
D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' *  - J c 2 . 1 0 9

T h e s e  l a st t h r e e e x p r e s si o n s,  i n w hi c h  all  p o siti v e  v al u e s  of  n  
a r e  a d mi s si bl e diff e r  f r o m t h e c o r r e s p o n di n g f o r m ul a e i n § §  3  

a n d 4 o nl y  b y  t h e f a ct o r - , w hi c h  o c c u r s o ut si d e t h e w h ol e

e x p r e s si o n,  a n d  al s o  i n t h e a r g u m e nt  of  t h e G a m m a  f u n cti o n,.
T h u s,  t a ki n g t h e fi r st d o u bl e  i nt e g r al, w e  s e e t h at it s v al u e  

w h e n  t h e e x p o n e nt u 2 + v 2  +  2 xιt v i s r ai s e d t o t h e p o w e r  n  
b e a r s  t o it s v al u e  w h e n  t h e e x p o n e nt  i s r ai s e d t o t h e p o w e r  m  
t h e r ati o of

1  r +  + t o - Γ  fg  +  '3  +  2, ⅛.
n ∖ 2 n J m  ∖ 2 m J

D E V E L O P M E N T S  I N P O W E R S  O F  k' 2 - k∖

B y  J. W.  I ∣ . Gl ais ħ er.

T h e  g e n er al  t h e or e m ^ § 1.

§  1. In  § § 9  a n d 1 0  of  t h e p r e c e di n g  p a p e r  it w a s  s h o w n  
t h at

r(— rj
1 6∫c°∫ ° 0  =  f *s d ^ u d u

- k ⅛ 1 H ∙ ÷' ⅛' *ii⅛ i× ∙÷ < "l

- ∙t, ( ⅛-,) ( b + ¾ ⅛' χ,  ÷  i¾ ⅛ 2 ' χ ∙ ÷  *∙-}  ■

w h e r e  ∖  =  h'  —  h,  h  a n d  h'  d e n oti n g  F  a n d  k' 2 r e s p e cti v el y.
T h e  l ett e r n  i s n ot  r e st ri ct e d t o i nt e g r al v al u e s : it m a y  

h a v e  a n y  v al u e  >  —  1.

Diff er e nti al  r el ati o n b et w e e n  P n  a n d  P n + a , § 2.

§  2. B y  diff e r e nti ati n g  t h e fi r st r el ati o n

r  fw ^ * ^
J J e-ιl- <'-2 w s∙t' ⅛ ⅛ =  . ∖ ,,2 e ' fκ sd " u ⅛

∙, o ∙, o  2  J  q
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wit h  r e s p e ct t o λ,  t h e l eft- h a n d si d e b e c o m e s

- 2 Γ  Γ  e " β 4 ^ i 4^ 2 λi 2i 2 s n +, in + 2 ⅛i Z < j

√  o * 0
w hi c h

=  - 2 ∙ ∖ Λ- < s d " + W w,
* J 0

< 7  n  4-  I Γ- ^-
w h e n c e d ^ J s dn u d u  =  - ⅜- ^- J s d " + 2 M < ⅛j  

s o t h at, if

P n =  f s d ”  u d u i J  o

t h e n d F '- n  +  lP
t h e n d λ - 4 - r„„,

or,  si n c e d λ  =  —  2 c Z Λ,

d P n  _  w  ^ h  1  p  

d h 2  "+ 2 '

It i s t o b e  n oti c e d  t h at t hi s r e s ult ( w hi c h m a y  b e o bt ai n e d  
al s o b y  diff e r e nti ati n g  t h e s e ri e s) i s t r u e n ot  o nl y  f o r p o siti v e  
a n d  i nt e g r al v al u e s  of  n 1 b ut  al s o  f o r f r a cti o n al v al u e s  >  —  1.

T h e  c as es n  =  0,  2,  4,  & c.,  § §  3 — 5.

§  3. P utti n g  n  =  0,

∕∙ 2 ΓP o =  d u  =  K]
J  0

w h e n c e  P  —  2  —  2  —  ~3 d h  - 2 d h - h h ,.

Si mil a rl y

p  _  2 d  p  _ K 2  z γ

4 Z d h ~ Z h h' 3 P h' ↑  ,

p  _  2 d  p  _ _  8 ½ 2  +  8 7 ∕z —  7 A ⅛'  p. 4  ( 1ι —  fι) 
c^ 5 ^ 4 ~  1 5 A W 5  g ^ ~ 1 5 A 2 A'!  λ,

a n d  s o o n.
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§ 4. P utti n g  n  =  0,  2,  4,  6,  & c.  i n t h e l a st t w o e q u aliti e s  
of  § 1,  w e  fi n d

1 Γ  (i) P a = Γ >  (J) {l + λ- + i⅛'  +  & c.  j

( 1 ⅛ 2  3 2 7 2  Ί-4 Γ ’®(- 2 λ  +  2 Χ 6 λ ’ +  2 Ώ λ 5  +  & 4 ’

f ¾ 2  3 2 7 2  Ίr(∣) Λ  =  r∙(i){ι  +  2 χ λ-  +  ̂ V  +  ⅛ c]

- < M ∙̂ ⅛ ÷ 4

ir( e) p. =r∙(i) j1 4 ^ λ∙ + ⅛ ⅛ v + ⅛ c. }

- ^(i) g λ +  24- 6 V  +  ⅛ ⅛ V  +  ⅛ cj,

* r  (i) P e = F  (i) {l +  £  λ >  +  λ . +  & C .J

, 2 ,o . fl' 9 2 . 3  9 2 . 1 32 > 8 p }- 4 r  « >  ⅛  λ  +  2 Z 6  λ  +  2 X T T θ  λ  +  & 4  >

& C.,  & C.J
gi vi n g

r ' ⅛,{1 + 2iiv  +  ' Z ⅛ 8λ,  +  * 0 '}

- 4 r '« >  β  λ + ⅛ + ⅛  λ '+ & c ·}= 4ϊ Λ Α ·

{
∏ 2  q 2 γ 2  Λ

l+ Π λ,  +  2 X o λ * + S  

- Γ ’ (i) g  λ  +  2 ∑ 6  λ "+  ∏ ⅛ 0  λ 6 + * c}  =  2 * *  έ  ’

Γ ’ U)  { 1  +  ⅛  λ * +  ⅛ ⅛  λ *  +  & C }

- 4∙ 3' Γ-(i) g λ+ 2 ^ 6 V  +  2⅞ ⅛ V + ⅛ cj

,( g 2( ⅞'- ⅞) )
“  (h∕ ι' k ih! ∖ 6 ∫,

w w w.r ci n. or g. pl
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-^O⅜*⅛*SSl∙,*fc)

, , f8⅛, + 8½'≈-7λλ'z, 4(λ'-Λ)r,)
- I-------------τjp— a —sr- t γ∣ ,

&c., &c.

The right-hand members of these equations may easily be 
expressed in terms of λ by means of the equations

A'-A = λ, ½A' = ⅛(l-λ3).

§ 5. Since
Γ*(⅛) = 4τΛK'0, Γ2(l) = 2τriσ0,

where Ko and CP are the values of K and G when λ = 0

^that is when h = , it is evident that the first formula is

the same as that given on p. 147 of vol. xix, and that the 
second is the same as that from which the series for G was 
deduced by multiplication by 1 — λ2 on p. 148 of the same 
volume.

It will be noticed that in all the formulae for even values 
of n greater than 2, the right-hand members will necessarily 
consist of two terms, one of which is a multiple of K and 
the other a multiple of G.

The cases w = 1, 3, 5, &c., §§ 6-9.

§ 6. Considering now the case when n is an uneven 
integer, we find

r = CL 
1 kk' ’

where γ is the modular angle; for

fsd u du = ~ tan-1 f & Ί ,*
J kk ∖k cn uj

so that J sd udu = j⅛7τ - tan^1 yj- = ~, ∣

www.rcin.org.pl
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B y  diff e r e nti ati n g,  w e  fi n d

P  _  1  ⅛'  - ⅛  γ
3- 2 Λ √ 2 h h' k k,'

3lι 2 + 3Jι 2 - 2lι h' 7  3( Λ'- λ)

~  8 Λ 7 √ 2 k k' 8 Λ 2 A' 3  ’

& c.  & c.,

w h e n c e,  p r o c e e di n g  a s  i n §  4,

, r { 1 +  rι χ, + ⅛ Γ  λ '+ & c ·} - 2  {λ + Γ!  λ "+ ⅞ Γ  λ ∙, +& c ·}

2 7 
, = M' ,

« 3  ∩ 2  jJ t r > 2 o 2 r S Ί

1  +  2 ⅛ λj  +  ⅛ Γ λ 4 +if e c ∙- ⅛7 r tλ  +  ⅛ λ s  +  ⅜ Γ λ 5  +  H

=  _ L ⅞'- ⅞  y  

4 Λ∕i 4 Λ∕ ⅛' k k ,

i π {l + ∙̂ + ⅛ ∖ * + & c.j  - 2  {λ + ±; λ ·+ ⅛ ,v + - ⅛ c}

3 k a +  3 k' 2 —  2 k k' 7  3( k'- k)

3 2 A * A' s k k' 3 2 A 2 A' 3 ‘,

& c.  & c.

§ 7. W e  c a n e a sil y  v e rif y  t h e s e r e s ult s, f o r 

, 1 ’ ls. 32 4 p  1  1
1 +  2i λ + ^I Γ λ  + * c∙- √(i- λ-)- 2 ⅛', 

a n d
2' i 3  2 s. 4 * 5  _ si n ~ 1 λ si n - 1 ( 1 - 2 k a )λ  +  8! λ +  ̂ 5 Γ  λ +  & c · =  =  — ⅛ Γ-

_  i zr~ ^ 2 y

2 k k' 1

s o t h at t h e fi r st e q u ati o n  b e c o m e s

7 Γ  7 r  —  4 y  2 7

2 k k' 2 k k'  k k'  ’

w hi c h  i s a n i d e ntit y. T h e  ot h e r  r e s ult s f oll o w f r o m t h e fi r st 
b y  diff e r e nti ati o n.

