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There results for P (u) the simpler form

where
∕0*, y) = σ0αy+2σ1 (x2y+xy2}+ a1 (√+÷to∕+ ?/’)+ 2 αa (α+y) + α4.

Finally the first two terms in the expansion of P (u) 
in terms of u applied to the last form give

^ = ⅛, ∠i' = 0.
If the terms are all made homogeneous by writing, as 

Prof. Klein does, xl∣xt a,ndyjy3 for x and y, then

1 f θ 3∖82
‰,¾ Stjly2 + τ⅛ + .y2 j S a∙1a⅛

2 (xiyt - x3yl)t ’

in which form it is obviously a covariant of the original 
quartic.

ON ARITHMETICAL SERIES.
(Continued from p. 19j).

By Professor Sylvester.

Part II*

Explicit Primes.

In this part I shall consider the asymptotic limits to the 
number of primes of certain irreducible linear forms mz-∖-r 
comprised between a number x and a given fractional 
multiple thereof kx, the method of investigation being such 
that the asymptotic limits determined will be unaffectd by 
the value of r, and will be the same for all values of m which 
have the same totient. The simplest case, and the foundation 
of all that follows, is that in which A* = 0 and m — 2: this 
will form the subject of the ensuing chapter which may be 
regarded as a supplement to Tschebyscheff ,s celebrated memoir 
θf 1850,T and as superseding my article thereon in Vol. IV. of 
the Amer. Math. Journ.

_ * I ought to have stated that the theorem contained in section 2 of Part I 
originally appeared in the form of a question (No. 109δl) in the Educational Times 
for April of this year.

t Published in the St. Petersburg Transactions for 1854.
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8 8 P R O F.  S Y L V E S T E R,  O N  A RI T H M E TI C A L  S E RI E S.

C h a pt e r  1.

O N  T H E  A S Y M P T O TI C  LI MI T S  T O  T H E  N U M B E R  O F  P RI M E S  

I N F E RI O R T O  A  GI V E N  N U M B E R.

§  1 . C r u d e  d et e r mi n ati o n  of  t h e as y m pt oti c  li mits.
C all  t h e s u r a of  t h e l o g a rit h m s of  p ri m e s  n ot  e x c e e di n g  x

( a n y r e al p o siti v e q u a ntit y) t h e p ri m e- n u m b e r-l o g a rit h mi c  
s u m, o r  m o r e  b ri efl y  t h e p ri m e-l o g- s u m  t o x, a n d  t h e s u m of  
s u c h s u m s t o x a n d all it s p o siti v e i nt e g e r r o ot s t h e p ri m e-  
l o g- s u m- s u m, w hi c h  i n S e r r et  i s c all e d ψ  ( #).

T h e n  it f oll o w s f r o m el e m e nt a r y a rit h m eti c al p ri n ci pl e s  
t h at t h e s u m of  t hi s s u m- s u m t o x  a n d  all  it s ali q u ot  p a rt s,  i. e.

Ψ W + ≠(f) + ≠(f) +∙..

[ w hi c h w e  m a y  c all t h e n at u r al  s e ri e s of  s u m- s u m s a n d d e n ot e  
b y T( x)],  i s i d e nti c al wit h  t h e l o g a rit h m of  t h e f a ct o ri al 
of  t h e hi g h e st i nt e g e r n ot e x c e e di n g x, a n d a c c o r di n gl y  
f r o m Sti rli n g ’s t h e o r e m m a y  b e s h o w n t o h a v e f o r it s 
a s y m pt oti c li mit ∙ zl o g∙ r- z c, t h e s u p e ri o r a n d i nf e ri o r li mit s 
b ei n g t hi s q u a ntit y wit h  a r e si d u e w hi c h,  a s w ell  f o r t h e 
o n e a s f o r t h e ot h e r, i s a k n o w n li n e a r f u n cti o n of  l o g. r. 
S e r r et,  V ol.  2,  p.  2 2 6.

If n o w  w e  t a k e t w o s et s of  p o siti v e  i nt e g e r s,

P ∙>  P  j P  ) ∙∙∙ 5 9 ∙>  2  > 7 > ∙∙∙ >

(t o g et h e r f o r mi n g w h at  m a y  b e  t e r m e d a h a r m o ni c  s c h e m e) 
m e a ni n g  t h e r e b y t h at t h e s u m of t h e r e ci p r o c al s of t h e 
n u m b e r s  i n t h e t w o s et s i s t h e s a m e, a n d e xt e n d t h e T  s e ri e s  
o v e r x di vi d e d b y  t h e r e s p e cti v e n u m b e r s  i n e a c h s et a n d  
t a k e t h e diff e r e n c e b et w e e n t h e t w o s u m s t h u s o bt ai n e d,  
t h e r e will  r e s ult a  n e w  s e ri e s of  t h e f o r m

n ~ ∞  ∕ τ * ∖

n =l  × n '

of  w hi c h  t h e a s y m pt oti c  li mit will  b e  x  m ulti pli e d  b y  

ς  l o g / ? 2 I o g g

P  Q ’

a n d  t h e v al u e  of f { ri} will  b e

2  — _ 2 —
2 ?: 2'∙

w w w.r ci n. or g. pl



PROF. SYLVESTER, ON ARITHMETICAL SERIES. 89

where, in general, — means 1 or 0 according as n does or

does not contain £, or in other words the “ denumerant ” of 
the equation ty = n.

I shall call the ∕>,s and gla the stigmata of the scheme:

2 _ 2 ⅛
P 9

the stigmatic multiplier, and the new series in -ψ(xy) a stigmatic 
series of sum-sums (obtained, it will be noticed, by a four-fold 
process of summation—viz. two infinite and two finite 
summations).

