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Abstract: Properties of objects can be specified by a set of attributes which values can
be symbolic. Defining a good measure of proximity (or remoteness) between objects is crucial
importance in applied research like data mining or machine learning. Much attention has been
devoted to continuous attributes while little attention to nominal attributes which seems to be
much more difficult to handle. The proposed approach is based on the theory of multisets. In the
paper we defined a  group of objects with nominal description as a K-tuple of multisets (i.e., an
ordered collection of multisets). There are introduced the following definitions: perturbation of
multisets” for each attribute and a measure of groups’ perturbations. The measure of perturba-
tion is assumed to return a value from [0, 1], where 1 is interpreted as the most level of pertur-
bation, while 0 is the lowest level of perturbation. In general these two measures are different,
asymmetrical, so they should not be considered as the distance between the groups.

Keywords: Symbolic data analysis, Multisets, Measure of proximity, Groups of objects, Nomi-
nal attributes

1. Introduction

Defining a good distance measure between objects is of crucial importance in, for example,
many classification and grouping algorithms. From the mathematical point of view, distance is de-
fined as a quantitative degree showing how far apart two objects are. Synonyms for distance meas-
ure is dissimilarity between two groups. They are used to express the degree in which two objects
are found to be different, usually on [0, 1] scale.

Every non empty subset of a finite set of objects is called a group. Note that the measure
of distance between objects belonging to the groups can be defined as any measure appropriate
to the type of grouped objects, such as quantitative data, ordinal, nominal, or encoded by the values
0and 1. The adopted measure of distance has a great influence on obtained groups of different
shapes. Most frequently used methods of calculating the distances between the groups are
following:

e minimum distance between any two objects of each group;

o  maximum distance between any two objects of each group;

e average distance between all pairs of objects in the two different groups,
s distance of average.

While a lot of work has been performed on continuous attributes, nominal attributes are more
difficult to handie. Nominal data contains data with nominal attributes whose values neither have
a natural ordering nor an inherent order. The variables of nominal data are measured by nominal
scales. An attribute is nominal if it can take one of a finite number of possible values and, unlike or-
dinal attributes; these values bear no internal structure. An example is the attribute “taste”, which
may take the value of “salty”, “sweet”, “sour”, “bitter” or “tasteless”. When a nominal attribute can
only take one of two possible values, it is usually called binary or dichotomous.

When the attributes are nominal, definitions of the simifarity (or dissimilarity) measures become
less trivial. Finding similarities between nominal objects by using common distance measures,

which are used for processing numerical data, is not applicable here.

The proposed approach is based on the theory of the multisets. Classical set theory states that
a set is a collection of distinct values. If repeating of any values is allowed in a set then such a set is
called the mnltiser (sometimes also shortened to mset or bag). This way, the multiset is understood
as a set with additional information about the multiplicity of occurring elements. Let us assume now



that every subset of finite set ¥ of nominal values, in which repetition of elements is significant,
is called a multiset. The first time the term multisets was used by Dedekind in 1898. A complete
survey of multisets theory can be found in many papers where several operations and their proper-
ties are investigated. A multiset can be expressed using different notations. An exemplary multiset
containing one occurrence of a, three occurrences of b and two occurrence of ¢ can be described by
{a',b’,c*} or {a,b,b,b,c,c}, or {a,b,c};,»or {al,b3,c2}, or {1/a,3/b, 2/c}, or {(1,a),(3,),(2,¢)} etc.
or use square brackets, depending on adopted notation. In this paper we apply the sixth formalism,
i.e., {(1,a),(3,b),(2,0)}.

In this paper, we defined the measure of perturbation of one multiset by another multiset. We de-
fined a description of a group of objects as a K-tuple of multisets (an ordered collection of multi-
sets). This concept was extended on all multisets within describing the considered groups; as a re-
sult we defined a measure of perturbation one group by another group. The idea of the measure of
group’s perturbation is based on a relation between two attributes’ values represented as multisets,
where each multiset belongs to different group’s pair. Instead of considering dissimilarities between
groups, we introduced a measure of perturbation of one group by another group. This measure de-
fines changes of one group after adding a second group, and vice versa. It is interesting that this
measure is not symmetric, it means a value of the measure of perturbation of a first group by a sec-
ond group can be different then a value of the measure of perturbation of a second group by a first
group. The measure of perturbation is assumed to return a value from [0, 1], where 1 is interpreted
as the most level of perturbation, while 0 is the lowest level of perturbation. The measure is asym-
metrical, so it should not be considered as the distance between the groups, but the diversity, assum-
ing that one group is a group of the base.