V O L.  X XII. I
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114 DR. GLΛISHER, DEVELOPMENTS IN POWERS OF k',-k,.

§ 8. By integrating the first equation with respect to λ, 
we find

γi=⅞~l{λ + ιiλ3 + ⅛Γλ5 + M 

+ ⅛v + Γ!v + ⅞Γλi + M'

which expresses the square of the modular angle as a series 
proceeding by ascending powers of λ.

§9. It may he remarked that the expansion of 72 in 
powers of k is easily obtained; for

s'n^'* -7. l 2» I 2∙4,y Λt6ι' <⅛
√(1-⅛,)-a+3a+3,5a + 3.5.7* + '

whence, by integration,

β , 2 Λ2 2.4 Λ2 2.4.6 h*
ry = lι -∖~ — — +-------“4”----------- — "4^ &C·* 3 2 Ί 3 5 3 l3574l

The case of n fractional, § 10.
§ 10. The systems of expansions in §§ 4 and 6 might be 

obtained by differentiation from the first equation in each 
system, viz. those in § 4 by repeatedly differentiating the series 
for K and those in § 6 by repeatedly differentiating the series

ry β
for —,. The general formula in § 1 is, however, true for

Λ7v
fractional as well as integral values of n; and it is on this 
account that it seems to be specially deserving of attention.

For example, putting n — - ⅜ and ⅜, it gives

2T(∙1) fr-⅛-
(t)J. ∣J(tAu)

f 12 ι2 q, 12 92 172 )= Γ2(⅛) 1 + _ λa + 1 — λ4 + , λβ + &c. t
lδ7} 4.8 4.8.12.16 4.8...24 )

-8r’® Eλ+i⅛v+3⅛⅛0v+&c·)1

I [κ
2*Γ(f)ι √(sdw)t⅛

- 8Γ,(i) {I λ + λ" + λe + &C.J .
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Formula of reduction for Pn^ § 11.

§ 11. The indefinite integral ∕sdnw<⅛ satisfies the formula 
of reduction

(n + 1) hh'fsdn+2udu + n(h' — fyjsfTudu — (n— 1)∫sd"-2M du

+ sdn"1u nd u cd u = 0,*
in which n is unrestricted.

Supposing n to be <2 we have, therefore, by taking the 
limits of integration to be 0 and Ki

(n + 1) Λλ' Pn„ + n(fi' — h) Pn-(n- 1) Pn.l = 0, 

rκ
where, as in §2, Pn denotes I sdnM<‰.

.θBy putting n = 0, 2, ..., in this formula we can calculate 
Pi from P3 and Po, P6 from Pi and P2, and so on, thus 
obtaining the values of P4, Pβ, ..., which were found in § 3 by 
means of the differential relation in § 2. Similarly from Pl 
and P3 we may calculate P5, and so on.

Differential relations satisfied by Po and P1, §§ 12, 13.

§ 12. From the differential relation in § 2 we deduce that, 
if n be any positive integer,

p =________-_________ (—λ∣ P.
2n 1.3.5...(2n — 1) ∖dkj 0

Putting for Pβ its value K and substituting in the formuł 

(2n + 1) hh' P2,l+2 + 2n (fi, - fι) P3n - (2n - 1) P2n.2 = 0,

we find

m' ⅛f κ+ ln <a' - z') (®)’ κ~ ('2li -1>, (sf a'= θ-

which is the same result as would be obtained by operating 
∕ d ∖n~1

with (— J upon the differential equation of the second

order satisfied by ΊΡ.

Messenger, vol. xi., p. 125 (1881).
12
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§  1 3. Si mil a rl y,  t a ki n g t h e c a s e i n w hi c h  t h e s uffi x e s a r e 

u n e v e n,  w e  h a v e

( 2 n +  2)  Jι h' P 2 nt 3  +  ( 2 n +  1)  ( A' - A)  P 2fl + 1  - 2 «  P, n ,1  =  0,  

w hi c h,  si n c e

P - ±- Α' p 
n ↑ ' tllj ,,

gi v e s

2 ω ' ( af- p ∙+  < 2 n  + 1 ) < a ' - a >  ( a) " p ∙ - 2 n ' ( af  p ∙ =θ -

w h e r e p . =  ⅛  ∙

T hi s  i s t h e s a m e r e s ult a s  w o ul d  b e  o bt ai n e d  b y  o p e r ati n g
∕ g  ∖  ,i→

wit h 1 u p o n  t h e diff e r e nti al  e q u ati o n

7  7  . ć Z W z 7  . 7  v  _
2 A A -7 7 1  +  3  ( h - A)  -7 r  - 2 z z  =  0,

a n  a n

ryw hi c h  i s s ati sfi e d  b y  «  =  — ·,.

C o r r es p o n di n g  f o r m ul a e i n v ol vi n g c n w, § 1 4.

§  1 4. Si n c e

s d ( K- u) = c n μ ,
∕ c

r K  r K
w e  s e e t h at 1 c n n u d u  =  k' n s d n u d u,

∙' 0 ∙' 0

s o t h at i n t h e p r e c e di n g  r e s ult s w e  m a y  att ri b ut e  t o P ι t h e
1 r e -

v al u e  -, ¾ I c n n M √ u. T h e  f o r m ul s e a r e h o w e v e r m o r e  c o n -

v e ni e ntl y e x p r e s s e d b y m e a n s  of  t h e f u n cti o n s d  w,  a s w e  
s h o ul d e x p e ct, t h e g r o u p of  f u n cti o n s c d w, s d u, n d w b ei n g  
g e n e r all y m o r e  si m pl e a n d r e g ul a r a s r e g a r d it s f o r m ul a e 
t h a n eit h e r  of  t h e t w o c o r r e s p o n di n g g r o u p s s n w, c ni <, d n u  
o r  d e w,  n cif,  s c m .*

*  O n e  v er y  c o n v e ni e nt  pr o p ert y  of  s d  n  disti n g uis h es  it fr o m all  t h e ot h er  elli pti c  
f u n cti o ns, vi z.  s d  i u —  i s d ( ω, ∕e "), w h er e  i d e n ot es  o n e  of  t h e s q u ar e r o ots of  —  1.

w w w.r ci n. or g. pl
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Definite integrals involving elliptic functions, §§ 15—21.

§ 15. From § 7 of the preceding paper we obtain a result 
which may be written in the form:

27γ*
Jo ∖l + cnι√

where i lies between — ⅜ and ⅜.
Transforming the definite integral by putting w = 2υ, we

have

2πi J0 ∖1 + c um/ Jo ∖1 + c∩2m∕

, Γκsn2*M dn**M , Γκ cniiu 7
= ∙±7r* --------i----- du — l7ri —ii—-r- du,

Jo cn⅛ Jo sn Mdn m ’

so that the above series represents the value of these integrals

§ 16. We may obtain a still more general result by 
putting

a-n + i-^, β=n-i-⅜

in the theorem in § 4 of the preceding paper (p. 99).
We thus find

Γ (n + ⅜) f2jff (I — cn m")"+1 (1 + cn u)n~l 7 
]0 . dΛ

,√n+7 1∖ r√w- z , 1∖ f1 *2-O÷⅛)∖a
= 1(l- +4∏VΓ + i} 11---------2Ϊ—λ

-2r^ + 3)r(ψ + 3)(λ-fr⅜±l)∖.

+ l-,-(,ι÷⅞yι∣y,-("÷^v-⅛c.},

www.rcin.org.pl
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w h e r e  n a n d i a r e a n y q u a ntiti e s, s u bj e ct o nl y t o t h e 
c o n diti o n s

n  +  i >- ⅜, w-f >-∣.

It i s e vi d e nt  t h at t h e i nt e g r al m a y  al s o b e  w ritt e n  i n t h e 
f o r m

Γ( r c  +  ⅜)  [2 ς ,,n ∕]-c π m ∖ ,
∖ x n-ι  S d 8 " w (_ ----- d u.
2 J o  ∖ l +  c a u ∕

§  1 7. P utti n g  i n t hi s f o r m ul a j n f o r n,  w e  h a v e

r Λ ± ħ

— -w -2 1-- Γs d 1t u  (— — \ d u  

2∙ 1 Jo  ∖l  +  c n √

-rf- r 4 W π) K-—

H ⅛ >∙- r a ,),.,,

+  - 1------------------ --------------------- i V  - & c.  j∙

,-.f∙ ±- T
--( ⅛- ÷i)r (' ÷,-i) b- ⅛2 ×'

w h e r e  n  a n d  /  a r e  s u bj e ct t o t h e c o n diti o n s  

w  +  2ι >- 1, n  —  2i >-  1.

T hi s  r e s ult i n cl u d e s b ot h t h e f o r m ul a e of § § 1 a n d 1 5  
a s  p a rti c ul a r  c a s e s, t h e f o r m e r c o r r e s p o n di n g t o f = 0 a n d t h e 
l att e r t o n  —  0.

§  1 8. T h e  f o r m ul a c o nt ai n e d i n § 1 4  of  t h e p r e vi o u s  p a p e r  
( p. 1 0 4)  c o r r e s p o n d s t o t h e c a s e n  =  1. It w a s  s h o w n i n t h at 
s e cti o n t h at t h e s e ri e s t h e n a d mit  of  s u m m ati o n, t h e r e s ulti n g  
f o r m ul a b ei n g

[2 ς 1 ∕l- c n w ∖ *7 7 r si n 2∕ γ
I s d ul   --------- ∖ d u  =  τ τ , -— r- ,
J  ∖ 1  +  c u m∕ k k s mi 7 Γ

w w w.r ci n. or g. pl
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w h e r e  7  i s t h e m o d ul a r  a n gl e. I n t hi s f o r m ul a i m u st  b e  
b et w e e n  —  1 a n d  +  1 .

