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a n d  i n e a c h  of  t h e s e n e w  e q u ati o n s  t h e s uffi x e s a r e s e p a r at e d  

i nt o t w o s et s.
If o n e of  t h e s u b stit uti o n s b e a p pli e d t o a si n gl e s et of  

t e r m s i n a n y  o n e  of  t h e e q ui v al e nt  e q u ati o n s  al r e a d y  o bt ai n e d,  
s a y t o z r 4 , y ^ a n e w i nt e g r al r el ati o n c o r r e s p o n di n g t o a  
diff e r e nt  v al u e  of  t h e c o n st a nt of  i nt e g r ati o n will  r e s ult.

T h u s  a p pl yi n g t h e s u b stit uti o n ( B} t o t h e t e r m s λ *4 , y 4 i n 
v al u e s  of  t h e e q u ati o n s  fi r st u s e d,  it f oll o w s t h at

y,  +  ⅛ y, yj h  =  y < 4 ∙ ⅞ λ . ‰v 3  j
x χ +  ∕i Λr2 .' T3 .r4 ι c4  +  ∕ii cv ra a 7 3  *

T hi s  e q u ati o n m a y  al s o b e  w ritt e n

~  L ¼  +  ⅞  ⅛ a ~  =  0 <

^ 1 z∕ 1 - x j b 1  - V 3W B y *

- 1
Si n c e a- 1 =  a;  =  a;,  =  0, y i =  y 2 =  y,  =  1, tf4  =  ∞,  y ^ ~ ψ i

a r e a s p e ci al s et of  v al u e s s ati sf yi n g t hi s e q u ati o n,  t h e s u m  
of  f o u r c o r r e s p o n di n g a r g u m e nt s  u l +  u i ÷  m 3 ∙ + u i i s 2 K +ι K  .

O N  T H E  LI N E A R T R A N S F O R M A TI O N  O F  T H E  

E L LI P TI C  DI F F E R E N TI A L.

B y  W.  B ur nsi d e.

T h e  p u r p o s e  of  t hi s p a p e r  i s t o e x hi bit  i n a s si m pl e a n d  
s y st e m ati c f o r m a s p o s si bl e  t h e m o r e  i m p o rt a nt of  t h e li n e a r 
t r a n sf o r m ati o n s of a n elli pti c i nt e g r al of  t h e fi r st ki n d. I 
s h all c o n si d e r i n o r d e r  t h e t r a n sf o r m ati o n of  t h e i nt e g r al (i) 
i nt o it s elf, (ii) i nt o W ei e r st r a s s ’s n o r m al f o r m, (iii) i nt o 
L e g e n d r e ’s, a n d (i v) i nt o Ri e m a n n ’s n o r m al  f o r m.

A  si n gl e li n e a r s u b stit uti o n c a n al w a y s b e  f o u n d w hi c h  
will  t r a n sf o r m t h r e e a r bit r a ril y gi v e n v al u e s of a v a ri a bl e  
q u a ntit y  i nt o t h r e e ot h e r a r bit r a ril y gi v e n v al u e s,  e a c h i nt o
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e a c h : n a m el y,  if α,  / 3, 7,  a n d α ,, β',  ry' b e t h e t w o s et s of  
v al u e s,  t h e s u b stit uti o n

x  —  a, 7'  —  a _  y  —  α'  7  —  α  

x- β  y'- β' y- β'  rγ- β

c h a n g e s α i nt o a',  β  i nt o β',  a n d 7  i nt o 7'. Al s o,  a si n gl e  
li n e a r s u b stit uti o n c a n al w a y s  b e  f o u n d w hi c h  will  i nt e r c h a n g e 
t w7 0  p ai r s  of  v al u e s.

T h u s,  t h e e q u ati o n

x  - a. x  - β _ y  —  a. y  —  β  

x  —  y. x  —  δ y- y ∙y- ⅛'

aft e r c a sti n g o ut t h e f a ct o r x  —  y i s cl e a rl y li n e a r i n b ot h  
x a n d y, w hil e  f r o m it s f o r m it i s e vi d e nt t h at t h e v al u e s  
α,  β,  7,  δ  of  x  c o r r e s p o n d t o t h e v al u e s  / 3, α,  δ,  7  of  y.