It is possible, in general, (as will hereafter appear) to 
deduce from the asymptotic value of a stigmatic series of 
sum-sums, superior and inferior asymptotic limits to the 
sum-sum itself. The asymptotic limits to the simple sum 
will then be the same as those last named [Serret, Vol. ll., 
p. 236, formulae “ (8) ” and “ (9) ”*] and will be multiples 
of x'. dividing these respectively by log#, we obtain superior 
and inferior asymptotic limits to the number of primes not 
exceeding x {Messenger, May 1891, p. 9, footnote).

It is obviously simplest always to take unity as one of the 
stigmata ; those employed by Tschebyscheff are 1, 30; 2, 3, 5; 
this scheme as I term it leads to the relation

<G)→Θ÷√S-*Θ÷*O→(S)
**θ→S)÷*(⅞)-*(f.)∙*(S)→(⅞)

÷*(⅛)→(⅛)∙*(⅛)→(6)

+............................................................................. . ....................................................

= (⅛ log2 + ⅜ log3 + ⅛ log 5 - ∙51θ log30) x 4↑,

the series extending to infinity but consisting of repetitions 
(with a difference) of the above period, obtained by adding

* Γhe fourth edition 1879, of Serret’s, Cours d,Algebre Superieure is referred to 
llerθ ar1J^ throughout the paper.

T .^be + is used to denote that a quantity is omitted of inferior order of 
the”1)-· U**e x' ^lθ stri°t interpretation of the “ relation ” is that the sum of 
-∣,.lzι8 1Slna't-ic series less the stigmatic multiplier into x is intermediate to two 
κn°wn lmear functions of logar.

www.rcin.org.pl



9 2 P R O F.  S Y L V E S T E R,  O N  A RI T H M E TI C A L  S E RI E S.

T h e  sti g m ati c s e ri e s a r r a n g e d  i n s et s i n t w o diff e r e nt  w a y s  
t h e n b e c o m e s  a s a fi r st a r r a n g e m e nt

≠ W- ≠(f o)  =

.∕zr ∖ ∕ r ∖ , ( x ∖ . ( x ∖  , ( x ∖ , ( χ ∖
+ ∖JI∕  +  ∖ 1 3 √  " ^ (j V  ̂ ^  U 5∕  ’ + ∖ 1 7∕  +  ∖ 1 9∕

→ ( a- o √ 3- √ a  i∙ <t a- o 

÷ *( 3 → ( 3i ÷ √ 3→ θ∙ * √ S) → (f 3  

+ √ 5) → ( S)i ÷ <t e) → t 3i ÷ *( S) → ( S)i

. ∕ x  ∖ , f x ∖ 1 , f X ∖ ,f x∖ ,fx ∖ .f x∖
+  ̂ ∖ 5 9∕  ̂ k 6 0 / ’ +  ̂ ∖ 6 1∕ ∖ 6 3∕  ’ +  ̂ ∖ 6 7 7 ̂ ∖J 0∕ i

, ( x  ∖ , i X  ∖ , f x ∖ , {  x ∖ . f X  ∖ . f X ∖+  ∖ 7 ^ι∕  +  ∖ 7 3∕  _  ( 7 5) +  ∖ 7 9∕  “  ∖ k 8 0 y  +  ⅛ 0

- *( ⅛) * ≠( ⅛)→ ( ⅞ H( S)- *( ⅞)→ ( ⅛) >

÷ √ ⅛) ÷ *( ⅛) → ( ⅛)→ ( ⅛)i÷∙( ⅛)

* √i ⅛) → ( ⅛)→ ( ⅛)i→ ( ⅛)→ (, ⅛) >

→ ( ⅛)→ ( ⅛) > * *( ⅛)→ ( *) >→ ( ½)

→ ( i⅛)i ÷ ≠( ⅛) ÷ √ ⅛)- *( ⅛)∙ *( ⅛)

→ ( ⅛) ÷ √ ⅛)→ ⅛) ÷ *( ⅛) → ½)

÷ *( i⅛) → ( ⅛) ÷∙(, ⅛)- *(i⅛) ÷ √ i⅛)

w w w.r ci n. or g. pl



P R O F.  S Y L V E S T E R,  O N  A RI T H M E TI C A L  S E RI E S. 9 3

- *(i ⅛) * *(i ⅛)→ (i ⅛) + *( ⅛)→ ( ⅛)

÷ *( i¾) → ½) ÷ *( ⅛) → ( ⅛) ÷ *( a

- *(i ⅛)→ ½) i÷ * ½) ÷ *(i ⅛) → (i ⅛)

■ ι (ι ⅛); + ≠  (i ⅛)+ ψ  (i ¾)- ≠  ( ⅛)+ ≠  t ⅛)

- *( ≈ ÷.)- *(, ⅛)' * ≠( ⅛)→ (, ⅞)∙

........................................... . ............................................................................. )

t h e c o r r el ati v e a r r a n g e m e nt  b ei n g

∕ i } I f x  A I { X  ∖ I f x  ∖  ∙ ψ{ χ )- ψ +  φ +  φ  (j g J:

- < <) O∙∙( ⅛- <' θ

÷* θ-* θ ÷*( s) → ( a ÷*( s→ ( ⅛)
÷ < a → θ ÷ *( 5) → θ∙ * θ → ( ⅛)

* √ ⅛) → ( a * √ a→ ( a ÷ *( ⅛)→ ( 3

÷ *(f,) → ( a ÷ *(s→ ( a ÷ *(i) ÷'( ⅞) ^

. f X ∖ l f %  ∖ , f x  ∖ I fx ∖ I ( x  λ , ( x ∖^ ψ w + ψ  It »;!  - ≠  ( g o)+  ≠  UJ ; -≠ W + ψ  w ;

