ’ — > 1> λJ-

which is the result obtained by equating the two values 
of the integral.

§ 10. In connexion with the results in §§ 5-8, we may 
also notice the formulae

Γ∙ ∣fl±Ti
[ς,'snu cna," ∖ 2 ∕ f (it + 1) ,
A I t w o 'y'i=2iψττ) 11+Two7i

, (n + I)8 (n + 3)2 7 2, (n ÷ 1) (n ÷ 3) (n + 5) )
4.8 (n + 1) (w + 2) 4.8.12 (w+l)(w + 2)(n + 3) ∫ ,

(*∕Jnu ∖n7 _ k 2 y f1 , (l-n)a
J0 ∖sn u cnu∕ ( U 2Γ (t - n) [ 4 (1 - n)

+ (l-n∕(3-n∕ y,, (1-*)’(3-η)’(5-η)» &q 1
4.8(l-n)(2-w) ^r4.8.12 (l-w)(2-π)(3-zj) )

www.rcin.org.pl
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f n
S e ri es  f o r I s n n M < ⅛,  & c.  i n as c e n di n g  p o w e rs  of  Λ,  § § 1 1,  1 2.  

J 0

§ 1 1. B y  gi vi n g s p e ci al v al u e s  t o τ n, w,  p  i n t h e g e n e r al  
f o r m ul a of  §  2,  w e  o bt ai n t h e f oll o wi n g s y st e m of  r e s ult s,  
w hi c h  i s p e r h a p s  w o rt h  pl a ci n g  o n  r e c o r d ;

P t „ , 7 ri, '(' ) f n  +  l

λ β n u u 2 r g +ι p  + 2( n  +  i)

l 1. 3( ll +  I)( n +3)  „  , )
+  2. 4( n + 2)( n + 4)  h +  * °'∫  ’

rjt w * r G ⅛ ^ 1 ) f 1 ’

la . 3, „ p )
" * " 2. 4  ( w +  2)  ( n +  4) i + J ’

J d n" w  d u  =  ⅛ τ r  jl —  W Λ

+  Η < η- 1)( η- 3) Α > _ & ο μ

7 γ j i√ ,L L ^
f c d" ^ =. -l2 q 1 ÷- 4 ⅛
j* a r (i+l ) 2( w + 2)

j. 3( n ÷l)( H 3) ∣

+  2. 4( η  +  2)( η  +  4) Λ  + λ -c,∫ ,

fΓ  πi r C H r)  f ( n +l),
∕ s d " ∣ i d u  = ------- y- L ± J i +  l "+ 1 ∙ > ⅞

∙∙ 2 γ Q + i) * "+ υ

( n + l),( n +  3) , ]
+  Γi( ^ Γ 2 y ^ T 4) i + & c - p

w w w.r ci n. or g. pl
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J n d ftw  d u  =  ∣ π  ∣ 1  +  ~ ^ ∣ 3

tH ⅛ * w + ⅝ f c),

π ιr∕' L ∑i'l

I d c ” « d u  =  — j 1  + " .̂, L  i' ° 2r (1 ~I)  2 ( * *-2 >

+  2 ⅜f ,ι~ 2lf ,ι^ ^  1l' +  M >  

2. 4  ( n —  2)  ( n —  4)  J

w sr (,- 1

iε  n c" u  d u  = ------ - - ί 1 - — —  h
J,  2 r (1 -j)  a < n -2 >

li. 3s ,3  „ )
+  2. 4 < n- 2)( n- 4) A  ~  & C ] ’

fs c Wu  =  ⅛  il +  ⅛ r1 A

J  o  7 Γ ζ 2

+ H ⅞ ⅛ ⅛ ¾ + 4

„  7 Γ *r(-- }  f

I ns n u dιt  =   — —  1  + ” . h
λ  2r (1^  1 2 ( *-2 )

l, 3( n-l)(tt-3)  )

2. 4  ( n —  2)  ( n - 4)  j ’

fds w u =! ≤ 3i 1. ± ⅛

j° 2r ^ 1,  ̂I 2( n- 2)

+ (w  ~  1 ) (n ~  3 ) * A *  - & c  }

+  2. 4( n- 2)( n-  4)  '∫ ’

w w w.r ci n. or g. pl
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ί ” c s n M  d u  = — —  1 1 - n ,,1  Λ

Jo  2  C 0 S ⅛tt 7 Γ ( 2

+  ⅛- O( ^ ⅛ Λ a - ,̂∣.