The paper is organized as follows: in Section 2, we present preliminaries and basic definitions
for multisets. In Section 3 we present description of the methodology, the measures of perturbation
of one multiset by another multiset. In Section 4 we present the measures of interaction between
groups of objects of nominal values.

2. Preliminaries and the basic definitions of multisets

From a practical point of view multisets are very useful structures arising in many areas of math-
ematics and computer science. In this section the basic definitions and notions of functions in multi-
sets context are presented. These concepts will be extended to all multisets describing the consid-

ered groups of objects.
Let us consider a non-empty and finite set ¥ of nominal values. For consecutive values labeled

by letters of the alphabet, we get exemplary set as e.g. V ={a,b,c,d,e, f,g}; or when are labeled by
the words, we get exemplary set as e.g. V = {"salty","sweet","sour","bitter" ," tasteless" } or
V= {“small”, “medium”, “large”}.

Definition 1. Let us assume that the multiset S drawn from the ordinary set V can be represented
by the ordered set of pairs:

S ={(ks)v)}, VreV )

where kg: V — N={0,1,2, ...}, ks(.) is called a counting function and the value k(v) specifies

the number of occurrences of the element v € V' in the multiset S. Those elements which are not in-
cluded in the multiset S have zero count.
A multiset S (1) drawn from the finite set V', ¥V = {v,v5,., v}, Vg #v, , Vie{l2,..,L-1},

can be described by the set
S={(ky (1)) (kg (V1) 12)s o (g (v, )V, )} (2)

in which value v, €V appearing k,(v,) times, value v, €V appearing k¢(v,) times and so on.
So the value k¢ (v,) for i=1,2,..., L, specifies the number of occurrences of the value v, €V in the



multiset S, where k,(v,) 20 (note that v, € ¥ is ordinary set notation). Let us assume that the values
v, eV for ky(v,)=0 may be omitted and the multiset S can be described in a simplified form.

An ordinary set is a special case of a multiset. Any ordinary subset 4 from the set ¥ can be
identified with the multiset {(y,(v),v)} , VveV where y,() is its characteristic function,
¥4V —{0,1}. Note, that y (v)=1 if and only if ve 4, i.e., an multiset S = {(k,(v),v)} is an or-
dinary set if k¢ (v)=0 or 1, Vve¥ . A multiset is a set if the multiplicity of every element is

at most one.
A multiset S is empty, denoted by @ or {}, ifand only if Vie {1,2,...L}, ks(v;)=0.

Example 1. Let us assume that § be the multiset drawn from a set ¥, where V ={a,b,c,d,e, [, g} .
Exemplary multiset § can be described as S ={(3,).(0,5),(0,¢),(2,d),(0,¢),(5, f),(0,g)} . The val-
ues v, €V for kg(v,)=0 may be omitted to simplify the notation and the multiset S can be de-
seribed in a simplified form as S ={(3,a),(2,4),(5, f)} .

Basic notions of multiset are presented below.

The support or the root of the multiset § drawn from a set ¥, denoted by S, is an ordinary set
defined as follows: S"={veV: k¢(v)>0}}. So, if VveV such that kg(v)>0 this implies that
vesS", and Vv such that k,(v)=0 this implies that ve S*. Note that the characteristic function
of S can be described as X (V) =min{kg(v),1} . Exemplary, the support of the multiset

S={(3,a),(2,d),(5, f)} drawn from a set ¥ can be described as S" ={a.d, f} .

The cardinality of the multiset S, denoted by card(S) or |SI, is defined as the total number
1
of its elements, i.e., card(S) = st(v,) .
i=l
The dimensionality of the multiset S, denoted by dim(S) or /S/, is defined as the total number

I
of various elements, i.e., dim(S)= Z,{S(v,). Exemplary, if S ={(3,4),(3,b)} than card(S)=6 and

i=l
dim(8) = 2.
The multiset space [V]° is the set of all multisets whose elements are in ¥ such that 1o element
occurs more than o times, i.e., the multiset space can be described as
V1" ={{lks(v)sv))s k() 9,), s (b (v ) v 0} for vieV ,i=12,.,L and 0<k,(v)<o}.

The complement of the multiset S drawn from the set ¥ in the multiset space [V']” is the multi-
set S such that ke (v)=0-kg(v), YveV. Exemplary, if multiset S={(5,a),(1,b)} drawn from
the set ¥V ={a,b,c} belongs to the multiset space [V]3 than the complement of its can be described

as SU={(3,a).(7,0),(8,c)} .