- *( ⅛) ÷ *( a >- *( a→ ( ⅛)→ ( ⅛)

* * ⅛ a → f e)→ ( ⅛) ÷ *( ⅛) ÷ *( ⅛) ≈

w w w.r ci n. or g. pl



94 PROF. SYLVESTER, ON ARITHMETICAL SERIES.

-*(a→(i⅛)÷*(⅛)-*(⅛)÷*(⅛)

→(i⅜)÷√i⅛)→(⅛)÷*(⅛)→(⅛)

÷*(⅛)÷≠(i⅛h→(⅛)**(⅛)∣→(⅛)

♦♦&)>-♦(&)♦♦(&)>-*⅛W(*)∙

→(⅛)→(⅛)i→(⅛)÷*(⅛)>→(⅛)

÷√⅛)i→fe)÷√i⅛-*½)÷∙G⅛

→(⅛)÷*(⅛)i-*(i⅛)÷*½)i-*(a

→fe)÷*te)÷∙(i⅞)i→(⅛)-√⅛)

+ *(i⅛) + *(i¾)' "*(⅛) + ≠(a⅛)i "≠(i⅛) 

→(⅛)÷*(⅛)→(⅛)÷∙(⅛)**(⅛)'

The terms in each arrangement, it will be seen, are 
separated by marks of punctuation into groups : omitting the 
first group in eitheι, of them, which may be called the out-
standing group, in each of the others the sum of the coefficients 
is zero.

Moreover, the sum of the coefficients from the beginning of 
each group is always homonymous in sign, i. e. will be non-
negative in the first and non-positive in the second arrange-
ment : the consequence of this is that all the terms of such

* Each of these arrangements is to be regarded as made up of the outstanding
group and an infinite succession of periodic groups. In the text we have set out the 
outstanding group and the first period, the other periods will be formed from this 
one by adding to each denominator in it successive multiples of 210,

www.rcin.org.pl



P R O F.  S Y L V E S T E R,  O N  A RI T H M E TI C A L  S E RI E S. 9 5

g r o u p s m a y  b e r e s ol v e d i nt o p ai r s, w h o s e  s u m will  b e  
n e c e s s a ril y  p o siti v e  i n t h e o n e  a n d  n e g ati v e  i n t h e ot h e r.

T h u s,  e x. g r.  i n t h e fi r st a r r a n g e m e nt t h e l a st b ut o n e  
of  t h e g r o u p s  m a y  b e  r e s ol v e d i nt o t h e p ai r s

√ a → ½)∙ <( a → ( ⅛) 1 *( ⅛) → ( 5 ⅛).

e a c h of  w hi c h  i s e q u al t o z e r o o r a p o siti v e  q u a ntit y. S o  
t h e ei g ht h g r o u p of t h e s e c o n d a r r a n g e m e nt i s r e s ol u bl e  
i nt o t h e p ai r s

- *( a ÷ *(i ⅛)∣→ ( ⅛) ÷ * ⅛)∙

e a c h  of  w hi c h  i s z e r o o r  a  n e g ati v e  q u a ntit y.
It m a y  b e a s w ell  t o n oti c e  i n t hi s pl a c e  t h at t h e s u m  

of t h e c o effi ci e nt s, r e c k o ni n g f r o m t h e fi r st t e r m of t h e 
o ut st a n di n g  g r o u p  t o t h e t e r m w h o s e  d e n o mi n at o r  i s w,  i s

* = n  ( t t∖
∑ ∑ --------- ,
i= 0 Ψ∙

w hi c h  b y  vi rt u e  of  t h e o b vi o u s  i d e ntit y,

S( A) = O∙

i s e q u al  t o
2 K)- * Θ∙

T hi s f o r m ul a s u p pli e s a n e a s y a n d v al u a bl e t e st f oι 
a s c e rt ai ni n g t h e c o r r e ct n e s s of t h e d et e r mi n ati o n of t h e 
c o effi ci e nt s u p  t o a n y  gi v e n  t e r m i n t h e s e ri e s.

T h e s e o b s e r v ati o n s m a y  b e e xt e n d e d t o a n y h a r m o ni <  
s c h e m e w h at e v e r : f o r it will  b e  o b s e r v e d  t h at

Ψ © - *(;)) ■

i s a  p e ri o di c  q u a ntit y,  a n d  t h e r ef o r e p o s s e s s e s  b ot h  a  m a xi m u m  
a n d a mi ni m u m ; w h e n c e  it i s e a s y t o s e e t h at, b y  t a ki n g 
t h e o ut st a n di n g g r o u p of  t e r m s s uffi ci e ntl y e xt e n si v e, all  
t h e r e m ai ni n g t e r m s i n eit h e r ki n d  of  a r r a n g e m e nt m a y  b e  
s e p a r at e d i nt o g r o u p s si mil a r t o t h o s e a b o v e s et o ut ; vi z.,  
s u c h t h at t h e c o m pl et e s u m of  t h e c o effi ci e nt s i n e a c h g r o u p  
f r o m it s fi r st t o it s e n d t e r m i s z e r o a n d u p t o a n y

w w w.r ci n. or g. pl



96 PROF. SYLVESTER, ON ARITHMETICAL SERIES.

intermediate term is homonymous, i.e. always positive in 
one and always negative in the other arrangement.*

The consequence of this is that the outstanding group 
in the first arrangement will always be less, and in the 
second arrangement always greater, than a function of which 
the principal, or, as we may call it, the asymptotic term, is the 
product of x by the stigmatic multiplier, say (>S⅛), (the 
complete function being, in each case of the form (St) x 
associated with a known linear function of log<r. (Compare 
Serret, Vol. n, p. 232).

The importance of this observation will become apparent 
in a subsequent section.