I n t h e f o r m ul a s i n v ol vi n g s n, c n, c d, s d, n  m u st  b e  >  —  1;  
i n t h o s e i n v ol vi n g d c,  n c,  n s,  d s,  n  m u st  b e  <  1; i n t h o s e i n-
v ol vi n g  d n a n d n d,  n  i s u n r e st ri ct e d ; a n d i n t h o s e i n v ol vi n g 
s c a n d  c s, n  m u st  li e b et w e e n  +  1 a n d —  1. T h e s e  c o n diti o n s  
m u st  b e  s ati sfi e d i n o r d e r  t h at t h e i nt e g r al s m a y  b e  fi nit e. It 
will  b e  n oti c e d  t h at w h e n  n  i s i nt e r m e di at e t o +  1 a n d  - 1 all  
t h e t w el v e i nt e g r al s a r e  fi nit e.

T h e  c as e n  =  0, § 1 2,

§  1 2. W h e n  w  =  0,  all  t h e t w el v e f o r m ul a e r e d u c e t o

7 Γ f1 1 ∖  1 8 . 3,,, 1 2 . 38 . 5,1 3 p )

i i 2 ' 7 !7Ι, + 2 V C 6 ,λ  + & C · }·
• ∙ » ∙ I t s π ∖ n

T hi s  i s al s o  t h e c a s e  wit h  t h e s e ri e s  f o r ∕ I — -— -—  ) d u,  & c.  
i n § § 5- 1 0.  7 o V e n u d n u∕

All  of  t h e s e s e ri e s m a y  t h e r ef o r e b e  r e g a r d e d a s g e n e r ali -
s ati o n s of  t h e a b o v e  w ell- k n o w n  s e ri e s f o r K.

T h e  c as e n  =  1, § 1 3.

§  1 3, Si n c e

Γ s u  “ tι u= τ k  l°g  R ⅛  > Γ 8 d  a  d u = * ⅞  - 

Γ c n u^ =i'  Γ <!ί “Λ = έ 1 ο β ϊ ^ *’

! K  rjj∙ C  K  , ∏∙
d n  u d u  =  -, 1 n d u d u ≈- l,

√ o  2  J o  % k

w e  fi n d, b y  p utti n g  n  =  1 i n t h e f o r m ul a e of  § 1 0,

1.  1 +  l c 1 I , I ,, I 1  s p
2 A l"s T ≡- A = lW  + 7 a  +  & °-

7 1 1 l,7 3 a . 3 ’ l,. 38 . 58  p
∕f ~ +  3  J k  + 5  I h +  7  I h +  & C ’’

w w w.r ci n. or g. pl
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7  j2 ∖  , 2 3 ∙4 ∖ a 1 2 3 . 43 . 63 r

m 7- 1 + 3! λ + ^ 5 T a  + ^ ^ τ r  a + & c ·’
t γ τ r f 2 ! 4!  6 ’ )
2 ? =  2 ( l ÷  2 ^ -A + 2 ∖ Z 5 λ 3 +  2 ⅛ 6 =' λ 8 +  & C ·} ’

w hi c h  a r e  v e r y  e a sil y  v e rifi e d.

T h e  c as e w  = 2,  §  1 4.
§  1 4. Si mil a rl y,  si n c e

[κ  I {κ  G-
1   s n2 u  d u  =  —  τ , s d,w  d u  =  r τi .
J 0  j 0  'l'l
[ K Q. r κ  T
J c n 3 u  d u  = —  , J c d 3 w  c 7 w =  —  ,

C κ t tκ  E
j d n  m  d u  = E,  ] n d ,u  d u  =  ̂ i,

w e  fi n d, b y  p utti n g  w  =  2,
I τ τ f 1. 3,  1. 3 2. 5,2 _ )