The upper cut of the multiset §  denoted by 5‘, is the ordinary set described as
Lif ks(v,):()

,ie{l,2,.,L}.
0 i k)=l

5= {(k_(v))v ) (k_(v1).03), ...,(k§ (v,),v, )}, where k§ )= {

The upper cut of the multiset .S drawn from the set ¥ is an ordinary set S with values don’t
contained in the multiset S only in the set V.

)




Corollary 1. Assume that we have the multiset S drawn from the set V. The following property

is satisfied: S®S =V.

Example 2. Assume that exemplary multiset S drawn from the set V, where V={a b, ¢, d}, can be
described as §={(13,a),(12,d)}. Its support can be described as S* = {a,d} and the upper cut as

S={b,c} . The addition of its support and the upper cut results in the entire set ¥,

S'®S={a,d)® {b,c}~{a b c d).

The concept of specificity provides a measure of the amount of information contained in a sub-
set. Specificity measures for a fuzzy set were introduced by Yager (1982, 1990). The specificity
is one (maximum value) only for crisp sets with just one element (singletons). The specificity meas-
ure of a set decreases when the number of its elements increases.

Let V' be a finite set of nominal elements. Let consider the non-empty multiset S drawn from the

set ¥, where S < [V]° and card(S")=1 . Here, we propose the following way to measure a level of
quasi multiset’s specificity.

Definition 2. The measure of quasi specificity of the non-empty multiset S, normalized to the range
0-1, is defined in as follows

cardV\S8") 3)

MS(S) = card(V)-1

Note, that measure of quasi specificity of multiset S is one (maximum value) only for the sup-
port S” with just one element. Such sets may of course be plenty. The quasi specificity measure de-

creases when the number of its elements increases. Note that multiset S cannot be empty, by as-
sumption, It is easy to notice that measure of quasi specificity of multiset satisfies the condition
0 < MS(S) <1. Note, that

1) MS(S)=1 ifand only if card(S") =1,

2)if $T < S, then MS(S)) = MS(S,).
Example 3. Let us assume the set V ={a,b,c}. A few measures of the exemplary multisets S drawn

from the set ¥ belonging to the space [V'] are shown in Table 1.

Table 1. Measures S, S7, :S' and MS(S) of exemplary multiset S

S The complement S in [V']° The support S* | The upper cut S | MS(S)
{(2,b)} {(5,a),(3,b),(5,¢)} (b} {a,c} 1
{(3.a),(5,0)} {(2,a),(5,0)} {a,b} {c} 172
{2,a),(1,5),3,c)} {3.0),(4,b),(2,0)} {a,b,c} o 0

Let us assume that ¥ is a finite set of nominal elements. Assume that S, and S, are two multi-
sets drawn from the set V', Eq. (2). The rules of comparison of the multisets are presented below.

Equality. We say that two multisets S, and S, are equal or the same, denoted by S, =S, ,
if VveV the condition kg (v) =4k, (v) is satisfied. The following condition is fulfilled: if .S,= S,

than S, =S, , however the converse need not hold fulfilled.




Similarity. We say that two multisets .S, and S, are similar if VveV, ve S, if and only if
ve §,. The similar multisets have equal support sets but need not be equal themselves. Exemplary,
the multisets S, ={(3,a),(2,d),(5, f)} and S,={(5,a),(1,d),(3, f)} are similar but not equal.

Inclusion. A multiset S, is @ sub-multiset S, , denoted as S, ¢ S, , if VveV condition
kg, (v) < kg, (v) is satisfied.

Many features of operations under multisets are analogues to features of operations under ordi-
nary sets. The basic definitions and notions of the multisets are presented below. The following op-
erations are defined on multisets (Table 2, Fig. 1):

Table 2.
Union 808,y ={(ks o5, V) VVEV, kg (5, (V) =max{ky (v), ks, ()} }
SV S, If $,={(3,),(3,b)} and S,={(5,a),(1,b)} than S, U S, ={(5,),(3,b)}
Intersection SinS, = {(ks.us, (), v): VeV, kg ng, (v) = minfkg (v), /cS2 (n}}
505, If $,={G,a),3,b)} and S,={(5,a),(1,)} than §, NS, ={G,a)(L,b)} .

Arithmetic addition | St @S2 = ((Kses, ().9) 1 Vv eV, k05, (v) = ks (v) +hs, (V)]

5 @8, If $,={(3,a),(3,b)} and S, =((5,a),(1,b)} than S, ®S,={(8,a),(4,b)} .