§  1 9. T hi s  r e s ult m a y  b e e a sil y v e rifi e d i n t h e c a s e of  
∕ =  ⅜,  f o r t h e ri g ht- h a n d m e m b e r  of t h e e q u ati o n t h e n 
b e c o m e s

7 Γ . 7 Γ

a n d  t h e i nt e g r al

Γ 2 κ / 1  —  c nι < ∖ ⅛ f2 -sT- c n w 7
=  I s d mi  ----------∣ d u  =  — i------- d u
Jo  ∖l  +  c n w∕  Jo d n ⅛

_ fκ , 7  2 Γ  ∕ , s d  m ∖ ~ 1  κ 2 7 Γ τ r
-2 J.n d ≈i* = r' p n (ι⅛}J α = √∙ 5 = ⅛-∙

§ 2 0. P utti n g α  =  w-l,  ∕ 9 =  w,

i n t h e g e n e r al  t h e o r e m of  § 4  of  t h e p r e c e di n g  p a p e r  ( p. 9 9),  
w e  fi n d t h at t h e s e ri e s b e c o m e s

Γ  ( ?) Γ  (it- 1 ) {l + lf c + D χ ≈  +  "( n ÷ ■ )···(" +  3)  λ .+  & c  j 

-iΓ  (i Z 1 ) Γ  ( ?) {( n- 1) ⅛ √ a Σ- ¾ ⅞ ⅛ ⅛ & cj

=  r  ( ?) r  (it 1 ) ( 1  _  n λ +  i ⅛ ±t λ∙. *(" + υ(" ÷ ⅞)  λ ,+  & c . J

r( ,i') r('i ±J')
~  r !n ∖  r( n +i ∖ 1  - '2 ' × 2 '

∖ 2∕ k 2 y(l  +  M" - 2 'lh' n 1

a n d  t h e i nt e g r al

1  r∙∕  1 ∖ f2 κ s nι" ~ 1 ιt ( 1 + c n >t)≈ ^ Γ( n  +  ⅜)[  -, 1 ',,.l, ⅛

1 .'. ∕ i ∖ fκ  s n 3,, ^ 1 M  
( « + 2)J 0

w h e n c e

r  »„· ■ -· «, o√ G) r ( Ψ) 1

Jo d n , nu  Γ("  +  4)  A' * ,

w h e r e  n  i s a n y  q u a ntit y  >  —  1.

w w w.r ci n. or g. pl
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T hi s  r e s ult i n cl u d e s t h e f o r m ul a gi v e n i n § 1 7 of t h e 
p r e c e di n g  p a p e r  ( p. 1 0 6),  i n w hi c h  n  w a s  r e st ri ct e d t o p o siti v e  
a n d  i nt e g r al n u m b e r s.

§  2 1. R e pl a ci n g  n  b y  ∣ n i n t h e a b o v e  f o r m ul a, it b e c o m e s

Jo d n  u  r +  1 ) k ,

■ w h e r e  n  i s a n y  q u a ntit y  g r e at e r  t h a n — 1.

I nt e g r als i n v ol vi n g elli pti c  f u n cti o ns wit h  s p e ci al v al u es  
of  t h e m o d ul us,  § §  2 2 — 2 9.

§  2 2. I n v ol.  XII. , p.  9 8, of  t h e P r o c.  L o n d.  M at h.  S o c.  it 

w a s  s h o w n t h at f o r m o d ul u s ,

rκ  1 Γ Ύ 1 Ί∕0 ̂ d nl, ) ^ = 6 Γ ⅜,∙

T hi s  r e s ult m a y  b e  r e a dil y g e n e r ali s e d  f o r t h e s a m e v al u e  
of  t h e m o d ul u s,  a s  f oll o w s:

B y  p utti n g  u  =  r si n  θ,  υ  — r c o s #, w e  fi n d

J * J " e ~ u v u a, υ β d u d υ

=  fi τ Γ  e -''β 0- < si n * 2 θ ) ra +^ 1  a ∖t i,θ  C 0 3 ^ θ dr d θ  

J  0 - 0

l ∕ α + β +  2 ∖ f ⅛7 r si n a < 9 c w, β θ d θ

~  6 V 6  ) J a± P p *
( 1 —  j si n' 2 2 0) 6

1 r ∕ < α +  ∕ 3 + 2  ̂f si n * ½ 0 c o s z 3 ⅞ 0 < 7 0
^ ^ Ϊ 2 Γ  ∖  6 J Jo  ⅛ ⅛!

( 1 — ∣ si n 2 0) θ

1  1 t√ a +∕ 3 + 2 ∖  ∕'2 -s '(l- c n M)4 *(l + c n κ) 4 z 3 Ί
6 ~ J L ⅛ Ξ ’

( d n w) 3

t h e m o d ul u s  b ei n g , w h e n c e  
2

w w w.r ci n. or g. pl
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∣ √a + 1 W 3 + 1 'ι
Γ 2 -e ( 1 - c n u) j*  ( 1 ÷  c ∏ii) i θ y ⅜( , +∣ 3 ) ∖ 6 ∕ ∖ 6 ∕

J o  Ξ Ε Ί  ^ 3 ∕a  +  β  +  i2 ∖  ’

( * « «·) 3 ' r (l- ~)

tt y
w h e r e  α  a n d  β  a r e  a n y  q u a ntit' r e s  >  —  1,  a n d  t h e m o d ul u s  =  .

§  2 3. If β  =  α,  t hi s e q u ati o n  b e c o m e s  

p  ( 0t ^ * ^ 1 Λ
[κ s n β M  2 α ~ 1 V 6 J Z , √ 3 ∖

( m o d ∙ =  τ).

d n 3 ii r (, 3 )

w hi c h  i n cl u d e s t h e f o r m ul a q u ot e d at t h e b e gi n ni n g  of  t h e 
p r e c e di n g  s e cti o n a s  t h e p a rti c ul a r  c a s e of  α  =  0.

B y  p utti n g  α  =  ⅛,  w e  fi n d

∫∖ (s nii) < ⅛ =  J-  Lit 2 ( m o d. =  < θ )

2  √ 2
=  — A >

w h e r e  J Γ0 i s t h e v al u e  of  t h e K  c o r r e s p o n di n g t o k  =  -i .

§  2 4. If β  =  a  +  2,  t h e i nt e g r al b e c o m e s

f3 n '̂'( ⅛ c ∏ ιl)⅛ = 2∫ ⅛ ⅜

d n 3 μ  d n 3 u

s o t h at

r ( ≈ ± Λr ( 5 ⅛

( ⅛ *  =  1 ’ I. L2  J  6 L ( m o d. =  4 3 1  ■

Jo ⅛  3  τ√ 3  +  2 ∖  ×  2  ∕
d n 3 u  1 ( k 3 )

t h e o nl y c o n diti o n wit h  r e s p e ct t o α  b ei n g  t h at it m u st  b e  
>  - 1.

B y  p utti n g  α  =  - ⅛,  w e  fi n d

r * i »∕i ⅛ ⅛ p, = a.

Jo √( sι π <)  3  √ 2 I (j) Λ  2 J

w w w.r ci n. or g. pl
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§  2 5. It i s e vi d e nt  t h at

r  C 4 γ ) r  C ι γ) = I”/0 0 e ~ m ~ n mi^ n^ d m d n

=  4 f f e ~ u ~ v u a v f 3d u d υ  

j 0 ∙' 0
=  1 6 Γ  Γ  e ~ si~ ttsi xtlt ^ ds dt

*∣ Q J 0

=  3 6 Γ  (°° e' p ^ p M 2 ^ + 2 d p d q.

P utti n g  w,  μ , s, p  e q u al t o r si n 0, a n d n,  r, t, ą e q u al t o 
r c o s 0 i n t h e diff e r e nt  i nt e g r al s, w e  fi n d

∕ α +l ∖ ∕∕ 3 +l ∖ -∕ a +  ∕ 3 +  2 ∖ l'i'rr si n ii β~ υ ^  c o s i^ ^ υ ^1 Λ- 2 ~) rh ^ ~)- k 1  )j 0 (si ntf +  e ostf) ^ >

=  2 Γ  (*  t ) J 1 1 " si n a 0 c os zj 0 c Z 0

λ ∕ a ÷  β  +  2 ∖ M , r si n 2 a + 1 0  c o s ≠ rt 0  d θ  
I 2  JJ0 (l- ⅛ siff 2 ^) 4( W

∕a  +  / 3  +  2 ∖ fi7 r si n 3 * + 3 0  v ^ ft + 2θ d θ  
I 2  JJ0 ( 1- j si n2 2 0)i' * ^ + 2 > 1

i n w hi c h  a a n d  β  m ust  b ot h  b e  >  - 1.

§  2 6. T h e  l ast t w o r es ults s h o w t h at

1 f2 r  ( 1 —  c n √) α +i (l +  c n  u) β +i  7  ∕  . 1 ∖

2- J o ------ 5 5 b p ⅛ -------- d u lm 0 d ∙ =  √- 2 J

3 f2 5 Υl  —  c n  w)' i'+ 1 (l +  c n  w) * y 3 + 1 , f , √ 3 ∖
=  J ⅛ ------------S 7 ⅛— d u  {m oi - =  τ)

γ ( ⅛ 1 ) γ ( ⅛ 1 )

- r(^  ’

w w w.r ci n. or g. pl



w hi c h  a g r e e s wit h  t h e p r e c e di n g  r e s ult o n  p utti n g  2 n  +  1 f o r 
n. T h e  s e c o n d r e s ult i s t h e s a m e a s  t h e fi r st f o r m ul a i n § 2 3.