In the case before us (i.e. for the scheme in the Key of 7) 
confining our attention to the principal term of either limit, 
the first arrangement leads immediately (Serret, p. 234) to 
the superior asymptotic limit ∖g,Dx.

As regards the inferior limit, we have

≠ W + ≠ (⅜) > -z¼

∙φ (x) > Dx — τ⅛. 1^Dx > f %⅛Dx.↑

* Ex. gr. from the harmonic scheme 1, 15; 2, 3, 5, 30, we may derive a 
stigmatic series under the two forms of arrangement

÷o→(⅛> +o÷o-o

+ψ(⅛)-ψS)+ψ(S)-'f' (a)+ψ (⅛)-'''(S)-,''(s) ■ + ψ ⅛) - ψ (⅞): t e ∙> 

ψm→G)÷^)→⅛)÷≠(⅛)→(S)÷<S)÷√5)∙→(S)∖ 

÷*(1⅞h →½)÷≠(⅞)i -*SM⅛<h(3<)

In the above arrangements the groups are separated by semicolons and the 
period is marked out by the colons. In this instance it will be observed that 
minimum and maximum values of E(ri) + E (A) _ e _ E ((θ — E θθ - E (A)

are 0 and 2, and accordingly in the first arrangement the outstanding group has to 
be continued until the sum of the coefficients of the terms which it contains is 0, 
and in the second until such sum is 2.

W riting Q = ⅜ log 2 + ⅜ log 3 + ⅛ log 5 + ⅛ log 30 - ∙⅛ log 15 = ∙96750...,
we may deduce from the above, the asymptotic coefficients 9Q and Q — √⅛.fQl 
i.e. l∙1610... and ∙8992....

f Compare the determination of the limits for the harmonic scheme 1; 2, 3, 6 
(Am. J., Vol. IV, pp. 243, 244).
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PROF. SYLVESTER, ON ARITHMETICAL SERIES. 97

Substituting for D its value *9787955, we obtain the 
asymptotic limits 1Ό873505 and ∙895137O.

The corresponding values got from the Tschebyscheffian 
scheme (1, 30; 2, 3, 5) being Γ1055504 and ,9212920, which 
are the ⅛A and A of Serret.

We know aliunde, that the true asymptotic values are 
each of them presumably unity. The superior value above 
obtained by the new scheme is thus seen to be better, and 
the inferior value worse than those given by Tschebyscheff ,s 
scheme. But these values correspond to what may be 
termed the crude determination of the limits which the 
schemes are capable of affording. The contraction of these 
asymptotic limits by a method of continual successive 
approximation will form the subject of the following section.*

§2. On a method of obtaining continually contracting 
,v∕r f 7J)

asymptotic limits to —h- .

To fix the ideas let us consider the scheme (1, 30; 2, 3, 5) 
which leads to the stigmatic series
(l)-(6) + (7)-(10) + (ll)-(12)+(13) —(15) + (17)-(18) + (19) 

- (20) + (23) - (24) + (29) - (30) + (31) ...,

in which for brevity (w) is used to denote f .

The sum of this series is, we know, intermediate between 
Dx + R (log<r) and Dλx -t- R1 (logtτ∙),

where D = ∙9212920..., Z>1 = l'1055504...= ∣Z>, 
and R^ R^ signify two known quantities which for uniformity 
may both be regarded as quadratic functions of log# (in the 
first of which the coefficient of (loga;)2 is zero. (Serret 
PP∙ 233, 235).

Omitting every pair of consecutive terms - (m) + (μ) in 

which < θj and using [ψ (#)] to signify the asymptotic 

value of -ψ (#), we find

⅛ W] > λ, + [ψ (£)] _ [ψ (£)] > ⅛ + 2> £ - D, £ , 

say > D'x

By the method about to be explained, it should be noticed, we may not 
Merely improve upon the results obtained by the crude method from certain 
harmonic schemes (which form a very restricted class) but may also obtain limits 
to ψ (®) ÷ x from barmonic schemes which without its aid would be absolutely 
sterile (see p. 101).

VOL. XXI. II
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98 PROF. SYLVESTER, ON ARITHMETICAL SERIES.

Similarly, omitting every consecutive pair of terms {m) — (∕i)

in which — < ⅝, we find ?zi

say < D∖x

If instead of [ι∕, (#)] we had deduced limits to ∙φ (x} in the 
manner indicated above, we should have found

-φ [x) > D'x + R' (log #), -φ (x) < D'x + 72/ (log x);

the added terms being each of them quadratic functions 
of log#.

Repeating this process we shall obtain

[^ (#)] > 7)"#, [-ψ (#)] < D''x1

where D''≈D + 1∖D'- √πZ>∕, D" = D + ⅜J9∕- ⅜77 +√σZ>∕. 

Similarly we may write
⅛(*)]>2Γi, [≠W]<2),"⅛

where
D'"≈D+ ⅛D''- √σ7)∕', D{" = D + ⅛D1"- ∖D" + τ⅛7>∕', 

and so on.

If then we write for 7>, 7>', 2X', ..., v0, v1, r1, ..., 

and for Dv D^D'', ..., w0, tz1, m1, ...,

we shall find in general

[ψ (#)] > v.x, [≠ (#)]<«<# J
. _ V. u.where 1,ιt, = D + ---,

¾1 = 27+ (⅛ + ι⅛) m<-∣w .∙5 
the complete statement of the inequalities being

-ψ (#) > vix + 72(,) (log#), ψ (#) < uix + 72,(t)(log#),

where it is to be noticed that the supplemental terms always 
remain quadratic functions of log#.