5,08, = {(ksmZ ),v): VveV, ks,es, (v) = max{kg (v) -k (v),0}} or
Arithmetic subtraction | S195: = {{kses, (V),v): VVEV, kyoq (V) = kg (V) —ky 15, (V)
505, If §,={(3,a),(3,b)} and S, ={(5,a),(1,b)} than S,0S, ={(2,a),(0,b)} and
5,08,={(0,a),(2,b)} -

SIAS, = (ks (V) YV EV kg () =g () =k, O}

Symmetric difference
S,AS,

If $,={(3,a),(3,6)} and S, ={(5,),(1,5)} than S,AS,={(2,4),(2,b)}.

5= {G,),G.0); S ={Ga).(L,b)}

8,8, =8,US8,={(5,a),3,b)}

S, M8, =8,n8,={(3,a),(1,b)}
S, ®8,=8,®8,={(8,4),(4,b)}
$,08,={(2,a),(0,)},  8,08,={(0,a),(2,b)}
S1AS, =8,A8,={(2,a),(2,b)} -

Sy

S,

Fig. 1. An exemplary multisets S, S, and operations defined on multisets

Corollary 2. Let us assume that we have multisets drawn from the set V. The multisets operations
®,u,n satisfies the following property
1. Commutativity:
$,@8,=5,®S5, Sus,=S5,uUs8, §nS,=85nS,.
2. Associativity:
S, DS, DS,)=(S,@S5,)DS,,
S, U8, uS,)=(S,uS,)uUS;,
S NS, NS =08, nS,)NS;.
3. [dempotence:
S8 =S, §nNS =S5, §BS =S,




4. Identity laws:
SV 0=, $N0=0 5 0=
5. Distributivity:
S, ®(S,US;)=(S, D S,)u(S, @S8,),
S, ®(S,NS)=(S,®S,)N(S,DS,),
S, 08, NS =S, USH)N (S, US,y),
S, (S, US)=(S,NS)U(S NSy

It is easy to see that operator @ is stronger than both U and M in the sense that none of them
distributes over @, also (S, NS,) C (5,US,) (5, DS,).

Assume that we have two multisets with finite support drawn from the set ¥. The following
property is satisfied: card(S, US,) + card(S, N S,) = card(S,) + card(S,) .

There are many existing methods for comparing the multisets in which the distances between
multisets can be defined by different ways. Assume that we have two multisets S, and S, drawn
from the set ¥, denoted by

S, = {(ksl ), Vi), (ksl (), ), ~~~,(ks, v,), V{,)} B “)
§,= {(ksZ o)), (ks2 ().7), ---,(k32 v}

Three difference between two multisets introduced by Petrowsky (1994, 2001, 2003) for pa-
rameter p=1 and w,=1, Vie{l,2,..,L} are presented below.

L
dl,l(SwSz):Zlks.(";)‘ksz("/)(’ (%)
=l
(5, 85) =1 )
IR s e,
S,AS,
dj'l(S“Sl):SlluS:z 7

The distance d, ((S,,S,) and d; (S,,S,) satisfy the normalization condition 0<4d,(S,,S,) <1,
forj=2,3. The distance d,,(S,,S,) is not defined for S, = S, = @, so d;, (@, @) = 0 by the
definition.

3. Measure of perturbation of the multisets
Let us assume that we have two multisets S, and S, drawn from the set ¥, V' ={v,v,,..,v,},

and S,,S, < [V1°, denoted by

Sy = {(ks, (), )y (g, (), )y o (s (v, V03,
Sz ={(ksz(v| Ly ) (ksz ("2)"’1), ~--,(kgz (VL),"L)} .

vy eV, ie{l,2,..L}, kg ¥V —> {0,1.2, ... 0}, ks 1V > {0,1,2, ... ,0} where counting function
ky, (v,) and kg (v,) specify the number of occurrences of the element v, € ¥ in the multisets .S, and

S, . Those elements which are not included in the multiset S have zero count.




The following condition ky .5 (v,)+ ky s, (v) = kg (v) + kg (v,) is satisfied.

818,

Attaching the first multiset S, to the second multiset S, can be considered that the second mul-
tiset is perturbed by the first multiset, in other words the multiset S perturbs the multiset .S, with
some degree. The result of perturbation the multiset S, by the multiset S, is S,0S,, denoted by
(S,P5).