§  2 8. I n all t h e e x p a n si o n s i n p o w e r s of λ, b y  p utti n g  
λ  =  0,  s o t h at t h e s e ri e s r e d u c e s t o it s fi r st t e r m, w e  o bt ai n  a 
fi nit e e x p r e s si o n f o r a n i nt e g r al i n v ol vi n g elli pti c  f u n cti o n s i n 

w hi c h  t h e m o d ul u s  i s - τ- . F o r  e x a m pl e f r o m § 1 7,  w e  s e e

D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' 2  - 7 Λ 1 2 3  

o r,  a s  w e  m a y  w rit e  t h e f o r m ul a

p n «(l- c n « r(l,t_ c n « y & ( m 0 c ,

J o  d u' + ^ 1 u  k √ 2 ∕ ■

3 f2 * s n 2 w  ( 1 —  c n  w) 2 * ( 1 +  c n  w) 5 /J , ∕ , √ 3 ∖
=  jo ------------ ------------------- d u ( m o d. =  -  )

,X 4 W ÷ 1 )

f a +  β  +  2 ∖  ’
r(- — )

i n w hi c h  α  a n d  β  m u st  b ot h  b e  >  —  1.

§  2 7. P utti n g  α  =  / 3, t h e f o r m ul a b e c o m e s

B ⅛  ρ∙ = ⅛)

r √ ^ ± 2 >
3 f ⅛3 " + 2 w 7  j -√ 3 ∖  _ λ ,π -1 V 2 ∕^  2"**  J,  d n i"t⅛'  “ V  2  ) Γ  ( « +  1)  ∙

T h e  fi r st of  t h e s e r e s ult s m a y  b e  v e rifi e d b y  p utti n g  λ  =  0  
i n t h e f o r m ul a of  § 1;  w e  t h u s fi n d t h at, f o r m o d ul u s ,

ι √ 2 ± ħ
rκ  ∖ 4 7∫. s < Γ ⅛ < ⅛ ≈ 2"-

∙rl-)
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1 2 4  D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  Ti' i - A *,  

t h at

∣ 3 " rs d " u  f m o d. =  A")
J, ∖ i + c u uj v  √ 2 ∕

√i ⅞ i⅜f- H

r C ÷ l)

ą / 3
T h e  c a s e w h e n  t h e m o d ul u s  i s —  c o r r e s p o n d s  t o λ  =  - ⅛.

§  2 9. It m a y  b e  r e m a r k e d t h at if, i n t h e s y st e m of  e q u al  
i nt e g r al s i n § 2 5,  w e  i n cl u d e t h e i nt e g r al

6 4  Γ

*' 0 ∙' 0

w e  d o n ot  t h u s o bt ai n a r e s ult i n v ol vi n g elli pti c f u n cti o n s ? 
b ut  w e  fi n d

Γ 7r  si n s 0  ( 1 - c o s  θ) 2 x  ( 1 4  c o s  θ y lf 3 „
Jo  ( s m 4 0  4  8  c o s 2 6 ,) ^ , + / 3 + 2)

r ^ ± 2 V( * ±I)

=  2i( a + ∕3- 3 ) . ,i ∖  2 ∕
■ ’

i n w hi c h  α  a n d ( 3 m u st  b ot h  b e  >  —  1.
F r o m  t hi s r e s ult, b y  p utti n g  α  =  β,  w e  d e d u c e

Γ √-)
V r c o B * ,, + 3fl < 7fl =  _ V 2 )

J θ ( 1 4- 6 si n z 0  4  si u 4 0) n + 1  Γ  ( n + 1) ’

a  b ei n g  a n y  q u a ntit y  >  - 1.

E x p r essi o ns  f o r Γ 3 ( ⅜) as  a  si n gl e d efi nit e  i nt e g r al, § § 3 0,  3 1.

§  3 0. I n c o n n e xi o n wit h  t h e m et h o d  e m pl o y e d i n § 2 5, it 
i s i nt e r e sti n g t o i n v e sti g at e t h e r e s ult s t o w hi c h  w e  a r e  l e d b y  
t r e ati n g i n a  si mil a r m a n n e r  t h e f o r m ul a

m
°0  1

d x d y d z  =  - 3 Γ 3 ( ⅜).

w w w.r ci n. or g. pl
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Tr a nsf or mi n g  t h e tri pl e i nt e gr al b y  p utti n g

x  =  r si n  Q  c o s  <∕ >, y  =  r si n  θ  si n  <∕ >, z  =  r  c o s  θ 1  

it b e c o m e s

Γ  , μ ,i* r r .(8i n .β (sl n. φ + c c ,s . φ)+ c 0 s . β}ri 6 jn  

J o * × o J o

w hi c h

1 p 7 r f a'π ' s ∖ n θ d θ d < b
J 0 J 0 √{ si n β tf ( si n 6 #  +  c o s 6 #)  +  c o s 6 #}  ’

N o w

√{ si n 6 0  ( si n 0 φ  +  c o s 6 φ)  +  c o s 6 #}  =  √{ si n 0 0  ( 1 - £  si n s 2 φ)  +  c o s 6 #}

=  √(si n∙ 0  +  c θ 8 ∙ 0) √ {l  - 8i a ,∣ 7 cf s ⅛ sill * 2 4

= √ ( si n 6 #  ⅛  c o s 6 #)  √( 1  —  k 2 si n 2 2 φ),

I si n 6 #
w h er e k  =- r- ⅛ ------- ⅛ ~ λ  .

si n 6 #  +  c o s 6 #

T h u s,  t h e i nt e g r al

1  p 7r p ιr si n #i/ # # </ >

=  6 r^J 0 J o V(si n ° #  +  c os 6 #)  √ {( 1  - k i si n 2 2 < ∕>) }

1  ii'r r Γi 7 r  8 ∖ n θ d θ d(f >
=  6 r( ‘̂ J e Jθ V( si n 6 #  +  c o s 6 #)  √( 1  - k i si n 2 ≠)  ’

w h e n c e  w e  fi n d

[i * Κ βϊ β Θ Μ =  I r , <ι)  =  6 Γ , (Ϊ) 
r ^ 2 O.  √( si u∙ 0  +  c o s ∙ 0) 6 * j w

t h e m o d ul u s  k  b ei n g  e q u al  t o

√ 3  si n 3 #

2 √ ( si n 6 #  +  c o s 6 #)  ’

§  3 1. T hi s  v al u e  of  k  gi v e s

3  c os 6 #  .

4J d ̂*" si n 6 #  ’

w h e n c e  ⅞  =  ⅛ >.

4 / ? si n’#
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T h e  i nt e g r al t h e r ef o r e

_  1 ∕n  f v - 7 Γ sι n8 fl d k  

4  Γ J  0 e o s 5 6 , √( si n 6 0  +  c o s 6 #)  k a

=  Γ( ⅛) Γ ^ β ∖ n 6 θ  K d k  

2  √ 3  J 0 c o s 5 # ∕ d

,, si n 6 # 4∕t 2
n ° w . sr n ? ’

1  si n 6 # 2 ’P
s o t h at — g- =  -----------------,

c θ s ΰ ( 3 —  4 Λ 2∕

S u b stit uti n g  i n t h e i nt e g r al, w e  fi n d

2 * Γ( ⅛) ⅛ 3 K d k ,lτ,3 zl λ

√ 3 J o ∕r *( 3-4∕ 7) * θ 3

w h e n c e  f ⅞... ⅞--, ⅛

Jo k i( 3- 4J df 2 3 3 1 t γ4

T his  c uri o us  r es ult m a y  als o  b e  writt e n  i n t h e f or m 

M 7r 7f si n 2 γ ⅜ _  Γ 3  ( ⅜)

J o ( si n 7)5 ( si n 3 γ) θ 2 ⅛ 7 Γ 4

E x pr essi o ns  f or Γ 4  ( ⅛), § 3 2.

§  3 2. T h e  r es ult o bt ai n e d  b y  a si mil ar tr e at m e nt of  t h e 

f or m ul a

m
o o  1

e ~ x^ y ' ~z' d x d y dz =  - a  Γ 3  (J)

is p er h a ps  als o  w ort h  n ot ci e.

W e  t h us fi n d

r z η f4 7r f * ^ si πfl 7fl < ⅛  J  r g

J o J o ( si n 4 #  +  c o s 4 #) ^ √( d n w)

t h e m o d ul us  k  b ei n g  e q u al  t o

1 _________ si n 2 #

√ 2  V( si n 4 # +  c o s 4 #)  "

w w w.r ci n. or g. pl
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T r a n sf o r mi n g  t h e s e c o n d v a ri a bl e  f r o m θ  t o k i w e  o bt ai n  
t h e f o r m ul a

Γ( ∣ ) f1 f* ^ d k d u =  1  3
√ 2 Λ Λ  ( 1 - 2∕f c ii) * √( d n w) 4 * √  ’

t r l i * d k d u  ι r 3 (i)

J J o ( 1 - 2∕ι ,) * √( d n  u) 8  √ 2 Γ  (I)

^ Γ *( ⅛) =  1 Γ * φ  

1 6 τ τ 1 6 Γ( ⅜)∙

P utti n g  k  =  si n  7,  s o t h at 7  i s t h e m o d ul a r  a n gl e, t hi s 
r e s ult t a k e s t h e f o r m

∏
κ c o s  7  d ^ d u _ Γ 4 (∣)

» ( c o s 2 γ) ^ ( d n w) * ̂θ 7 r

o r,  b y  s u b stit uti n g K —  u  f o r u 1

f'i 7 r ∣∙ ^ ( c o s  7) *  ( d n ¾) ⅛ m  =  Γ *( ⅜)  .
Λ  J q ( c o s 2 γ) ^ l θ7 r

T h e  ri g ht- h a n d m e m b e r  of  t hi s e q u ati o n  i s al s o t h e v al u e  
of  ( K 0f, w h e r e  K o i s t h e v al u e of  K  c o r r e s p o n di n g t o t h e

m o d ul u s  - 4- .
√ 2

V al u e  of  a  s eri es wit h  s q u ar e d f a ct ori als i n t h e d e n o mi n at ors.
§ §  3 3- 3 6.