~ ⅛- 1  1 1 ⅛ λ + 2 Λ ∖ 6 a  + *°∙ ∫ ,
G  7 Γ f, 1'  1 ,. 3, ,. , 1A  - 4 1 1 + 2 Λ Α + 2 Λ ^ Α  + & 4 ’

2  I 2'  2'. 4 =  2 ,. 4.6  ∫ ,

G τ r f, 1 ,. 3,, 1 *. 3 *. 5,,, . )

A A'-i  V  +  T Γ a + Γ 4 ∖ 6  a  + & 4 ’
E τ τ( t 1 3 . 3, l,. 3a. 5,a 1 2 . 33 . 53 . 7 ,s _ )
A'  =  2 1 1 +  v a + a +  τ π r √ a +  & 4-

w hi c h  a r e  all  k n o w n  f o r m ul a s.

T h e  c as e m  =  n = p,  § 1 5.

§ 1 5. T h e  f o r m ul a o bt ai n e d b y  p utti n g  m = n  =  p  i n t h e 
g e n e r al  t h e o r e m i s p e r h a p s  w o rt h  n oti c e. It m a y  b e  w ritt e n

r ( ⅛- 1 ) √-l∙

∫ ∖ s n u c n u d n 1 1)' Λ =π ^- ^  { 1 -, 4⅛ ⅛' 1

( «■ - ll)( w,- 3,) „ ( √-l l)( √- 3 1 )(,,-- 5 1 ) „ . 1
4. 8  ( w +  1  j ( zι +  2)  4. 8. 1 2( n  +  l)( w +  2)( w  +  3)  J ,

w w w.r ci n. or g. pl
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n being > —1. Thus the value of the integral can be 
expressed in a finite form in powers of Λ, when n is an uneven 
integer.

When n = 0 this series also reduces to the well-known 
expression for W, § 12.

The general hyper geometric series, §§ 16, 17.

§ 16. In the general formula of § 2 let

?rt+l — » + I rt m + n
-2------«, —+1≈7.

whence m — 2α- 1, p-- 2/3+1, n = 2y-2α-1.

Thus the general formula becomes 

iκ (ea u),-,(cn !i),,-2'-,(dn √'⅛

= r(g)ro→ J1 + ⅛5 h+*(*+1)∕o3+υ i>+ &c 1
2r(7) ( 1.7 1.27(7 + 1) ∫,

and we see that the hypergeometric series

F(α, β, 7, Λ)

is represented by the expression
2Γ (7) rκ (sn √Γ"1(cn M)s'l"^aa~1 ,

Γ (a) Γ (7 - a) Jo (dn u)^~1

In order that this integral may be finite, α must be positive 
and 7> α, but there is no restriction attached to β.

Since the series is unaltered by the interchange of α and β 
the series may also be represented by the expression

2 Γ (?) i κ (sn μ )ϊ/3~’ (cn 
Γ(∕3)Γ(γ-∕3) Jo ~ (dn^i du'

in which α is unrestricted, but β and 7 must be positive and 
7>∕3.

§17. Taking the first form of the integral, it is evident 
that it may be written in the form

f (sc u)2*"1(nd w)2/3-1 (cn u)2τ-,(Zw, 
J Q

www.rcin.org.pl
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i n w hi c h  t h e e x p o n e nt s α, / 3, 7 a r e att a c h e d t o s e p a r at e  
f u n cti o n s.

P utti n g  K —  u  f o r u  i n t hi s i nt e g r al, it b e c o m e s

h ,'l~ a -β iK  ( c s M) s s ^ 1 ( d n u) 2 '3 -1 ( s d uf 1 ~' id u.

∙' 0

T hi s  f o r m of  t h e i nt e g r al m a y  al s o b e o bt ai n e d  f r o m t h e 
s e ri e s b y  m e a n s  of  t h e t r a n sf o r m ati o n

J,( γ - a, 7  - β 1 7,  a)  =  ( 1 - aj ) a +∕3 " γ ^( α,  β,  7,  a).

I h a v e  n ot  e x a mi n e d  i n a n y  d et ail  t h e ot h e r  e x p r e s si o n s  t o 
w hi c h  t h e w ell- k n o w n  t r a n sf o r m ati o n s of  a h y p e r g e o m et ri c  
s e ri e s gi v e  ri s e,

P a rti c ul a r  c as es of  t h e g e n e r al  r es ult, § § 1 8- 2 1.