Example 4. Let us consider the set V = {a,b,c,d,e} and an exemplary two multisets
Si={(,a),(,e)} and S, ={(1,a),(1,d).(3,e)}, where S,,S, < [V']". Multiset S, perturbs the multiset
S, with the zero degree because a following condition is satisfied: (S, > §,):= §8S, = @. On the
other hand, multiset S, perturbs the multiset S; with the greater than zero degree because
(8, = 8)=8,08 ={(1,d),(2,e)}.

Here we propose the following measure of multiset’s perturbation.

Definition 3. Measure of perturbation of the multiset S, by the multiset S,, where S,,5, c[V]",
denoted by Per(S, — S, ), is defined in the following manner:

SIQSZ l - k3| (1 ) ki"“z (v (8)

Per(S,—5,)=
58S, L kxl (",)+k&, ™)

Example 5. Let us consider the set ¥ ={a,b}. An exemplary multisets S,,S5,,S, [V']’ are shown
in Fig.1, directions of perturbation are indicated by arrows.

§={G,a),3,0}> S;={(,a).1b)}, S5,={G,a),1,b)}

Per(S, - 8,) :% . Per(S,—8,)=0

Per(S, 1 8,) = % . Per(S, 8= %

Fig. 1. An exemplary multisets S,,S,,5, c[V'T
The measures of perturbation of the multisets §,,5,,5, <[V]° are show below

§ L&k ) kg () _1 kg (@) kg (@) kg (B)—ky i, (B)
Pe’(Slez)ﬁ; ke )tk () 20 k(@ kg (@) ks (B) vk, ()

1323 3-1_ 1
PAEFCA YL

_ ky (V) k,m,(‘ ) :_1 k.\'l(a)_ks‘,n\',(a) ksl(b)—ks,n.\'z(b)
Per(S; =50~ 2; kO kg () 20 kg @y (@) |k (B) kg (B)

)=

)=

L PR N
2°5+3 1+3 8
Per(S 3.5, )= —Zk W)k ) 1 k(@) @)k ®) =k ()

=k )tk () 2 k(@) k(@) kg (D)+k (D)

y=




_13-3,3-1 1
2343 3+ 4

Per (S N S )_ “Zk\‘(‘ ) ks 1S5 (V) :l k&(“)“k\',n&\ (G) k.\', (b)‘ksln.\'_‘ (b)
2T kO, )+k.\~, O) 2 k(@tk (@) kg (B)+k (D)

Y=

_1.3- 3
2 (3 +3 3 +1 )
Corollary 3. Measure of perturbation of the multiset S, by the nultiset S, satisfies the following

condition 0 < Per(S,+> S,)<1.
Proof. 1) We first prove the first inequality Per(S, > S,) 2 0. It should be noticed that the ine-

quality kg, (v)<kg (v), Vie{l,2,..,L} is satisfied, so kg (v,) — kg, (v,) 2 0. We obtain the fol-

lowing inequality
1& kg () =k e (v,
e 0 - L3 0 i ©)
LT k() +ks, (v)
2) Let us prove now the second inequality, Per(S, > S,)<1. It should be noticed that the ine-
quality kg (v,) <kgz (), Vie{l,2,..,L} is satisfied. We obtain the following inequality
Ry () ks, ) 1K )+ E (00)

Per(S, 1 85,)= Z, ko () ks () LSy (7)) + ks, (7)

Measure of perturbation of one set by another set satisfies the following properties:

Corollary 4. The following condition is fulfilled Per(S, + §,)= 0 if and only if kg (v,) =k, (V).
Vie{l,2,..,L},ie, S,

Corollary 5. If the following condition is fulfilled ky (v)=0, Vie{l,2,..,L}, ie, $,= @, and
kg (v;) >0 then condition Per(S, — S,)=1 is satisfied.

Proof. Suppose that that conditions k (v,)=0, ¥ie{,2,..,L} are satisfied. We obtain
kS,(vi)_kA"r\Sz(vl):l A k“(l ) L_

kg (v)+kg (v) LTk, () L

L
Per(S, - 8,) = %Z

i=l
Corollary 6. If the following condition is fulfilled k¢ (v,)=ks (v;), Vie{l,2,..,L} then condition
Per(S, > S,)=Per(S, = 8)) Is satisfied.
Proof. Suppose that condition kg (v,) =k (v,), Vie{1,2,..,L} is satisfied. We obtain the follow-
ing equation
L k 5 (v:) - k.\‘,m\'-, (V,) _ 1 ZL: k\'2 (Vr) - k‘v[m\'2 (V,)

Per(S, - 8,) = L Z

=Per(S,— S))
LT kg(v)+kg(v) L k‘\'z (v,) + kg (v,)

Corollary 7. If the following condition is fulfilled kg5 (v)= 0, Vie{l,2,...,L} then condition
Per(S, 5 .55) + Per(S, > 8)) = 1 is satisfied.