T h e  elli pti c  i nt e g r al will  t h r o u g h o ut b e  t a k e n i n t h e f o r m 

i 7 aj

√(i c  —  a. x-  β. x- y. x  —  δ "

(i) T o  t r a n sf o r m t h e i nt e g r al i nt o it s elf, t h e s u b stit uti o n  
m u st  cl e a rl y r e p r o d u c e t h e f o u r v al u e s  α,  β,  7,  δ  i n a n alt e r e d  
o r d e r. T hi s m a y  h a p p e n i n t h r e e diff e r e nt w a y s.  T h e  
v al u e s m a y  b e i nt e r c h a n g e d i n p ai r s; o r t h r e e m a y  b e  
i nt e r c h a n g e d c y cli c all y, o n e r e m ai ni n g u n alt e r e d ; o r  all f o u r 
m a y  b e  i nt e r c h a n g e d c y cli c all y.

F o u r q u a ntiti e s m a y  b e s e p a r at e d i nt o p ai r s  i n t h r e e 
diff e r e nt  w a y s,  a n d c o r r e s p o n di n g t o t h e s e t h e r e will  b e t h e 
t h r e e s u b stit uti o n s

x  —  a. x  —  β  _ y  —  a. y  —  β  

x- < y. x- 8 y- y∙ y- S ,

x  —  a. x-  7  _ y  —  a. y  —  7  

x  —  β. χ  —  δ y  —  β. y-  δ ,

x  —  v. x  —  8  _ y  —  a. y  —  δ  

*-∕ 3.i c- 7 y- β ∙y- y'

O n  c a sti n g o ut  t h e f a ct o r s x  - y,  t h e s e b e c o m e

x ~ V x =  y ~ Pι  
χ - < L y- ⅛'

& c.,
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w h e r e  υ _  g ∕3  ~  V δ  +  √( 0 c  ~  7∙l  - 7· «  ~  δ.∕ 3  - δ)  
7l  α  +  ∕ 3-7- δ

_ α β  —  γ δ  - √( a-  γ. / 3  —  7· α  —  δ. β  —  δ)

a  +  β  —  γ  —  δ

a n d p 2 , q 2 , p 3 , q 3 c a, n b e w ritt e n  d o w n b y i nt e r c h a n gi n g 
β,  7,  a n d  δ.

T h e s e  t h r e e s u b stit uti o n s, si n c e e a c h  i s it s o w n  r e ci p r o c al,  
cl e a rl y t r a n sf o r m t h e diff e r e nti al  e x a ctl y  i nt o it s elf, s o t h at

d x  d y

∖ ∕( x-a. x  —  β. x- y. x  —  8)  ~  ∣d( y  —  a. y  —  β. y- y. y  —  8 ’

C o n si d e ri n g  n e xt  t h e s e c o n d w a y  of  r e p r o d u ci n g t h e f o u r 
v al u e s  u n c h a n g e d,  t h e s u b stit uti o n w hi c h  c h a n g e s α,  β,  7  i nt o 
/ 3, 7,  a  i s

x  —  a , a  —  β  _ y  —  β  . 7 - a  

x  —  β.  a  —  7  2 / —  7 .7  —  / 3 ’

a n d  if t hi s l e a v e s δ  u n c h a n g e d,

δ  - α.  α  —  β  _  8  —  β. < γ  - a  

8- β. a- y ~  δ- 7. 7  — / 3 ’

o r ( δ-∕ 3)a ( 7- a) 2 -( δ- a) ( δ- 7)( a- β) ( β- 7) =  O.

N o w  ( δ - a)  (∕ 3 - 7)  +  ( δ - / 3) ( 7 - a)  +  ( δ - 7)  ( a - β }  =  0,  

s o t h at t h e c o n diti o n m a y  b e  w ritt e n

( δ- α) 2 (∕ 3- γ) z +  ( δ-∕ 3) 2 (γ - α)2 +( δ- γ )2 ( α-∕ 3), =  0,  

o r  < 7 2 ≈ θ >

w h e r e  g i i s t h e q u a d ri n v a ri a nt  of  t h e q u a rti c

( x —  a) { x  —  / 3) ( a· - 7)  ( a ? - δ).

If t h e n t hi s c o n diti o n, y 2  =  0, i s s ati sfi e d t h e r e will  b e  
ei g ht m o r e  li n e a r s u b stit uti o n s w hi c h  will  t r a n sf o r m t h e 
diff e r e nti al  i nt o it s elf.

