170 MR. BURNSIDE, ON THE LINEAR TRANSFORMATION

and in each of these new equations the suffixes are separated
into two sets.

If one of the substitutions be applied to a single set of
terms in any one of the equivalent equations already obtained,
say to ,, y, a new integral relation corresponding to a
different value of the constant of integration will result.

Thus applying the substitution (B) to the terms z,, y, in
values of the equations first used, it follows that

htkyyy, _ ¥t kyyy,
z +krax, @+ keag, ;
This equation may also be written

'213;« o mdyl k (!!9,7{3 - .‘!'!J';.

Y — LY, oy ’V‘Es'rsymys

= 0.
. -1
Since , =a,=2=0, y=y,=y,=1, ¥, =0, 3/4=-’\/_f{:

are a special set of values satisfying this equation, the sum
of four corresponding arguments u, + u, + u, + u, is 20/ +¢K".

ON THE LINEAR TRANSFORMATION OF THE
ELLIPTIC DIFFERENTIAL.

By W. Burnside.

THE purpose of this paper is to exhibit in as simple and
systematic form as possible the more important of the linear
transformations of an elliptic integral of the first kind. I
shall consider in order the transformation of the integral (i)
into itself, (ii) into Weierstrass's normal form, (i) into
Legendre's, and (iv) into Riemann’s normal form.

A single linear substitution can always be found which
will transform three arbitrarily given values of a variable
quantity into threc other arbitrarily given values, cach into
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each: namely, if a, 8,1, and o, 8,4 be the two sets of
values, the substitution

el L Ys ye e

x-B o -8 y-8 v-8
changes « into o', 8 into B, and yintoy/. Also, a single
linear substitution can always be found which will interchange
two pairs of values.

Thus, the equation
R e B
z—y.2—8 y—vy.y—25"

after casting out the factor z—y is clearly linear in both
« and y, while from its form it is evident that the valnes
a, B, v, 8 of & correspond to the values f, a, 8, v of y.

The elliptic integral will throughout be taken in the form

__da:
Vig—a.2-L.x—y.z—8"

(i) To transform the integral into itself, the substitution
must clearly reproduce the four values a, /3, v, 8 in an altered
order. This way happen in three different ways. The
values may be interchanged in pairs; or three may be
interchanged cyclically, one remaining unaltered; or all four
may be interchanged cyclically.

Four quantities may be separated into pairs in three
different ways, and corresponding to these there will be the
three substitutions

setis O o O
z—qy.x-8 y—ny.y—23’
T—o.x=-y _y—a.y—y
c-p.x—-8 y—B.y—28'
Aent S yesy — 8
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_af—yS+(a-y.B—y.a=5.8-29)

where p = aTB—7=3 .
_af—yd-Nla-y.f—y.a—8.8-8)
L (e a+;3—!7—-8 !

and p, gé, Py g, can be written down by interchanging
d 8.

’ 7’ an - - - - - -
These three substitutions, since each is its own reciprocal,

clearly transform the differential exactly into itself, so that
dax v dy
NVg—a.z—p.z—yax—-8) ~Ny—-a.y—p.y—ny.y—=96

Considering next the second way of reproducing the four
values unchanged, the substitution whieh changes a, 3, v into
By v, &1s

z=a.a=f y=f.y—a

z-p.a-y y-y.y—-p’
and if this leaves & unchanged,
8-—a.a—,6_8-—ﬁ.fy—a
§—B.a—y S—y.y-p’
or (8-f)(v—af’~(8-a)(8-7)(@a=p)(B-v)=0.
Now (8- a) (B-9)+(8-8) (y=a) + (8=7) (a—B)=0,
80 that the condition may be written
(E—a) (B—w+(@-p)(v-af+ (=) (a=B)"=0,
or _0,=0;

where g, 13 the quadrinvariant of the quartic

(@ —a) (@ —p)(z - ) (= - 8).

If then this condition, ¢,=0, is satisfied there will be
eight more linear substitutions which will transform the
differential into itself.

[In this case, since when the substitution is repeated three

times it leads to identity, the relation between the differentials
will be

AT g e % wdy
NEz—a.z-pB.oe-q.z2=8) Ny-a.y-PB.y—v.y-29)’
where w'=1)
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Finally, on making the substitution the relation between
the differentials is

dx ' dy
Mz—a.a—-B.o—y.z— 8)=v(3&) Niy—e.y—e.y—e,)
i V{8h) dy
Nyt =2t 8 gy - 2430,
dy

VW -9y -]
if h= 1.
The correspondiug substitution for this particular value
to & is

3D
dxie Py
Y= as
where D= (8-a)(8—-8)(8-1v)

The three other independent transformations to this normal
form may be obtained by combining the above with the
three previously found substitutions which transform the
differential into itself.

It is perhaps worth pointing out that this transformation
is rational in the coefficients when the differential is given in
the form de [ /{(x — 8) (2" + 3p,2” + 3p,x + p,)}, the cubic factor
being supposed irreducible.

(iii} Legendre’s normal form.
If a, 8, v, 8 transform into 1, —1, 1/k, —1/k, then the
substitution 4
z—a.l—-%k y—l.y—a

z—B.1+k y+ly-p

must be satisfied by z=8,y=-1/k.

$-ad-k l4k.y-a

S—-p.1+k  1—-k.y-8"
1-2k+k_ 1+2k+% 4k
§-B.y-a  b-a.f-y S-y.a-R

2(1+ &%) " - (1 +6k+4
T -B)ly-a-(0-a)(B-7) (8-a)B—v)=(8-v)(a-B)
- (1—6k+ 1)
T = e-R-(-A)r-a)’

Hence

or
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