Proof. Suppose that condition kg5 (v,)=0, Vie{l,2,..,L} is satisfied. We obtain the following
equation

L ks’K (v)- ks,ns: (v) l ZI‘, k\', (v)- k.&"rm\'! ) _
L

1
Per(S, > S,)+ Per(S, > §,)=—
Sy Sy Per(S 8D = L S Y T k) vk ()



=-l‘zl: ky (v) llz kg, (v,) _ lzl: 5 (%) + kg (v;) _
LS k) thg () LS k() vk () L& k() ks, ()

Corollary 8. If the following conditions are fulfilled ki, .s, (v;) < kg, (v;) and kg, (v)) < kg (v)),
Vie{l,2,..L} then the inequality Per(S, 1> S,) 2 Per(S, 1 S,) is satisfied.

Proof. Suppose that conditions kg g, (v;) < kg, (v;) and ks (v,) < kg (v,), Vie{l,2,...,L} are
satisfied. We obtain the following inequality

Per(S, - S, sz - kmx}(") £ 0) “hin ()

1
— =Per(S, > S;}.
S ) e ) L.QMH&L) it

Corollary 9. If the following conditions are fulfilled ks (v;) < kg s, (v) and kg (v)) <kg (),
Vie{l,2,..,L} then the inequality Per(S, = S,)+ Per(S, — S,) 2 Per(S, > S;) is satisfied.

Proof. Suppose that conditions kg, g, (v,) < kgns,(v;) and kg (v) <k (v,), Vie{l,2,.,L
are satisfied. By Corollary 8 the inequality Per(S, > S,) 2 Per(S, > S;) is satisfied. By Defini-
tion3  the inequality Per(S,+>S;) = 0 is satisfied  So, the inequality
Per(S, > §,)+ Per(S, 5 Sy) 2 Per(S, 1> S;) is satisfied.

Corollary 10. The following condition

1 & kg s, (V)
Per(S, > S))+ Per(S, > S)=1 - — ) ———= " 9
TS )t Per$; = 8) l‘;ks,("i)"'ksz("f) ©
Is satisfied.
Proof. We obtain the following expression
L kg () = kg, (V) Lk (v) =k (v)

1
Per(S, 5 S,) + Per(S,  S,) = 1
er( Blaxd _) er( FRand 1) Lz k‘\-,("/)‘*ksz(" L = kxl(",)“'k‘,(",)

i=l

:_l_'zk (V) = kg, (v) + ke (v,) kszns,(v):lik s (V) + ke () - kg s (V) =k g O )
LG kg (v) + kg (v,) LG k..‘ ) +kg, (v)

:lz’:(l _ kg, (",)+kszn.\-, (V‘))=1_l L k‘\,’hs2 (v‘.)+kslm.2 v,) o li 2 kg5, ()
LG kg (v)+ kg (v) LT kg (v)+kg (v) LS kg (v)+ kg (v)

Definition 9. Measure of similarity of the multisets S, and S,, where S,,8, C[V]", denoted by
Sim(S,,S,), is defined in the following manner:

L2k
1 sms,(‘ (10

Sim(S,,8,) =~
(S, L,Zk\(v)Jrk )

Corollary 11. A measure of similarity is a function which assigns fo every pair of the multisets
a nonnegative number and satisfies the following equations:

1. Sim(S,,S,)=1, by Definition 9,
2. Sim(S,,8,)=0 if and only if k., (v)=0, Vie{l,2,..L} ie, §NS,=0,
3. Sim(S,,S,) = Sim(S,,S,)» by Definition 9,




40f kg g, (0) Z Ky g, (V) and kg (0) < kg, (v) then Sim(S,,S,)+Sim(S,,Sy) 2 Sim(S,,S,) .

Proof. Suppose that conditions kg . (v;) 2 ky s (v,) and kg (v;) <k (v), Vie{l,2,..,L} are

satisfied. We obtain the following inequality
1 & 20k o (v, LAY S
Sim(S,, 8,) =~ —— 5 (%) zlz s, () =Sim(S,,5,).
LiT kg (v)+ks (v) LTk (v)+kg ()
By Definition 9 the inequality Sim(S,,S;) = 0 is satisfied. So, the inequality

Sim(S8,,8,) +8im(S,,83) = Sim(S,,8;) is satisfied.