[I n t hi s c a s e, si n c e w h e n  t h e s u b stit uti o n i s r e p e at e d t h r e e 
ti m e s it l e a d s t o i d e ntit y, t h e r el ati o n b et w e e n  t h e diff e r e nti al s  
will  b e

_ _ _ _ _ _ _ _ d x  _ _  ω d y

∖ ∕( χ-a. x  —  β. x- y. x  —  8)  ∖ ∕[ y  - c u. y  —  β. y  —  7 . y —  8)  ’

w h e r e  ω 3  =  1].
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Lastly, if ct, /3, 7, δ can be interchanged cyclically, the 
substitution

x—a.8—β~y-β.y-a 
x-β.8-y y~Ι-Ι~β

must be satisfied by x = δ, y = α;
δ — a a — /3or s----- =----- *- ,
δ- 7 /3 - 7 ’

t.e. (δ-a) (∕3-γ)-(δ-7) (a-∕3) = 0.
This substitution when repeated twice interchanges α and 7, 

and also β and δ; and when repeated three times interchanges 
α, δ, 7, β cyclically.

Similarly the conditions that it may be possible to inter-
change cyclically, α, β, δ, 7 (or α, 7, δ, /3), and α, 7, β, δ 
(or a, δ, βi 7) will be

(δ - β) (7 - a) - (δ - 7) (a - βy) = 0,

and (δ — a) (∕S — 7) - (δ — β) (7 - a) = 0.
Hence, finally, the condition that it may be possible in one 

of the three independent ways to interchange the four 
quantities cylically is
[(δ - β} (7 - α) - (δ - 7) (a - β)^] [(δ-7) (a - β) - (7 - a) (∕3- 7)] 

× [(δ - a) (∕3 - 7) - (δ - β) (7 - a)J = 0,

or y8=θ,
where y3 is the cubinvariant of the quartic; and if this 
condition is satisfied, there will be four linear substitutions 
leading to the relation between the differentials

dx . _ idy
√(x-α.x- β.x-y.x-8}^~ *J(y - a.y - β .y -7 .y - δ),

where i'l--1.
(ii) Weierstrass’s normal form is 

t/y
√i4 (y→1) (y→1,) {y- ea)} 

with the condition e1 + e3 + e3 = 0.
If it is possible to transform α, /3, 7, δ into e1, ea, e3, ∞ , 

then the substitution
x- a.e3-e1 = y- ex.y-a 
x-β.e3-ei y-ei.y-β

must be satisfied by x = δ, y = 00 .
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Hence (δ - α) (β - 7) (e3 - e1) + (δ - β} (7 - a) (e3 - e2) = Ο, 

or (δ - a) (β - 7) e1 + (δ - β} (7 - a) es, + (δ - 7) (a - β~} e3 = Ο,

Also ex + ea + e3 = θ >

Λθrefore (δ . i8j (γ _ α) 1'(S - 7) (ilT⅞

£ ^3
= (δ-γ) (a-∕3)-(δ-a) (3-7) = (δ-aj ^-7)-(δ-^j (7-«) '

The denominators here are irrational invariants of the 
quartic, and hence, except as regards the order, the ratios 
e1 : e2 : e3 are the same for all transformations to this normal 
form.

If each of these fractions is equal to A, then

½+eΛ+gΛ 3s _ 5 2 (δ - α)i [β - 7)a = - 2¾,

and ⅞- = 2438y3.
A

It is easy to verify that the substitution here in question 
may he written in the form

g 3⅞z
X ,,d log Δ ’y-h-⅛-

where Δ is the square root of the discriminant; for this gives

,t, λ y~ex x-g = (8-tt) ' '⅛,
y-h~sτ

&c.,
where e∙ = i' _^T ~ ⅛,]

= ⅛'U-+J_________ L.1
1_δ — β δ — γ δ — αj ’ 

which is the same as the previous value, if

A' = A (δ - α) (δ - β} (δ - 7).
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Fi n all y,  o n  m a ki n g  t h e s u b stit uti o n t h e r el ati o n b et w e e n  
t h e diff e r e nti al s  i s

_______________ < ⅛  =  / / 3 / X ____________ ⅛ ___________

√(tf-  a. x-  β. x  ~ y. x  - δ)  √( *∕  ~  W  e 2 ∙  ̂“  e 8 )

√( 3 Λ)  ⅛ ∕
=  √t∕- Λ 3 ,.∕ ⅛,- 2 *. 3 ¾)

~ ∖ W- ^- y s) ,

if A =ι ⅛∙.............................................................................................
T h e  c o r r e s p o n di n g s u b stit uti o n f o r t hi s p a rti c ul a r  v al u e  

t o h  i s
s 3 7)  

x δ ~ 7 7) ’

y d 8

w h e r e  D  ≡  τ t2  ( δ - α)  ( δ —  β }  ( δ - γ).