§  1 8. B y  m e a n s  of  t h e f o r m ul a s

si n nf  rt [ n ∙ + 1  1- n  3  . _ ∖

n  si n t ∖ 2  ’ 2  ’ 2  ’ J ’

si n wi τ √ n-t- 2  2  —  n 3  . , λ

n  si n  t c o s  t ∖ 2  ’ 2   ’ 2  ’ J ’

r,f η  n  1  . s ∖
c o s ni  =  j ^ 2  ’ “ 2 ’ 2 ’ 8i n √ ,

c o s ni  r , ∕,n  +  l 1- n  1  ... ∖

c o s £ ∖, 2  ’ 2  ’ 2  J

w e  m a y  d e d u c e  f r o m t h e g e n e r al  f o r m ul a of  § 1 5  t h e f oll o wi n g 
r e s ult s :

Γ M r M .
Γ κ  ∕ s n z z d n n ∖" 7  ∖ 2 J ∖  2 / s 1 n n 7
I I---------- s n u  a u  = --------------- τ -----------   ----- -.---- ,
J 0 ∖ c n u ∕ π *  w s π 1 7

1√". +  ι' ∖ ri,- ,∣
f-κ √ s n u d n u ∖ n , ∖ 2  ∕ ∖ 2 ∕ si n  » 1 7
I ----------- s ∩  u  a u  = -------------- 1 ----------- — ;------------,
Jθ ∖ c n w J  τ r 4  n  si n  7  c o s  7 ’

r f ηrf-1
C κ  ∕ s n u  d n  u ∖"  d n  u  7  ∖ 2∕  ∖ 2 ∕

------------ ----- cl u = --------- — τ -------  c o s  n y,
J fl ∖ c n u J s n u  2 π ,

w w w.r ci n. or g. pl
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rflii) r f-
∣"κ  ∕s n u d n u ∖ n 1  _  \ 2 /  \  2 / c o s n y

J o \ c n μ ∕ c n w  2 w 4  c o s  7  ’

7  b ei n g  t h e m o d ul a r  a n gl e.
I n t h e s e f o r m ul a e, i n o r d e r t h at t h e i nt e g r al m a y  b e  fi nit e 

it i s n e c e s s a r y  t h at n s h o ul d li e b et w e e n  —  1 a n d 2 i n t h e 
fi r st, b et w e e n  - 2 a n d 1 i n t h e s e c o n d, b et w e e n  0 a n d 1 i n 
t h e t hi r d, a n d  b et w e e n  0  a n d —  1 i n t h e f o u rt h.

§ 1 9. B y  p utti n g  w  =  ⅛  i n t h e fi r st f o r m ul a, a n d n  =  —  ⅜  
i n t h e l a st, w e  fi n d

Γ K  Γ s ( ⅞) 1
I √ f s n u  c n  u  d n  u}  d u  =  ∖ ^t ------- ?—  ,

√ 0  ' τ r 4 c o s ⅜ 7 ,

Γ κ _ _ _ _ _ _ _ _ d u  _ Γ  ( ⅜) c o s ⅜ 7

Jθ √f s n  u  c n  u  ti n u)  τ dt 2  c o s 7  *

T h e  ri g ht- h a n d m e m b e r s  of  t h e s e e q u ati o n s m a y  al s o b e  
e x p r e s s e d  b y

a n d 2∕ <° c 0 s^
C O S∣ 7  c o s  7

r e s p e cti v el y ( p. 1 1 2).