§  3 3. T h e  s e ri e s
x i x i x β p

1  +  — ⅛  + .i ■ ■ ¾  +  '2 rt 2 o ⅛ +  & c ·)
1  1. 2  1  . 2  ∙ o

m a y  b e  r e p r e s e nt e d b y  t h e d efi nit e  i nt e g r al —  i e ~ 2 'lc ° s,Ι' d ψ ; 

s o t h at t h e t ri pl e i nt e g r al . 7 r ∙' o

Γ  Γ Γ  e- ^- 2 ^ c o8 ,̂,- lii z 3- χ d s dt d ^

j 0 ∙' 0 J 0

f 0 ° f °0 -i4- i4 . . j β- 1 f x 2 sit * a Λs∙ 8 i8 p ∖  7 7  
=  7 Γ ∣ J e s ctltl [ I + —  p +  p- y s, +  & cj  ds dt

-s "γ Θ γ ( Ω 1' ÷j'∙∙- ⅛ι-i a *'

α  ( « +  2)  ( « +  4) (ff +  2)  (∕ 3 +  4)  )
+  2 1'. 42 . 6,* X + λ - C.J∙

w w w.r ci n. or g. pl



1 2 8 D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k n  - k ∖
T r a n sf o r mi n g  t h e t ri pl e i nt e g r al b y  p utti n g  

s  =  r  si n  0,  t =  r c o s  θ 1
w e  s e e t h at it

_ 1 r  fα  + fr iii r ( 8 'n  β y * ~ 1 (c os cl θ d ^
4  ∖ 2 )  J θ J θ ( si n 4 #  +  c o s 4 #  +  2 x  si n 2 #  e o s *tf  c o s ψ) ^ a + ^ ,

1 ∕ a +  β ∖ Γ r p( si n ⅛ 0) 2 a -1 ( c o s ⅛ 0) ^- 1  d θ d ψ
“ 8 k 2 jJ0 J0 (l- Λ si n ^ X + ^

w h e r e  7ι  =  ⅜  - ⅜ x  c o s  ψ f

1 r , ( a +  β ∖ f7 r f2 z r (l - c n w) β ^ i(l +  c n w∕ ^ i j j
= ^ rh r  )Jj 0 ----------- ------------------------- <w ≠ >

w h e r e  ∙ ψ i s c o n n e ct e d  wit h  t h e m o d ul u s  of  t h e elli pti c  f u n cti o n s 
b y  t h e r el ati o n

"-' *-  λ
c o s w =  - ,

X

λ  b ei n g,  a s  b ef o r e,  =  k' i —  k ∖
If i n t hi s d o u bl e i nt e g r al w e  t r a n sf o r m t h e v a ri a bl e f r o m 

- φ t o λ,  w e  h a v e  t o r e pl a c e

f∙∙∙ ^b √l∙∙∙ √( ⅛'

.r λ  i ( 1  d υ
o r > lf r=i' b y λ 1 - √( π ^)∙

§  3 4. T a ki n g  t h e fi r st a n d  l a st f o r m s of  t h e i nt e g r al, t h e 
r e s ult m a y  b e  w ritt e n

f7 r Γ 2 a '( 1 - c n w) α ~ i ( 1 +  c n w∕ ^ i , , , , λ , , 1  ,J  ∙ J --- ( d u a∕- ⅜→ ----~  d u d ⅛  (m ° d, ) =  ⅛  “ ⅛ aj  c o s ≠ >

f1 f2 7 r (l —  c n  u Y ^ i ( 1 ■ +  c n u Y ~id u d v z . λ , 1 1=  JJ. ⅝ ⅛ ⅛∙ V  (m o d ∙) =i→ ∞ >

t >. ÷∣ s-ι r (' ^ 1 ( ?) f a β , α  ( α  +  2)  0( S  +  2) , , 1

“  I ̂2 ' --------- --------------x I'

I n t hi s f o r m ul a α  a n d β  m u st  b ot h  b e  p o siti v e  q u a ntiti e s,  
a n d x  m u st  n ot  e x c e e d  u nit y. If x  i s e q u al  t o u nit y,  α  a n d  β  
m u st  b e  l e s s t h a n 2.
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§ 35. The preceding result might of course have been 
deduced from the general formula of § 4 of the preceding 
paper (p. 99) by putting x cosψ for x, and integrating with 
respect to ∙φ from 0 to τr.

We may also readily obtain the value of the integral when 
the limits of integration with respect to ψ are 0 and ⅜7r, the 
resulting series, which then contains also uneven powers of x, 
being

Γ Γ
2-∕>-⅛ w w h + x*+«(« + 03(3 + 0 a,.+ &c 1

r(α + ff⅝ (+21 + 2'.i, ≈ + *<≈∙∣

_ 2^1 ⅛⅞1)γ(⅛) ( + («+.0(3 + 1)

+ (a + 1) (a + 3) (3 + lH3+⅜, χl + &c 1 .
1 .3 . o J

§ 36. By putting a — ⅛ = mi β -⅛≈n, the formula of § 31 
becomes

∕,7rf22c(l - cnw)m(l+cnn)n j j f , λs
)θ ) “-------(dn√)^----- -  du(mθd∙) = ⅛ “ ¼c cθ3 ≠

om+n-ι Γ ( 2 + ΐ) Γ G + ι) ∫ (m + ⅜) (n + ⅜) s

7r r^+η~t ?

1 (m + ⅜) (m + I) (n + ⅛) (w + I) ~4 
÷ -------------------x

l (™ -1 ⅜) O + §) (m + D (n + ⅜) (n + I) (n + 2) rβ , p )+-------------- 2r^ x + <3∞.j∙,

where m and n must be > - ⅛ and x not > 1. If x = 1, m + n 
must satisfy the further condition of being > 1.
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1 3 0 D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' i - k ,.

A s  a  p a rti c ul a r  c a s e, p utti n g  m  = = n  a n d w riti n g  ⅜ n  f o r w,

D
∙ 2jE -

(s d u)r d u d ψ 1 ( m o d.)’ =  ⅜  - ⅜ x  c o s ψ

0

=  2 " ^ ⅛ ≡ T) f1  +  ζ n  +  14 ⅛-- ,÷  & C } ∙

I n t hi s f o r m ul a n  m u st  b e  >  - 1 a n d  x n ot  > 1. If a ?  =  1,  
n  m u st  i n a d diti o n  b e  <  1.

T h e  c a s e  x =  1,  § §  3 7 — 3 9.

§  3 7. W h e n  a  =  1,

Λ  =  2 , ⅜  c o s ψ,

s o t h at c o s  2 7  =  c o s a n d t h e r ef o r e - ψ =  2 γ,  w h e r e  7  i s t h e 
m o d ul a r  a n gl e.

T h u s  f r o m § 3 6,

M ι r f2 s (l —  c nιι) m  ( 1 +  c n  ιι)n , 7
I I 7 1 ∖ m + n  & U
jo J o  (d n u )

f m 1 ∖ i n 1 ∖

_  2 > n +' <-ι 7r  × 2  4/ f ( m ⅛  ⅜)  ( n +  ⅜)
r  ̂∕ft  +  n +  1 ∖  ( 2 i*

1 ( z n +  ⅜)  ( m +  I) ( n +  ⅜)  ( n +  ∣ ) 1 χ ∣
+  ----------------- 2 2T Γ  — — — + Λ C∙ ∫  >

a n d i n p a rti c ul a r  

r 4 , r f V
I j ( s d w)"i 7 ui∕ 7
J o J o

- ~ ^ μ∙∙ ∙̂ ι= i3 S i 2∙∙ 4∙

t h e v al u e  of  n  b ei n g  >  —  1 a n d <  1.
T hi s  r e s ult m a y  b e  o bt ai n e d  al s o b y  i nt e g r ati n g t h e f o r m ul a 

m  § 1 of  t h e p r e s e nt  p a p e r.

w w w.r ci n. or g. pl



D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' i - k'. 1 3 1  

§  3 8. P utti n g  n  =  0  i n t hi s f o r m ul a it b e c o m e s

f4 " π  r ∏)  it 1 * 1, ∙ 5 * la . 5 8 . 98 p }Jo 7  8 Γ  ( ⅛) { 1  +  4 , +  4 2 . 8 2 +  4 8 . 8a . 1 2 li +  & C ] ’

T h e  s e ri e s i n b r a c k et s  w a s  s h o w n b y  G a u s s *  t o b e e q u al  
2∕f 0

t o----- , s o t h at w e  fi n d
7 Γ

fi7r  r 1 T ζ
Jo K d y = j t'd k =( K y '

§  3 9. Si n c e

2 K 1 , 1 ,. 3,7 4  la . 38 . 58 β .
π 1 +  2 8  +  2 8 . 4, +  2 8 . 4 li. 6 8 i +  & C *’

it f oll o w s t h at

Γ ^ = ⅛'{ i+ (- 2)s + (γ !) ^ +(I S),÷ M∙
∕ 2 7 Γ0 ∖ 8

T h e  s e ri e s i n b r a c k et s  i s t h e r ef o r e e q u al  t o f----- J , a s  w a s

s h o w n b y  G a u s s  i n t h e i n v e sti g ati o n j u st r ef e r r e d t o.j"

S e c o n d m o d e  of  r e d u cti o n of  t h e d o u bl e i nt e g r al i n § 3 3  w h e n
α  =  ∕ 3, § 4 0.

