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where 2w, 20’ is any pair of primitive periods of the elliptic:
function; and hence, if P (3u,) and P(4w) are both re-
garded as known quantities,

P (u)) + P (4, + 30) + P(4,+ §a)

can only take three different values; or, in other words, the
equation (i) of the 9th degree has a resolvent of the 3rd
degree, whose coefficients are rational in g,, ¢., P (3%,) and
P (jw).

('§l‘he dircet calculation of this resolvent involves rather
laborious eliminations; but it may be determined very simply
indirectly by finding the two cubic transformations, the suc-
cessive performance of which leads to the equation (i) for-
multiplication by 3. The general equation for transformation
of order # (odd), viz.

P(x, =, 2') = P() +3 [(P(u -22') 4 P(iﬁ’)] A

gives for n = 3,
Pu, 2w, 20")=P(u) + P(u+ 30) + P(u - jw) - 2P(jw)...(i1)

The invariants ¢, ¢/, of the new elliptic function on the
left-hand side of this equation are easily determined by
expandmg each side in powers of u. This gives

l g? 1 _? 9,‘ 4 v TI
u”+zo gs ¥ b=t gt gt vl (Be)
i 1‘2 Wt piv (u) dt &e. -
and therefore 9. =g,+20P" (Jw),
gy =g, + 28P7 (Jw):

or, it P(}w)=a,
g,/ =120a"-9g,, g,/ = 2804’ —42ag, - 27¢,;.
a being given by the equation
o'~ 9,0° = 98— Jagy =0
The addition equation gives
P(utio) + P(u—jw)=-2[P(u)+ P(3»)]+}
and therefore, on writing
P@)=2, P fa, )=y,

P+ P? lfim]
(P(w)-Fge)]’
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the equation (ii) for the cubic transformation becomes

da?— g - g+ 48— g a—g
2(xr—a)

y=-—(z+4a) +

= a’— 22%a + (7(.7(2" 'é[?l) T — 2a’- ]S'gnq =
=)

Ts .. ().

The equation for giving P (u, 3w, 2") or z in terms of
P(u, 3w, 20") will be of the same form with ¢, and ¢/, for
g, and g,, and b for a, where 6 is the properly chosen root of

the equation
bt — ég’ués o5 g’sz’ r} 3139’: =0.
Hence

p =?fa" 27+ (10 -39 )y -2 - b -7, .. (iv)
(y -6y '
bat z= P(u, }w, 30") =9P (3u, 2w, 20");
and thercfore the elimination of y between (iii) and (iv) must
lead to equation (i).

On making the substitution for y in (iv) and calculating
the first few terms, there results

_ a" —(6a+20) 2"+ (33a’+ 12ab + 70" - §9,-17") 2" +...
T (e—a)'[2"-20'a + (Ta'— 4g,) v - 20’ §g,a~g,~ b(x—a)']" "

Comparing this with the equation (i), the coefficient of
2" in the numerator must vanish and therefore

b = - 3a.

On substituting this value in the coefficient of 2" in the
numerator and equating the result to 3g,,

¢, =66a" + 24ad + 148" — 9g,
= 120a" - 97,
verifying the previously found value, while the cocfficient of
@', which I have not written down as it is rather long, verifies

the value of ¢’,, The denominator also, on taking account of

the cquation giving the value of a, will be found at once to
reduce to

(#* = dg,2" = 9,2 = 40,)';

moreover, on writing in the equation for & the values found
for b, ¢, and ¢, having regard to the equation for «, it will be
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while the same substitutions throw the equation for a into
the form
12%" - ah‘3= Q.
Cardan’s solution of equation (vii) now is
§ o4 ]
y-a= S o + 3i2tade” a, where o’ =1
ik
or ?;-—a% ra*+a3& ?ﬁ]z
) ,. 2t ot ]

When this value of 7 is used in the equation for z, it
reduces on taking z~a —3 (¥ - a), say #’, for the unknown, to

z"* —ma’ — mn=0,

§ o 3 1

g v Br. F o

where m=a‘—,aga§(l+a—e—-§+a’1 &),
gy 2* o 2° Jate

and the only new irrationals involved in the values of 2 are
cube-roots of

Z
y a
S Rl

where vy is a primitive twelfth root of unity.
Though not directly connected with the subject of this paper,
it may be pointed out that the relation

a=-—3b

found between the constants employed, which may be ex-
pressed in the form
P(jw, 20, 20)=—38P (30, 3w, ),

is only the first of a series which may be easily verified by
obtaining the leading terms of two transformations of odd
degree n, which lead to multiplication. The general form of
the relation is

d-1) 12 bn-1) ’ .
= P(ﬁ',ﬂw, 2w‘)=_n S P(?fﬂ, ?3’,2@).
1 n 1 n n
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