[The result thus obtained differs in this particular from 
that stated by me in the Λmer. Math. Jour. (Vol. IV., p. 241); 
the process therein employed giving as supplemental terms 
rational integral functions of continually rising degrees of 
log#. I am indebted to Mr. Hammond for drawing my
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att e nti o n  t o t hi s si m pl e b ut  i m p o rt a nt ci r c u m st a n c e w hi c h  h a d  
st r a n g el y e s c a p e d  m y  att e nti o n  p r e vi o u sl y]. T o  i nt e g r at e t h e 
e q u ati o n s  i n w,  v w e  h a v e  o nl y  t o w rit e

v i= V i +  F, u i= U i +  E,

F{l  - ∕ 1 ) +  -,fisE = D, V i =  G 1 p ∖  +  ( 7jp *,,

∣ ^ +( 1- ⅜- ⅛) ^ = A U i =  K 1 p il +Ifi p ia ∙ 

a n d  t o t a k e f o r p 1 , p i t h e t w o r o ot s of  t h e e q u ati o n

P ~ A > π V = P 2- ( ⅛ + τ ⅛ + A) P + 2 ⅛ ( ⅛ +  r ⅛)- - 2 ⅛ 3- = θ > 

4  p- ⅛- τ ⅛

i∙e ∙ P" i ̂ ^ * ι ⅝ ⅛ P +  ι ⅛ ⅛ 4 τ =  0.

T h e  r o ot s of t hi s e q u ati o n b ei n g e a c h l e s s t h a n 1,
o n  m a ki n g  i =  ∞  w e  o bt ai n v a o =  F i u a o = = E,  w h e r e  E i F  a r e  
d e d u c e d  f r o m t h e t w o al g e b r ai c  e q u ati o n s

⅛ F + ⅛ ⅛ E ≈ D.
T hi s  gi v e s

E -I 2 3 1 ∖ zιι u 1 3 7  ×  1 4 5  1 9 8 6 5
jff∙-( H- H-( τ 5- 5 5)- 3 0 Γ x ^ ^ 5 6 "-ι 7 θ S = 2

( C o m p a r e Λ m e r.  M at h.  J o u r., V ol.  ι v., p.  2 4 2)

^ =∣ ⅜∣ H∕ > =  1. 0 7 6 5 7 7 9. ..,

J1 =-f ⅛ ⅞ ¾j Z >  = - 9 2 2 6 1 0 7...;

w h e n c e  w e  m a y  i nf e r t h at ∙ φ ( a;) m a y  b e m a d e  i nt e r m e di at e 
b et w e e n t w o k n o w n f u n cti o n s u ix  +  r  (l o gi c), v i. v +  5  (l o g  jt)i 
w h e r e  w i, v.  m a y  b e  b r o u g ht  i n d efi nit el y n e a r  t o t h e n u m b e r s

1- 0 7 6 5 7 7 9. .., - 9 2 2 6 1 0 7...;

a n d t h e s u p pl e m e nt al t e r m s a r e q u a d r ati c  f u n cti o n s of  l o g # 
d e p e n di n g  u p o n  t h e v al u e  of  i t h at m a y  b e e m pl o y e d. W e  
nι a y,  t h e r ef o r e ( s u bj e ct t o a n o b vi o u s  i nt e r p r et ati o n), t r e at E  

a n d F  as  a s y m pt oti c  li mit s t o — . *

,, . * B o r  t h e c o m pl et e a n al yti c al  d et e r mi n ati o n  of  t h e li mit s t o ψ  ( x) s e e § 3  of  
t hi s c h a pt e r.  ∙ >,

B y  m a ki n g  i s uffi ci e ntl y g r e at  u i, r t∙ m a y  h e  b r o u g ht  i n d efi nit el y n e a r  t o E,  F : 
u rt h e r m o r e,  w h e n  t h e s u p e ri o r  a n d  i nf e ri o r li mit s of  ψ  (∙ τ)  ÷ x  a r e  e x p r e s s e d  a s  f u n cti o n s 

q tffi ∙a n d * of  t h e f o r m m e nti o n e d  i n t h e t e xt, t h e s e li mit s m a y,  b y  t a ki n g x  
s u m cι e ntl y  g r e at,  b e  b r o u g ht  i n d efi nit el y n e a r  t o w,∙,  v ,∙, a n d  t h e r ef o r e t o J ?, F,  w hi c h  

t h e r ef o r e s p e a k  of  t h r o u g h o ut a s  a s y m pt oti c  li mit s t o ψ  ( x) ÷  x. B ut  m o r e  st ri ctl y  
,,l e θ Pti mi sti c  li mit s a ct u all y a r ri v e d at a r e F'  a s littl e a s w e  pl e a s e g r e at e r

a n  A,  a n d F'  a s  littl e a s  w e  pl e a s e  l e s s t h a n F.

∏ 2
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If we examine the ratio of the denominators m, μ of any 
pair of consecutive terms throughout the entire infinite series, 
whether of the form (zzι)-(μ) or — (zn) + (μ.), we shall find that 

— is always less than q, (viz. Γ16688...) except in the case

of the pairs that have been retained in forming the equations 
between E and F, from which we may infer that if any of the 
discarded pairs had been retained we should have obtained 
values of E and F respectively greater and less than those 
above set forth.

If, on the other hand, q had turned out to be so much less 

than ∣ as to cause — in any rejected pair to be greater than q,

in such case in order to obtain a value of E the least, and of F 
the greatest, capable of being extracted from the given scheme, 
it would have been necessary to take account of every such 
pair and perform the calculations afresh, thereby obtaining a 
new value of q (say q'} less than the former one; we should 
then have had to continue the process of examining the rejected 
pairs and reinstating those (if any) whose denominators 

furnished a ratio — greater than q', thereby obtaining a still 

smaller value q". Repeating these operations toties quoties we 

should at last arrive at a value of q superior to every ratio

throughout the entire stigmatic series; the corresponding 
values of the asymptotic limits would then be the best 
capable of being deduced from the given scheme.