5. The inequality 0 < Sim(S,,S,) <1 is satisfied.
Proof. It should be noticed that the inequality k., (v)<k,(v) and kg, (v)Sk,(v),
Vie{l,2,..,L} are satisfied, so
Sim(Sl’Sz):ii z'ks] S, ) l L kx,ns, (vi)+kS|r'\Sz ) S—l— L ks,(",)"'ksz(”/)
L5 kx, W) +ks, () LT kg () +kg, (%) LT ks (v)+kg, (30)
It should be noticed that the inequality ky i, ()20, Vie{l,2,..,L} is satisfied, so

L2k (v
Sim(S,,Sz)=lz—“‘mz(“) 20
L5 kx, (v,)+kx1 )

4. Multi attribute objects with nominal description — multiset approach

Let us consider a given finite set of objects U = {e, }, indexed by n, n=1,2,...,N . The objects
are described by K nominal attributes 4={a,,.,a,} indexed by j, j=1..,K . The set
V., =i Vs ooy ) is the domain of the attribute @; € 4, L, denotes the number of nominal

values of the attribute a;,, L;22, j=1..K.

Let us assume that every non-empty subset of a finite set U is called a group. We assume that the
description of a group g, g c U, are denoted by G, . A number of different definitions of symbolic
descriptions are available in the literature. In the paper, each non empty group g can be represented
by an ordered collection of multisets drawn from the ordinary sets of values of nominal attributes
{a,,a,, ... ,a,} describing objects, VV[,/ for j=1,2,...,K.

Definition 10. Every group of objects g, g < U, can be represented by an ordered collection of
multisets drawn from the ordinary sets of values of the attributes describing objects belonging
to this group,

G =<8 10,09 Sangy> Sk gy > (1

where the multiset S,‘,(_,‘g)g[Vul]N , 1<card(S,,, ) <N for je{l,..,K} . Each j-th multiset

8 1¢,.¢) drawn from the ordinary set Vo, =t Yy sy ) for the group of objects g, gc U/, can

be represented by a set of pairs

(12)

S/.l(/.g):

:{(ks,vyu.g) (‘)I./(.r'g))’ vl,l(/.gl)’ (kS/.:uAg) (vl,l(_/,g))’ "2./(./,14))’ ""(kb‘/_lu,g, (VL_, .I(_/,g))"71,,,1(,/.;:))}

Up) forj=1,...K specifies
()20

The index 7,¢(j,g) for je{l,2,..,K} and i=12,..,L , specifies which value of the attribute @, is

where v, . € V", for j=1,..K, i=12,..,L, . The value k,

)

the number of occurrences of the value v, ., in the multiset S, , .\, where k,

Spagd

10




used in the object in the group g. This notation states that for the objects belonging to the group g,

for the attribute @, , the value v, ., appearing kg (v,,,,) times, the value v, , ., appearing

(V2,4(;.y) times and so on. So the value k (v, ) for i=1,2,...,L,, specifies the number
e

Sisnsm

of occurrences of the value v, ., € V in the multtset N

g PRIVE N

For the group consisting of a single object, i.e., g ={e,) , the multisets S, ., .., forj=1,..., K, de-
fined in Eq. (12) simplifies to the form

Siat0 = 0Yi0.003 (13)
where v, . o € V , for i(j)e {1,2,...,Lj} . This notation states that the attribute «, ,
Jj=1,2,...,K, can take values v, ., for the object ¢, . For the object ¢, and for the attribute @,
the value v, ., ,, appearing one time in the multiset S, ; ,, so Mm(\,m,“ ) =1. Description
of the group consisting one object simplifies to the form

AV Vi 000 o i Vi i)} > (14)

where v, €V, for j=1.,K . This notation states that the attribute @, takes the value

V.o Tor the object e . The index #(/),2(J,g) for je{1,2,...K} specifies which value of the at-
tribute a, is used in the object ¢, , ie{l,2,...,Lv,}.
Equ. (14) can be treated as a generalization of representation of object described by X attributes

by multiset.

Example 6. Let us consider the objects describe by three nominal attributes A={a,,a,,a,}, where
the sets ¥, ={ab,c}, V, ={de} and V, ={fhn} are respectively the domain of this attributes.

For three exemplaly ObJGCTS e, represented by <{(l,a)},{(1,d)},{(,/)}>, e, represented by
<{(1,e)}, {1}, {(1,m} > and e, represented by <{(1,@)}, {(Ld)}, {(1,n)} >, we can describe an ex-
emplary group g={e ,e,,e, } by an ordered collection of three multisets in the following form

G, =<{(Z,a) Loy}, {3} {(,1).(2m}>.