§ 4 0. P utti n g  a  =  ∕ 9 = n i n t h e fi r st f o r m of  t h e d o u bl e  
i nt e g r al i n §  3 3,  it b e c o m e s

Γ  (ft) f7 r f ⅛7 r _______ (s m 2 θ γ n ~ ld θ d ψ ____________

2' t', +l J 0 Jo ( si o 4 ^  +  c o s 4 #  +  2 a;  si n 8 #  c o s 8 #  c o s  ψ) n  '

T h e  d e n o mi n at o r

=  ( 1 - 2  si n 8 #  c o s 8 #  +  2i c  si n 8 #  c o s 8 #  —  4 x  si n 2 #  c o s 8 #  si n,⅛t∕,) n  

=  { 1 —  ( ⅜ —  ⅜ aj)'  si n 8  2 #  —  x  si n 8  2 #  si n 8 ⅛ τ∕J n .

* W er k e,  v ol.  iii., p.  4 2 5.
f 4 ι rt G a uss ’s  pr o c ess  a m o u nts  t o a n  i n d e p e n d e nt pr o of  t h at K d y  is e q u al  t o ( K0 )t.

∕1 ∖ 8   Zl. 3∖ 3  ·' »
F or  h e  p oi nts  o ut  t h at t h e s eri es 1  + 1 - 1 +  i 1 +  & c.

4 Γ  4 7r Γ 4 7r d φ  <f ψ ,

^ ^ ∙ 7 Γi J 0 J 0 J(  I - c o s 2 ψ  c os 2 ψ∙)  ’

a u d  t h at t his e x pr essi o n w hi c h  o b vi o usl y  - —  ∣ K d γ ^

_  2 f ⅛ vr  Γ  ⅞ vr df  d g _  ∕2 A' n ∖ 2
“  τr 5  * J » J o J(si n∕ si n y) ~  ∖  τr J

K 2

w w w.r ci n. or g. pl



132 DR. GLAISHER, DEVELOPMENTS IN POWERS OF k'i-k'.

Thus the integral
Γ(w) r* ri* (s∖nθγn~'dθdψ

~ 2i,'+l J0J0 {1 - (⅛ - ⅛*) sin2#}" {1 - h sin* ⅛≠}"

Γ(n) Γ& riιr (sin 0yn~1d3 dψ
" 2,n Jo Jo {l-(⅜-^)sin^∏l-ΛsinVΓ

Γ (n) pιr Γε (sinθ)2n~1dudθ
= -Fr Jo A (⅛u)"-,{ι-(i-*⅛)β⅛10)∙,

, . x sin’#
where Λ =  -----7-1—, . ⅞ .

1 - (⅜ - ⅛χ) sin σ 

This last equation gives

• sz1 2A ,a (1 + h'y)x- h
(1 + A)λ j ⅛A (1 + h)x + Λ,

z, 1 X ∙ 9/1 2#
1 — (⅛ — ⅛a,) sin θ = 7-------- r7--------7 }k2 2 j (1 + h) x + h ’

dθ xdh
sin θ h ∖∕{(1 + A')’»* — h'2} ’

Thus the integral

Γ(n) ∕∙21fi hn~idudh
- 2'V* Jy√0 (dnu/-1 √{(1 + A'),λ,- Λ,} *

General theorem, §§41, 42.

§41. In § 33 the same double integral was reduced to a 
form which, in the case a = ∕3 = n, becomes

r(w) r f7c(^uγn-ιdud∖
^∕,J0 √(√-V) ’

so that we have found that

Γx Pr(sd u),n~idu d∖ 2 f21 rxh"~1(n(lu),n~1dudh
J .J. √(χ"-λ-) = 7zi JΓJ. √1(1 + Λ'A'- A·)

_ 2-⅛ r'ι<,⅜") h + - +",(w∙t2>' √
-i π Γ(,i) V+2, + 2'∙4' x

+ 2WΠ"Wχ. + s )

www.rcin.org.pl



D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' 2  - k i. 1 3 3

§ 4 2. B y  t a ki n g h a a t h e v a ri a bl e i n t h e fi r st i nt e g r al, 
t hi s g e n e r al  f o r m ul a m a y  b e  w ritt e n  

r ⅜ σ ÷ ≈) Γ K (s d u γ n ~ 1 d u  d h l p h n -1 ( n d u γ n -'J u d h
J ∣ <,-, > λ  √( X ,- ( A'- Λ∕}  - √- , J ^ J,  √t(l  +  ⅛ 7 √- Λ∙ }

=  2 "- ⅛  r* β * >  h  +  -\’+  * lf,l +  2 ) ,' √
π Γ( n)  V 2 ’ 2 ,. 4, X

√( n  +  2)'( n  +  4) , 1
+  2 ∖ 4 ,. 6, ≈ + ∞ ≈∙J∙

T h e  c as e w  =  ⅛,  § §  4 3,  4 4.

§ 4 3. I n t h e s p e ci al c as e w  =  ∣ , t h e e q u ati o n i n § 4 1  
b e c o m es

I * K d ∖ o i p  K d h
L  √( * ,- λ i,) ~ Jf A i√{(l  +  A') V-  A ,}

τ τ Γ s ( ⅛) f 1 , a  ll. 5, 4  ls. 5a . 9 * 6  s  )“ 4 Γ( ⅛) { 1 +  4 , aj + 4 ∖ 8 , aj + 4 a . 8 ∖l 2, a, + & C J

r r 0 ( 1 8 , 1 2 . 5, 4  ls. 52 . 92  θ  g  )= τr 7 Γ ∣ l+ -aj +- β a 5 + -3 yι π 7 a ∙ + & c.|

§ 4 4. W h e n  %  = 1,

[x K d ∖ f' K d h n f 4 *
J. √( ai∙- λ∙) J. A U’» 2 Ja v,

„ . f ”  . K d h  f, K d h „ fi’

j Γ a * √ k i+ λ '),∙ ≈'-- ⅛,i^ J. »'* “ λ  λ 7 ^λ
a n d  t h e s eri es b e c o m es

τ ^ 0 ∕ 1 ’ 1 *. 5 *  1 *. 5 *  9 ’ „ ∖(1 +  J. +  4 ξ 8 < +  4 5^ ∏ 2 i + & C J

9 ∕Γ 0
=  τ r 2i 0- = 2( 7 Γ 0 ) 8 . 

7 Γ

T h e  f or m ul a t h er ef or e' i n t his c as e a gr e es wit h  t h e r es ult 

i n § 3 8.
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1 3 4  D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k'' i- k∖

T h e  c as e w  =  1, § §  4 5,  4 6.

§ 4 5. P utti n g  n  =  l i n t h e g e n er al f or m ul a of § 4 1, it 

b e c o m es

f ® fπ  s d u d u d λ π  Γ —  C ε τ ∖ d u d u d h
JJ0 √( * 3 - λ a > Λ  Λ  √ {(l + Λ') V- λ r}

τ r 2 f 1 2 2 la . 3a 4 ι 1 2 . 3,. 52 β „ ) 
=  ---  ή  1  4 "  T 5  ®  +  7 7 2 — 7 ⅛ ̂f  „ 2 . 2 ∕> 2 ̂f  & C.  Γ2 ( 2  2. 4  2  . 4 . b J

=  7 rJ Γ, ( m o d. = a r).

T his  r es ult m a y  b e  v erifi e d,  f or t h e first i nt e gr al

=i √( ⅛  f  s d"' f o'

Ί 1 n λ fr - 1 7 I C O S ^ 1 λ
a n d,  b y  §  6, s d «  d u  =  -, =  *  <( 1  _ χ ,-j ,

s o t h at t h e i nt e gr al

Γ x  c os ~ 1λ  d ∖
~ L  √ κ * 2- λ 2)(i- λ,) }

f ® ( ⅜7r  “  si n - 1λ)  d X  f ® d ∖
- J _ √ {( √- λ ,)(l- λi)) =  ,rJ . √(( √- λ ,)(l- λ,))

“ √  V ∣( 1- Λ ¾  ’ b y  p utti n g  λ  =  x μ '

=  τ τ K i ( m o d. =  x).

§  4 6. Si n c e

f,K  7 ΓJ n d u d u  =  ̂ ,
t h e s e c o n d i nt e gr al

d h
π J Γ A',√l(l  +  A') ⅛ "- A'i  

2 f1
7r Jj( ^ √](l  +  υ 2) V-(l- √ n, 

w h er e  v  =  √(l- A) = Γ.

w w w.r ci n. or g. pl



D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k'' i - k∖  1 3 5

T h e  d e n o mi n at o r  i n t hi s i nt e g r al 

=  √[{( 1  +  v 2 ) x  - 1  +  v 2 } {( 1 +  v ,) x  +  1  - r 2 i]

=  √[{( 1  +  a;)  υ a  - ( 1 - x ^)} {( 1 +  a:)  - ( 1 - i c) v 2 }]

=t∙  √( 1  - ≈")  v ∕[(ι - ∞')  {ι - w∙J J if =  ∏ ⅛  0 '∙

T h u s  t h e i nt e g r al it s elf

=  .2 π . rJ O __________________ ⅛ __________________

i,," ,- √[ <'- r> H ⅛)' <

w hi c h,  si n c e

f T- d x  . d x  1

J, √ 1( 1  -O ( 1 -Λ ⅛")J -’J 0'" t,√ 1( 1- O( 1- Z,∙' ⅛ 1)}=  5 'A

=  Ϊ Τίπ ’ ( m o d '=  ι ⅛ ¾ =  π Α; ( m °i∙ =  *)∙  

T h e  c as e w  =  j, § 4 7.