Per contra had we retained at the start any of the discarded 
pairs of terms, we should have found for q a value greater

than the value of — in some of the terms retained, which
m

would be a sure indication that the retention of those terms 
had led to a greater value of q than was necessary; those 
pairs would then have to be omitted; the q calculated from 
the reformed equations would be diminished by so doing and 
the resulting values of E, F would be the best attainable, 
provided that care was taken at the outset that no rejected

pair gave a larger value to — than any pair that had been 
retained. m

In the case we have considered initial asymptotic limits
(viz. D and D) to ⅛-i∑} were obtained from the scheme 

x
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it s elf, b ut it will  n ot  al w a y s  b e p o s si bl e  t o d o  t hi s w h e n  w e  
a r e d e ali n g  wit h  a n y  h a r m o ni c  s c h e m e.

T h u s  e x.  g r.  f r o m t h e f a ct t h at t h e mi n o r  a r r a n g e m e nt  of  
t h e sti g r a ati c s e ri e s c o r r e s p o n di n g t o t h e s c h e m e [I, 6, 1 0,  
2 1 0, 2 3 1, 1 1 5 5; 2, 3, 5,  7, 1 1,  1 0 5]  h a s ( 1) +  ( 1 3) f o r it s o ut -

st a n di n g  g r o u p  ( s e e p.  1 0 4) , w e  m a y  d e d u c e  t h at ( a r) + 1∕-

h a s  j V ⅛ f o r it s i nf e ri o r a s y m pt oti c li mit, b ut  a r e u n a bl e  f r o m 
t hi s a r r a n g e m e nt  t o o bt ai n  a n i niti al i nf e ri o r a s y m pt oti c li mit 
t o ψ  ( x} it s elf, a n d still l e s s s h all w e  b e a bl e t o o bt ai n a n  
i niti al s u p e ri o r a s y m pt oti c li mit t o ( a;) f r o m t h e m aj o r  
a r r a n g e m e nt of  t h e s a m e sti g m ati c s e ri e s. It i s t h e r ef o r e 
i m p o rt a nt t o n oti c e  t h at t h e fi n al a s y m pt oti c  li mit s a r ri v e d at  
b y  t h e m et h o d  e x pl ai n e d i n t hi s s e cti o n, d e p e n d  o nl y o n t h e 
sti g m ati c m ulti pli e r  a n d  t h e c o effi ci e nt s  of  t h e sti g m ati c  s e ri e s,  
b ei n g  q uit e  i n d e p e n d e nt of  t h e i niti al v al u e s e m pl o y e d, s o  
t h at i n t h e g e n e r al c a s e w e  m a y  st a rt f r o m a n y gi v e n

x t (z c )
a s y m pt oti c li mit s t o r j h o w e v e r o bt ai n e d,  wit h o ut  t h e r e b y

p r o d u ci n g a n y eff e ct i n t h e fi n al r e s ult. T h e li mit s 
w 0  =  2  l o g 2  a n d  v 0  =  l o g2 o bt ai n e d  f r o m t h e s c h e m e [ 1 ; 2,  2]  
will  d o a s w ell  a s a n y ot h e r s f o r o u r i niti al a s y m pt oti c  

li mit s t o ⅛- ⅛,  a n d w e  m a y,  b y s u b stit uti n g t h e s e li mit s

i n t h e r et ai n e d p o rti o n  of  t h e sti g m ati c s e ri e s, a r ri v e  at n e w  
li mit s m 1 , v, w hi c h  i n t h ei r t u r n will  gi v e ri s e t o f r e s h li mit s
‰  v 2 a n d s o o n. W e  s h all i n t hi s w a y  o bt ai n a p ai r  of  
diff e r e n c e e q u ati o n s ( c o n n e cti n g w i 4t, v. + x wit h  u., v.) w hi c h  
will  b e of  t h e s a m e f o r m a s t h o s e gi v e n o n p. 9 8,  a n d it i s 
t o b e  n oti c e d  t h at i n t h e s ol uti o n of  t h e s e e q u ati o n s,  vi z.

u.  =  C p'  +  G 1 p il +  E,  υ. ≈  K ρ l +  K xp x +  F ' 

o nl y t h e v al u e s of  G,  G l, K,  K χ will  d e p e n d o n  t h e i niti al 
v al n e s  of  u, v ; s o t h at, p r o vi d e d  t h e r o ot s of  t h e q u a d r ati c  
i n p( w hi c h  a r e al w a y s  r e al) a r e  e a c h l e s s t h a n u nit y,  w e  m a y,  
b y  t a ki n g i s uffi ci e ntl y g r e at,  m a k e  u i a n d υ i a p p r o a c h a s  n e a r  
n s w e  pl e a s e t o E  a n d F  r e s p e cti v el y ; i. e. a s n e a r  a s w e  
pl e a s e  t o t w o q u a ntiti e s  w h o s e  v al u e s d e p e n d  s ol el y o n t h e 
sti g m ati c s e ri e s e m pl o y e d.

T h e  p o siti v e  a n d  n e g ati v e  di v e r g e n c e s  f r o m u nit y  of  t h e 2f  
n n d  F  p r e vi o u sl y  f o u n d a r e r e s p e cti v el y

• 0 7 6 5 7 7 9..., ∙ 0 7 7 3 8 9 3...;

t h e s e di v e r g e n c e s  a s  f o u n d b y  T s c h e b y s c h eff  b ei n g  

T 0 5 5 5 0 4...,  * 0 7 8 7 0 8 0,
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which is already an important gain; but by varying the 
scheme we shall obtain still better results.