T h e  t h r e e ot h e r  i n d e p e n d e nt t r a n sf o r m ati o n s t o t hi s n o r m al  
f o r m m a y  b e o bt ai n e d b y  c o m bi ni n g t h e a b o v e wit h  t h e 
t h r e e p r e vi o u sl y f o u n d s u b stit uti o n s w hi c h  t r a n sf o r m t h e 
diff e r e nti al  i nt o it s elf.

It i s p e r h a p s  w o rt h  p oi nti n g  o ut t h at t hi s t r a n sf o r m ati o n 
i s r ati o n al i n t h e c o effi ci e nt s w h e n  t h e diff e r e nti al  i s gi v e n  i n 
t h e f o r m d x ∕  √{( λj  - δ)  ( x2  +  3 p lx 2  +  3 / > 2 . τ +j P a )}, t h e c u bi c  f a ct o r 
b ei n g  s u p p o s e d i r r e d u ci bl e.

(iii) L e g e n d r e ’s n o r m al  f o r m.
If a,  β,  γ,  δ t r a n sf o r m i nt o 1, —  1, l∣ k, —  1 / &,  t h e n t h e 

s u b stit uti o n
x  —  α.  1 —  k y  —  1  . y —  a  

x- β.l  +  k y +l. y- β

m u st  b e  s ati sfi e d b y  x  =  δ,  y  =  - 1 ∕ l c.

„  δ  - a . 1 —  k 1 + k. y  —  a
J ll G Π C Θ  -k -------5 — ∑  7 —  7 H  J

δ- p S A  +  k , 1 -∕f. γ- β 7

1  - 2 k  +  k' l _  1 +  2 Λ∙  +  I d _  4 7ι

° r  8- β. y- a  8- a.. β- y  8- y. a- β

2  (l +  k 2 } _ ________ —  ( 1 ÷  6 ⅞  +  A ’2 )________

~  ( δ-∕ 3) ( γ- aj-( δ- a)  ( β- y) “ ( δ- aj ^- γ)  - ( δ- y)  ( a- / 3)

- (l- 6 ⅞ + ⅞ 2 )  ______

“ ( δ - γ)  ( a - / 3) - ( δ - / 3) ( γ - a)  *
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Combining these to form the invariants of the quartic, 
there results
Γ(i-.⅞∕+(l + ⅛)*+16^γ^ p(l + F)(l + 6⅛+Λ3)(l-6fc-U2)Υ
L 2∖3.y, J " L 24⅛ J ’

(1 + 14⅞i, + A:4)3 = .7/
θr (1 - 33^ - 33Z? - ∕v6)3 33y∕ ’

and the roots of this equation, called by Prof. F. Klein 
the u octohedral equation,” will give the various possible 
values of Legendre’s Modulus.

(iv) Riemann’s normal form, or

<¾∕∕√{y (1 “ *∕)(1~ λ2∕)∙
If α, /3, 7, δ transform into 0, 1, co , l∕λ, then, as before, 

x — a _ y 7 — α 
x~ β~ y - I y-β

is satisfied by x = δ and y = l∕λ.
ττ_____ δ-α.7 - β _ 1
Hence £ 75 — - r, 7

o — β .y — a 1 — λ
, 1 _ λ-1 _ -λ

δ-a.∕3-7 δ-β.γ-a δ-ya-β'
Hence, again, as before,

Γl+λ3+(λ-l)2"l3 Γ(2λ-l)(λ3-l∏,

L 2V3^ 'J ” L 2∖3878 J ’
or 4(V-λ+ir _ 7/

(2λ3 - 3λ2 - 3λ + 2/ 30732 ’

This is a form of Prof. Klein’s “ dihedral equation.”
The forms of the relations between the differentials in

these two latter cases is
dx Mdy

*J {x — a.x — β.x-γ.x- δ) √(1 -y*∙l -kiyi) ’

and dχ — ^dy
^J{x-a.x — β.x-y.x-δ) >J{y .1 — y .1 — λ^)

The constant factors M and N are not irrational invariants 
of the original quartic, and cannot therefore be determined by 
algebraical equations whose coefficients are functions of gt 
and y3, as k and λ can.
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