§  2 0. T h e s e t w o r e s ult s m a y  al s o b e d e d u c e d wit h o ut  
diffi c ult y  f r o m § 1 5,  f o r, p utti n g  n  =  ∣ i n t h e f o r m ul a of  t h at 
s e cti o n, w e  h a v e

r K  Γ 2  (I)
I √( s n  u  c n  u  d n  w)  d u  =  t - . y 

J o  ( 5)

f1 h 1. 7∕ λ ∖ , 1. 9. 1 1  ∕ Λ ∖8 p )×t , +8  +  2 r U)  + - τ r ⅜)+ H∙

N o w,  i n t h e w ell- k n o w n  e x p a n si o n  

1 1 +  √(l- 4 0)" = 2∙{l- ni 4- 2 ⅛ = 2  t.- <,ι-4 × w -8 ) ⅛ ⅛ c ,) , 

l et 4i  =  h  a n d  n  =  —  ⅜ : w e  t h u s fi n d

,1 , j'∖ -i ft→  f, λ 1 ∙7 M ∖ a 1 ∙θ ∙ ∏ M √  P )(1 + Λ) i =  2l ∣, +  - +  - ^ + π r r Q)  + & c .(,

w w w.r ci n. or g. pl
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s o t h at t h e v al u e  of  t h e i nt e g r al

=  p 2 ( ¾) √ 2  Γ *( ¾)  1

Γ  (I) √(l  +  c o s γ)  √ 7 r c o s∣ γ

a s b ef o r e.
Si mil a rl y,  p utti n g  n  =  - ⅜,

(κ  d u  =  Γ a ( ⅛)

J o √( s n M c n w d n w) 2 Γ  (∣)

i λ 5. 7  ∕ Λ √ 7. 9. 1 1  ∕ Λ ∖8 p )x  r + 3  8 +  i τ ( ⅛) +  "υ γ  ( ⅛) + & c 7 ,

a n d  diff e r e nti ati n g  t h e e x p a n si o n  of  { 1 +  √( 1  —  4 0} n ,

w h e n c e,  p utti n g  4i  =  Λ,  a n d n  =  ∣ ,

(l + λ') * f, A  5. 7  ∕ Λ ∖s „ )⅛ ^ = 2 4 1 +  3 8  +  2! ( ⅛)+ H∙

T h u s,  t h e i nt e g r al

=  Γ 8 Q)  √( 1  +  c o s γ) =  Γ 2 ( ⅛) c o s ⅛ γ  

2 Γ  (I) √ 2. c o s γ 7 r i 2  c o s γ
a s  a b o v e.

§  2 1. I n c o n n e xi o n wit h  t h e r e s ult s i n § 1 8,  t h e f o r m ul a

Γ 2 κ 1 / 1 — c n w ∖ , 7  7 τ si n 2∕ γ
s d  w — ------- ) d u =  τ 7, — —  ,

J o  ∖l  +  c n M∕  kti sι n∕ 7 Γ

w hi c h  w a s  o bt ai n e d i n § 1 8  of  t h e p r e c e di n g  p a p e r ( p. 1 1 8),  
m a y  b e  n oti c e d.

P utti n g  2 u  f o r u,  a n d  n  f o r 2i,  t hi s r e s ult gi v e s

C κ  ∕ s n u  d n  ι Λn , n 7 w si n n y  
----------- s d  2 w  d u  =  ς-π 7 7  — j-—  ,

J o ∖ c n u ∕ 2 a Λ s 1 n ⅜ w 7

π si n  n γ  
~ ~  si n  ⅜∕ 2 7 r  si n  γ

w w w.r ci n. or g. pl
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T7 7 ∕∙ iκ sn"~1M 7 .Value of I ——∏-- du. § 22.Jo dn w

§ 22. By putting n — 1, 0, — n for m, ni p in the general 
formula of § 2, we find

f-^sn"-1w 7 (2) (2) f η Ί n (n + 2) i )

Jo du u 2r (¾ 4- lj ( 2 2.4 ∫

''rS) -'γ(S ■
=r('ψ} -(4i)i"'

In §21 (p. 120) of the previous paper the same integral 
was shown to be equal to

,,√fiκ+a,

√τ) t"

The two results are easily seen to be in argreement, for, 
putting n = 2 in the general formula,

γ(^γ(λ  + ⅛)γ(≈ + ⅛)∙∙∙γ(≈ + ^2)
= Γ (nx) (2ιrf^rd-nκ,

we have
Γ (x) Γ (a; + ⅜) = 2w⅛*Γ (2a;), 

giving, when % = ½nf

'0'β*8->"*θ∙

which is the formula obtained by equating the two values of 
the integral.
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