We say, that an object e, represented by S {(R7PS) I {C PO ) O (( R APPINY} B
Vistin € Ve, for j=L.,K ,  belongs to the group g  represented by

G, =<8\ 1,00 Srsrgs Sk ak.g) > denoted by e, € g , if the following relations are satisfied:
{vr,ﬁu,c,,)} = S./.l(/‘g) s Vj efl,..K}, ie {1’2""’L./} a 5)

Example 7. The exemplary object e, represented by < {(1,¢)},{(L,cd)},{(L,/)} >, for K =3, belongs to
the group g, represented by G, =<{(2,a),(1,¢)}, {(3,)}, {(L.1),(2,7)}> and does not belong to the
group g, represented by G, =<{(2,a),(, 0}, {B3,d)}, {G,N)}>.

Let us consider a two groups g, and g, described as follows:

G, =<S

f Lihg)?

G2=<S

&

So g Sk gk g > and

L, gr)? Sﬁ,l(l’.;.’;)’ ""SKJ(K,R:) s



where S,,,(,,g.)Q[Vu,]N v S €V, ¥, jef{l,2,.K} . The group g, containing the objects
{e,: meJ, c{l,..N}}, and the group g, containing the objects {e,: neJ, < {l...N}},
where J, NJ, =.

Definition 11. The join between the group g, and g, is a new group g, described as:
Gy =G, G, =<8 10 @ S Saio @ Saans Sk D Sk > (16)
contains objects {e,: neJ, VJ, }.

The dominance of groups can be determined on the ground of the set theory. We say, that de-
scription of group G, dominafes description of group G, (denoted by G, = G, ) if the clauses

S e 25 0.0 s J =1, K, are satisfied. It should be noticed that dominance is a transitive

relation, and following conditions are satisfied:

if G,»G, and G, =G, then G, >G, . u7n

Example 8. An exemplary group G, =<{(2,a),(l,0)}, {3,4)}, {(1,1),(2,n)} > dominates group
=<{(l,e)}, {(2,d)}, {(2,n)}> and does not dominates G, =<{Z.a)}, {3, )}, {B.M}>.

£
Formula (8) can be applied for all multisets of description of groups, and in this case we consid-
or attaching G, to G, or in other words a perturbation of G, by G, . In this way we can intro-

duce a definition of the measure of perturbation of one group by another.

Definition 12. Measure of perturbation of G, by G, , denoted Per(G, v G,), is defined in the

Jollowing manner:

Per( Gm = GL’; ) ZPer(S/ 1081) = S/ /(/»A’z)) : (18)

=1

It is easy to notice that (18) holds for non-empty multisets S, .. .8, .,» ¥, /=1, K, and
normalized to interval 0 and 1, can be rewritten as follows
L kg v)

1 nS
Per(G = G )_ _ (_ /'le' uusn SR ) (]9)
Z L, ; kg ( )+ké (v,)—l

FEry

Measure of perturbation of G, by G, is zero if and only if G, dominates G, which can be

stated as a following corollary.
Corollary 12. Per(G, = G, )=0 ifand only if G, =G, .

Additionally we can prove that a measure of the group’s perturbation is always positive and less
than 1, as shown in the Corollary 13.

Corollary 13. Measure of perturbation of G, by G, satisfies the following mequality
G < Per(G, 1> G, ) <1.




5. Conclusions

In this paper we recalled the concept of multisets as welf as several related definitions. The pur-
pose is following, namely we want to define and propose the new measure of remoteness between
multisets of nominal values. The conception is based on multiset-theoretic operations and the previ-
ous papers of the authors where the idea of perturbation of sets and measure of perturbation was in-
troduced and discussed (Krawczak and Szkatuta, 2013a,b, 2014). Instead of considering distance
between two multisets, we introduced a new idea of perfurbation one multiset by another, and next
we define a measure of perturbation of one multiset by another multiset.

Next, we defined a description of a group of objects as a K-tuple of multisets (an ordered collec-
tion of multisets. Instead of considering dissimilarities between groups, we introduced a measure
of perturbation of one group by another group. This measure defines changes of one group after
adding a second group, and vice versa. The idea of the measure of group’s perturbation is based on
a relation between two attributes’ values represented as multisets.

In result we obtain an extended idea of similarities of two sets, and extension of similarities of
two multisets, and at the end similarities of groups of multisets.
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