§  4 7. P utti n g  n  =  ∣ i n t h e f o r m ul a of  § 4 1,  it b e c o m e s  

Γ P id ∖ _ 2 Γ ⅛ Qfi d h  
J_x  √ o 2  - λ ,) x *  J0 √{(J  +  k y p  - P}

Γ 2 (f) f 1 3 2 2  3 2 . 72 4  3 2 . 7 2 . 1 1 2 β . )
=  7 r Γ ^ m + 4 5 * + ^ i X +  Μ ΛΪ' “  + & 4 ’

γ ς  G  4  G
w h e r e  P i = β d u d u  =  ̂ -, =  1  _  ,

rκ  E
Q i =  j n d 3 w  d u  —  · ^ ,

a n d r⅛ 4 β ∙

W e  t h u s o bt ai n  t h e r e s ult  

[r G d ∖  1  Eft d h
J_„ ( 1 —  λ ,) √( λj*- λ 2 ) “ 2 x ⅛ Λ  ' √i( l +  ~

z γ (f 3 2 2  3 2 . 7 2 4 ι 3 2 . 7a . 92 β r r 1
=  π β 0 ∣ι +j-. χ,+  3 r gi ≈ , +j τ ^ 7i 7. x + & 0 ·}·

w w w.r ci n. or g. pl



1 3 6  D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' i - k t.

T h e  e q u alit y of  t h e fi r st i nt e g r al a n d t h e s e ri e s m a y  of  
c o u r s e b e  at  o n c e  d e ri v e d  b y  i nt e g r ati o n f r o m t h e f o r m ul a

A-  ÷ A * A A S A Α  

-∙'∙ g *∙ n S *∙ r a * *∙ <t ot∙

T h e  c as e n  =  2, § §  4 8,  4 9.

§  4 8. F r o m  § 6  w e  h a v e

fx ,8 j 1 h'  —  h γ
I s α u  d u  =  -τr-.----- ~r,r  ττ >
Jo  2 h h' 2 h h k k

2 2 λ  c o s ^ 1 λ  .

~l- λ a (i- V∕ ,

w h e n c e,  p utti n g  n  =  2 i n §  4 1 a n d t a ki n g t h e fi r st i nt e g r al 
o nl y,  w e  fi n d

o r κ  d ∖  o tβ λ c o s - 1λ < 7 λ
i.(l- V)( ≈ >- λ-)i" J-.(l- λ∙)i( x,- λ-)i

=  2 π  ( 1 +  x t +  x t +  x λ  +  & c.)  =  - ■ 7r  ⅛  . 
v  1  - x

R e pl a ci n g  c o s - 1λ  b y  ⅞ 7 r  —  si n - 1λ,  t hi s r e s ult b e c o m e s

d ∖  ι [x λ si n ^ 1 λ < 7 λ _ σ τ
J. (ι - λ∙)( ≈,- λ∙)i+  J, (i- λ ∙∕( χ∙- λ∙) *" 2 ('- A'

7f
T h e  fi r st i nt e g r al i s e a sil y  s h o w n t o b e  e q u al  t o ■  — . -— — λ  , 

s o t h at w e  fi n d - λ  '

Γ * X βi n ~ 1λ d λ  ιr ( 1  1  ∣
J o ( 1 - λ a∕ ( x t - λ a ) * ~  2  ∣l - x 1 √( 1  - x 2 ) ∫ ’

T h e  i nt e g r al m a y  al s o  b e  w ritt e n  i n t h e f o r m s

f ⅛ ι r si n  φ  si n - 1 ( x si n  < A ^) 7l [κ  s n  u  si n - 1 ( x s n  u) , 
x ----- ι-------- Ϊ------- ^ d φ =  x ------- τ√ ------

( 1 - α , si n 1' φ)  ̂ A  t^ u  u

( m o d. =  x) ∙

w w w.r ci n. or g. pl



D R.  G L A T 8 H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' *  - k ∖ 1 3 7

§ 4 9. P utti n g  tτ  =  si n αι n t h e fi r st f o r m of  t h e i nt e g r al, 
w e  m a y  al s o e x p r e s s  t h e r e s ult b y  t h e e q u ati o n

fα  0 si n 0 < 7 0  _ si n' 2 ⅛ α

J θ c o s 2 0  ( si n * α —  si n 2 0) 4 e o s 2 a

V al u es  of  i nt e g r als a n d  s e ri es, § § 5 0- 5 1.

§  5 0. It is e as y  t o pr o v e  t h at

f’ Jo + √ 1 1V +J 2 v + < ⅛ C. 7 '
Λ √ O'- λ i) d κ

- I { Λ +  t A *, +  Γ 4  A > * ‘ +  2- ⅜ δ  j∙l' * +  & C  ) -

a n d b y  a p pl yi n g  t hi s r e s ult t o t h e e x p r e s si o n  of Q  o n  p.  1 4 8  
of  v ol xi x.,  w e  fi n d

Γ  G d y  z γ of, 1 s 3 s 4  3' 2 . 73 β „ )
Jo  V  +  4 a * + 4 2 . 8'2 a, +  4 a . 8 ’. 1 2 3  a +  & c, p

a n d

Γ G ∖ d λ 1 χ, 0 fl s 1 ’ <  1 a ∙5 w β
J o √( af ,- λ *) ( 4 α  + 4' 2. 8x + 4' 2 . 8'2 . 1 2a 5

l3 . 53 . 9s 8 s )

+  4 ∖ 8∙ 2 . 1 22.l6 a  + & < T
§  5 1. Si mil arl y  fr o m t h e s eri es f or I a n d  E  w e  fi n d

Γ, Λ ¾"°∙ b-.'-∙-i ⅛∙'- Si ⅛∙∙- f c)

-i. A-],, 5,∙ ÷ g,∙ ÷ ⅛s.∙ ÷f cj,

Γ E d ∖ r γ o f. 3 ', 3 a . 7 4 3 a . 7a.ll ~ β 1
I i5 *  ̂ 4'∙ 8'  4∙. 8 >. 1 2 * x + & 4

+  ⅜ 7 Γ ^°  ̂ 1  +  -, √  +  i3 ⅛  √  +  4∕8 f ⅛ χ 6  +  & C } > 

wit h  c o r r e s p o n di n g s e ri e s i n w hi c h  d ∖  i s r e pl a c e d b y  ∖ d λ.

w w w.r ci n. or g. pl



1 3 8 D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  ⅛'  - k'.

§  5 2. B y  p utti n g

«  =  ⅛,  β  =  ⅛,  7 = 1  

i n G a u 3s ,s w ell- k n o w n  f or m ul a

Fir,  R  „ n  - rf a) Γ( γ- α- g)
-f O.  β,  7ι  1 ) r (γ  _  α ) r (γ  _  >

w e  fi n d

1 1 1 ’ 1 la ∙ 52 ι 1 8 . 5,. 9, ι χ  Γ( ⅜) i Γ 2 ( ⅛)
1  +  4 ’ +  4 ,. 8a +  4 a . 8a . 1 2a +  & C > Γ' 2 (∣) ” Γ( ⅛)  Γ 3  (∣)

Γ ⅛)J Γ  

2 π a 7 Γ ,

a g r e ei n g  wit h  t h e r e s ult q u ot e d  i n § 3 8.
Si mil arl y,  p utti n g

α  =  - ⅛ j P  =  - iι 7 = 1,
w e  fi n d

1 ,1 , r, . 3 *∙ 7i, l& c -rω-- ⅜ r(⅛ λ

4 ’ 4 a. 8a +  4 a . 83 . 1 2a ψ  P  (∣) 1 ⅛ P  ( ⅛)

_ 2_ _ 8 £°

~ K i~  τ τ ,

a n d  b y  p utti n g

α  =  -i, i β =  ∣ , 7  =  1,

w e  fi n d

3  3 a . 7 3 s . 7a.ll _  Γ( ⅞)  4 Γ( ⅜)
4 ii 4 *. 8 a  4 a . 8 ∖l 2a c * Γ( 5) Γ( ⅛) P  ( £)

_ _ i _ 4 £ "

~  K ° ~  7 Γ ,

§ 5 3. P utti n g  aj  =  l i n t h e f or m ul a e of  § § 5 0 a n d 5 1,  a n d  

s u bstit uti n g t h e a b o v e  v al u es  f or t h e s eri es, w e  fi n d

( % ⅜ = 4( G∙) ∖

∙' 0

Γ I d y ≈ 2( o y-i( κ y,
J  0

Γ ^ γ  =  2( G 7 + ⅛( Zi 0)2 ,

∙' 0

7  b ei n g  t h e m o d ul ar  a n gl e.

w w w.r ci n. or g. pl



D R.  G L AI S H E R,  D E V E L O P M E N T S  I N P O W E R S  O F  k' *  - k t. 1 3 9  

T h e  l a st t w o e q u ati o n s  gi v e  b y  s u bt r a cti o n

Γ κ d 7 =( κ y,

j 0
w hi c h  i s t h e f o r m ul a f o u n d i n § 3 8.

§  5 4. B y  s u bt r a cti n g  t h e fi r st f o r m ul a f r o m t h e s e c o n d a n d  
t hi r d, w e  fi n d

f k tκ d 7  = 2  (a y  +  ⅜  < κ y  = ii π E d 7 ,
*' o  '' 0

a n d ∫ 4 7 r Fffi Z γ  =  - 2( < 7 0 ) a +  ⅜( 7 Γ 7  =  - ∫4i r ∕ ⅜

T h e  c as e n  =  3, § §  5 5- 5 7.