Let us apply the method of indefinite successive approxima-
tion to the scheme in the key of 7 treated of in the preceding 
section, viz. [1, 6, 70; 2, 3, 5, 7, 210], for which the stigmatic 
multiplier (the D of p. 91), viz.
⅜ lθg 2+⅜ log 3+⅜ log 5 + ⅜ log 7+5-i π log 210 - ⅜ log 6 - ⅛ log 70 
is ∙9787955... .

Preliminary calculations having served to satisfy me that 
E

the asymptotic ratio — (the q) for this system was not likely

to differ much from Γ10, which may be called the regulator 
I form the corresponding equations for E and F by retaining 

only those pairs [m) — (μ) in the stigmatic series for which — is 

greater than Γ10.
As previously explained no error can result whatever 

regulator we employ; the worst that can happen will be that 
the result will not be the best attainable from the scheme, and 
such imperfection can be ascertained by means of the method 
previously explained ; the result, if the best possible, will prove 
itself to be so, and if not the best, will indicate whether the 
regulator (or criterion of retention) has been taken too small 
or too great.

Let us examine separately the two arrangents set out in 
the previous section, the first being employed to obtain by 
successive approximations the superior, and the second the 
inferior, limit.

Consider 1° the periodic part of the first arrangement: in the 
group (11) + (13) - (14) - (15), the pair (13) - (14) being 
rejected, (11) —(15) remains. Similarly, in the following 
group (19) —(20) being rejected, (17) - (21) remains; in the 
third and fourth groups (23) - (28) and (31)-(35) are 
to be retained. In the following group, all the consecutive 
pairs from (73) to (98) both inclusive are to be rejected, 
leaving (71) —(100) available. [The corresponding pair to 
this in the next period, viz. (281) - (310) gives j⅜-θ- which is less 
than the assumed regulator.] All the groups in the first 
period, following — (100), will have to be rejected until we 
come to the group beginning with (137), which leads to the 
available pair (137) - (190): in the next period all the ratios 
will be too small with the exception of (347) —(400) which 
must be retained, but the term corresponding to this in the 
third period, viz. (557) - (610), will have to be neglected.
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H e n c e,  i n a p p r o xi m ati n g t o t h e s u p e ri o r li mit, w e  m a y  
w rit e

¾ι =  (ι ⅛ ÷  τ ⅛  + 1 ⅛  +  ⅛  +  s ⅛ +  τ ⅛ff  +  τ ⅛tf  +  i⅜ t f ) u i

~  (l ⅛ +  Ϊ 7 +  ⅛  +  S T  +  7 1 T  +  T ⅛ T  +  S ⅛ τ)  υ i'

2°. I n t h e s e c o n d a r r a n g e m e nt, t h e fi r st g r o u p i n t h e 
p e ri o di c  p a rt  b ei n g - ( 1 4) —  ( 1 5) +  ( 1 7) +  ( 1 9), a n d {∣ ( a n d 
a  f o rti o ri }∙∣) e x c e e di n g t h e r e g ul at o r, all t h e s e t e r m s a r e  t o 
b e  p r e s e r v e d.

I n a d diti o n t o t h e s e, w e  s h all fi n d i n t h e fi r st p e ri o d  t h e 
a v ail a bl e c o u pl e s —  ( 2 0) +  ( 7 3) a n d —  ( 1 1 0) +  ( 1 3 9), a n d  i n t h e 
s e c o n d p e ri o d —  ( 2 3 0) +  ( 2 8 3); n o ot h e r c o u pl e s will  b e  
a v ail a bl e,  a n d  a c c o r di n gl y,  w e  s h all h a v e

v * +ι  =  ∙ ^ ^ + (ι ⅛ +  T T  +  τ 1κ  +  ⅛ ⅛  +  τ ⅛  +  S ⅛ ^ θ)  v i

~  ( τ1τ  +  I ⅛ +  T 1 7 + X ⅛  +  7 ⅛  +  T ⅛ S  +  2 ⅛s)  u i∙

If t h e n w e  w rit e  α,  b  f o r t h e c o effi ci e nt s  of  w i, —  v i i n t h e fi r st, 
a n d  c,  d  f o r t h e c o effi ci e nt s of  v i, —  u.  i n t h e s e c o n d of  t h e a b o v e  
e q u ati o n s,  a n d  m a k e  u i =  U i +  E } vi≈  V.  +  F 1 w e  s h all o bt ai n

w < =  C p'  +  ̂ l Pl  +  ∙ ĵ 
υ , =  K p l +  K 1 p 1 ' +  F,

w h e r e  p,  ρ j a r e  t h e r o ot s of  t h e e q u ati o n  

p  —  σ, b = 0,

d , p  —  c

*∙  e∙  p B  —  ( α +  c) p  +  ( α c - b d)  —  0,

a n d  E i F  a r e  s u bj e ct t o t h e e q u ati o n s

( 1 - a)  E  +  b F —  M,  

d E  +-(i-c) F =J∕,
w hi c h  gi v e

E 1  —  ~  1 7 F  bi d
( 1 —  α)  ( 1 —  c)  —  b d 1 ’ ( 1 —  a)  ( 1 —  c) - b d

O n  p e rf o r mi n g  t h e c al c ul ati o n s, w e  s h all fi n d 

α  =  ∙ 2 9 6 3 3..., 6  =  ∙ 2 4 9 7 3...,

c  =  ∙ 3 0 1 5 3..., c∕ =  ,3 0 3 7 1...,

1  —  δ- c  =  ,4 4 8 7 3...,  1  - a  - d ≈  * 3 9 9 9 5..., 

α c  =  ∙ 0 8 9 3 5..., b d =  ∙ 0 7 5 8 4...,

a  +  c  =  ∙ 5 9 7 8 6..., ( 1 - a)  ( 1 - c)- b d = ,4 1 5 6 3...,

P >  P 1 will  t h e r ef o r e b e  t h e r o ot s of

p , —  ,5 9 7 8 6 p  +  ,0 1 3 5 0  =  0,  

w hi c h  a r e  e a c h  l e s s t h a n u nit y.
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Also E= l,0567265..., F= ∙9418543...,

g = 1------~-j= 1,12196....
1 — a — d

This last number being greater than the assumed regulator 
u ΓuΙ ”

I, 10, and less than any of the retaiued ratios — , it

follows that no better limits than A, F can be extracted from 
the scheme [1, 6, 70; 2, 3, 5, 7, 210]; or (as we may phrase 
it) E, F are the optimistic asymptotic limits to that scheme.