§  5 5. W h e n  n  =  3,  t h e g e n e r al  f o r m ul a gi v e s

[x P sd ∖ . P(∣)(,  3 2 2 3 ,. 58 4 3 ,. 52 . 7i β p )
J _ χ √( √  _  λ *) - 2  7 r  Γ  ( 3) ( l +  2 ’ i* + 2 ∖ 4 2 *  +  2 ,. 42.θ ’®  +  & C ’J ∙

It c a n b e  s h o w n ( s e e § 5 7)  t h at t h e s e ri e s

, 3 a 2  3 2 . 52 4  3 i. 5 8 . 72 β e
l +  2- i c + 5 u i* +  s W e il + & c ·

i s e q u al t o

2( G  +  E)∙ z j x  
< m ° d ∙ =  *) >

s o t h at t h e e q u ati o n  b e c o m e s

[ x P id ∖ 2 π( G + E) z , .
j., √ 5 ⅛)° 1 - *' ~' (m o d ∙ =  *)∙

§  5 6. N o w,  b y  § 6,

3( E- h) v + 4 h E 7  3( A'- ⅛)

3 k ik' t k k' 3 K ik" i

2( 1 +  2 λ ,) . 6 λ
=  — -------^ ^ c ° 3 λ  “ ή ---- v ?  *

(l- λ ,∕ (l- λ)

w w w.r ci n. or g. pl
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Thus

f* -ξA - 4 Γ (1 + 2λ*) c°9~lλ^λ 
- λ,) “ J0 (1 - λs)i (√- λi,)4

Γx (1 + 2λ2) (⅜7r — sin-1λ,) d∖ _ 2 f* (1 + 2λ8) d∖
λ (1 - λ,)* (xt - λ2)* Λ (l-λ,)i(√-λ,,)i

., f i"7r 1 + 2a√ sin8# ja , . . a= 2π I -------------------- dθ, by putting λ = x sin V.J. (l-√8hΛQs ’ °

Γς  1 + 2,x8 sn8u 7 z j λ = 2π ----- ---------- du, (mod. = x)
Jo dnu 
rπ

= 2π I (3 nd4u — 2 nd8u) du.
' 0

Now, the squared modulus being k,

fjr 14 7 2 (1 + Λ') f* ,2 j KJt uiudu= 8⅛' Jβ nd≈i<*-3A'>

γς  E
and I nd,Mt⅛=τ7,*

∙' o
whence

fκ 1< 7 rt fκ j» j ∕2(l+λ') ∖ E K3 J nd u du-2j nd u du ≈ -------- 2 J

_ 2E-KK _ G + E 
~ h'i ~ ti' ’

Thus, when the modulus is re, the value of the integral
f Λ<⅛∙ ∖

λ,√O,-V>

ha3 been shown to be

2π(G + E') j λ —÷-zp , (mod. = λ),

agreeing with the value of the integral which was derived 
from the general formula in the preceding section. We have 
thus obtained a verification of the general formula in the 
case n = 3, but no new result.

Messenger, vol. xι., pp. 129, 134.
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§  5 7. T h e  v al u e  a s si g n e d  t o t h e s e ri e s u p o n  t h e ri g ht- h a n d  
si d e of  t h e e q u ati o n  i n § 5 5  m a y  b e  o bt ai n e d  a s  f oll o w s :

Diff e r e nti ati n g,  wit h  r e s p e ct t o A,  t h e f o r m ul a

2 K la 1 3 . 3' ∖3  1 2 . 32 . 58 p
V - 1 +  2 > a  +  2 ΓJ∙ a  + 2 ^ ∖J ∖ 6 = a  + & c - >

w e  fi n d

2 G 1 ’ 1 ,. 3 ∖ l,. 3a . 5, ,a la . 38 . 53 . 7a 7 3 p
iff ̂ 2 + 2 5Λ a  +  2 ∖ 4 ∖ G  a +  2 \ί \ 6 >. 8 Α + & σ · >

w h e n c e,  m ulti pl yi n g  b y  A  a n d diff e r e nti ati n g  a g ai n,

2 d ( G ∖ If 3 a , 3 a . 5a  3 ,. 5s,. 7 ∖g p )

; d h  (rj ~ 2 { +  ? a  +  2 ∖ ^ λ  + 2 v pt ∙a  + & c ·}·

N o w

d G I K ^ G  _ 2 G +  h' K G  +  E  
d h h' ~  h' 2 +  A' a “ 2 Λ' a - 2 A' a ’

s o t h at t h e e q u ati o n  b e c o m e s

2 G + E , 3 ∖  3 a . 5 a 3 a . 5a . 7a  „
- - ^--1 + 2 ≈ a  +  5 Γ Γ' a  +  2 ∖J ⅛ * a  + & c ·’

w hi c h,  w h e n  A  i s r e pl a c e d b y  #,  i s t h e r e s ult q u ot e d  i n § 5 5.

T h e  g e n e r al  t h e o r e m w h e n  n  is a  p ositi v e  i nt e g e r ^ § §  5 8 — 6 3.

§  5 8. T h e  m et h o d  e m pl o y e d i n t h e p r e c e di n g s e cti o n  
s u g g e st s a s y m b oli c f o r m i n w hi c h  t h e t h e o r e m of  §  4 1  m a y  
b e  e x hi bit e d  w h e n  n  i s a  p o siti v e  i nt e g e r.

T a ki n g  o nl y t h e fi r st of  t h e t w o i nt e g r al s, t hi s t h e o r e m 
m a y  b e w ritt e n

i‘ I *( ⅛,) ( « ’ n∙( n  +  2) ∖.
λ, √(. √- λ 7 ) ^ r W -t+ 2 , +  2 ∖ 4 >

«·  ( n +  2) , ( n +  4) *  }
+  2 iT 1 . 6 > X  +  ∫ ’

w h er e  P J n_,  =  i (s d u) 2 n ~ ld u.
∙' 0

§  5 9. L et  S n d e n ot e  t h e s e ri e s

1 +  ‰ ’ +  √  ÷  +  ≈∙  ÷  & e. ,

2  2  . 4 2  . 4 . o
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t h e n b y  p e rf o r mi n g  t h e o p e r ati o n s w e  e a sil y fi n d ( a s i n t h e 
p r e c e di n g  s e cti o n) t h at

ł —  x fi —  n ig  
x d x d x n " +,

If w e  d e n ot e  t h e o p e r ati o n

1 d d , ę,

t hi s e q u ati o n  m a y  b e  w ritt e n

¾ ÷, ≈ ⅛f ¾∙

§  6 0. T h u s  w e  fi n d

¾  =  f ⅛

¾ = 3i.f,⅛

& c.,  & c.,
a n d  i n g e n e r al

c _  _ _ _ _ 1 _ _ _ _ _  f r C ∣
tt∙+l ~  V. 3 s...( 2 r-i y i, 1 '

N o w,  w h e n  n  =  2 r  +  1,  t h e c o effi ci e nt of  $ n  i n t h e g e n e r al  
t h e o r e m

Γ,( r +  ⅜)

" 2 7r n 7,∙ T υ

=  2 ∙π --------------------- --------------------

n w -, ,( 2r-l),( 2 >∙- 3),... 3'.l, ∖

" 2 π ( 2 OI

T h u s,  i n t hi s c a s e, t h e t h e o r e m b e c o m e s  

f Λ, 1√∕ λ
λ x √( √- λ ,) ~ ( 2 r) P  *’

or,  si n c e > S 1 =  , ( m o d. =  a;),

Γ p 4 r ÷ A =  2 * r *∙ fi £  a , ji γ7 r  
J  -x V ( » * - λ a ) ( 2 r) ! \; c d x d xj ,
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the modulus of the complete elliptic integral K on the right-
hand side of the equation being x.

§ 61. By means of the theorem (§ 2) 

dP n + l
Λ---------Γ p-÷∙'

we may express P4r+1 as a repeated derivative of P1. We 
thus find

p = - 2-- f—Yrp
4r+1 (2r)l WλJ l,

and the formula may be written in the form

f d rPl d∖ _ 1^s /1 a, _£Y £
Jo dλP √(cc,-λ2) 2 ∖x dx dx) 1,

or, replacing Pl and St by their values,

fx (dir cos~1λ ) dx /1 d d∖r , , λ
J.x↑dλΖ^r √(l - λii)∫ √(a∕- λs) ~7r∖x d^xTx) jr, (ra°d, 

for, by § 6,
r> _ 7 _ CO3-1λ

√(1 - λ,) ‘

The cases r = 0 and r = 1 have been considered in §§ 45 
and 55-57.

§ 62. Proceeding as in § 60, we have

s.=4,s¾1

s.=⅛rs,,

&c., &c.,
and in general

^2r+a 2*r (r !)’ ^r^a*

When n = 2r + 2, the coefficient of Sn

_ 24r+17r !)____
-2- 'r(.2r + l)l,
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s o t h at t h e t h e o r e m b e c o m e s

r v ⅜ 2 ,→ ⅛
Λ, √( √- λ ,) ( 2 r +l)l * o, '

t h at is

f P, → , < ⅛ _ 2 , rt⅛  / 1 d d ∖ ' 1
J - x ' d(.x * ~  ( ?r +  1 ) ! \ & d x d x) 1 —  a ?  ’

" V V e m a y  al s o  w rit e  t h e t h e o r e m i n t h e f o r m

X j v r ÷l pι √ λ _ _  / 1 £ d γ
j _x d ∖ l r +i √( af 2 —  λ i,) π  ∖ x  d x X  d x) i'

or

f“ (',i∕s r + 1 c o 3 - 1λ ] d x _  / 1 d d  ∖ r I
Jχ ∣∕∕ λ'i r + 1 √( 1  - λ a)J √( v C 2  —  λ 3 ) π  ∖ x  d x  X  d x) 1 —  x 1 *

T h e  c a s e r =  0  w a s  c o n si d e r e d i n §  4 8.

§  6 3. It m a y  b e o b s e r v e d t h at if w e  p ut x'  =  z, t h e 
o p e r at o r  ζ

1 d d  _ d d  
x  d x X  d x d z d z  ’

s o t h at t h e t h e o r e m s m a y  b e  w ritt e n

r c τ p λ d ∖  y ∖ r j^
J.,  M i^  √( x , - λ') l <f a <f a)  k '

w h e r e  z  =  x 1 i s t h e s q u a r e of  t h e m o d ul u s  of  K i

, f d ™ P' d K  .r ( d d ∖ r ∖

a D a J.,rf ⅜"∙ √( √- V )° ~ 2 v ∖ d z z d z) — z ’ 

w h e r e  z  =  x ,.
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