Obviously, there is no reason to suppose that these are the 
closest ‘asymptotic limits that can be obtained from the 
infinite choice of schemes at our disposal: on the contrary, 
there is every reason to suppose that these limits may by 
schemes in higher and higher keys be brought to coincide 
as nearly as may be desired to each other and to unity.

We shall presently obtain by aid of a new scheme a 
better result than the E, F of the preceding investigation. 
But first it should be observed that instead of forming the 
difference equations in m, v from the two arrangements, say 
the major and minor, of one and the same stigmatic series, 
(the former meaning the one used to find the superior 
and the latter the inferior) asymptotic limit, we may take 
these two arrangements, if we please, from two distinct 
series corresponding to two different schemes.

I have had calculated, from beginning to end, the value 
of the coefficient of each term in the stigmatic series of 
sums-sums corresponding to the first natural period, containing 
2310 terms of the scheme [1, 6, 10, 210, 231, 1155 ; 2, 3, 5, 7,
II, 105j, the stigmatic multiplier to which, viz.

⅜log2+⅜log3 +⅜log5 + }log7 + τ⅛ l0gll+ τ⅜κ logl05 

— ⅞ log 6 — j -q  log 10 — log210 — log 231 log 1155.

is ,9909532... (say 2V).
This stigmatic series, though too long for printing at full 

in the restricted space of this Journal, is given later on in a 
condensed tabular form (see Table A, p. 107). I will proceed 
to describe its essential features and the use made of it to bring 
the asymptotic limits closer together. The maximum and 
minimum sums of its coefficients are 2 and — 2 : the first terms 
being (1) + (13) - (14) — (15), the maximum is first reached 
at the second term ; so that the outstanding group in the 
minor arrangement will be (1) + (13). But the minimum
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sum, — 2, is not reached before the term whose argument 
is (616). The outstanding group in the major arrangement 
will therefore contain a very great number of terms, and there 
might be some trouble in handling the groups, so as to secure 
the greatest possible advantage. For this reason, I have 
thought it sufficient for the present to combine the major 
arrangement of the scheme [-l, 6, 70; 2, 3, 5, 7, 210] with 
the minor one of the scheme [I, 6, 10, 210, 231, 1155 ; 2, 3, 5, 
7, 11, 105j.

Maintaining the regulator still at the same value as 
before, viz. l'10, the major arrangement will remain unaltered 
from what it was in the preceding case. In the minor 
arrangement there will be found to exist the following 
17 available pairs, all of which, except the last belong to 
the first period (the last one belonging to the second period), 
viz.

(11) - (19), (15) - (17), (21) - (31), (33) - (41), (41) - (53),

(63) - (73), (81) - (97), (105) - (211), (110) - (131), 

(195) —(223), (315) - (481), (525) - (703), (735) - (943), 

(945) - (1231), (1484) - (1693), (1694) - (2323), 

(4004) - (4633).

We accordingly may write

wi+1 = M+ au. - bv. 
v.+1 = N+yv.- 8u.

where
111111 1 1

(X —   -J-   _1_   _L   _L   _L - ... -j-   J- ------
10 15 21 28 35 100 190 400 ’

ό = — 1 2 1 I 1 1
~11 + Ϊ7+23 + 3Ϊ+7Ϊ + Ϊ37+347’

1 i 1 l 1 j_ 1 ∙ JL _L14 + 15 + 21 + 33 + 44 + 63 + 84 "r Ϊ05 + 110

+ _1_ 1 1 J_ 1 1 1 1
^h 195 + 315 + 525 + 735 + 945 + 1484 + 1694 + 4004 ’

a i i i i i i i i i ι
o =--------l·------- 1----------- 1----------- 1--------4-------------- 1----------- μ--------1--------------1----------

13 17 19 31 41 53 73 97 131 223

+ J, J_ JL J_ 1 i i i
241 + 481 + 703 + 943 + 1231 + 1693 + 2323 + 4633 ’
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f r o m w hi c h,  w riti n g

( 1 —  a)  E  +  b F =  M i 

δ ^ +(l- γ ) F = N,
w e  s h all fi n d

u i =  G p l ⅛  C r1 p 1 * +  

v i =  K p'  +  K xρ x +  F 1

w h e r e  p,  p x a r e  t h e r o ot s of

∖ P  - «, b _  Λ
t ^"  V >

I δ, p  - 7

i. e.  p , - ( α +  7)  p  +  a y  - b δ  =  0.

T h e  v al u e s  of  a,  b ; γ,  δ a r e  r e s p e cti v el y

• 2 9 6 3 3 4 6. .., ’2 4 9 7 3 4 6...; ∙ 2 9 9 2 7 7 4..., ‘3 1 0 7 8 0 8. ..,

f r o m w hi c h  w e  s e e t h at p, p x b ei n g  e a c h l e s s t h a n u nit y  
t h e v al u e s  of  m 0 0 , v a 0 will  b e  E x F j

1 π ( 1- 7)  M- b N
w h θ r e  ■ E = (l- a)(l - 7) - V S ’

(l- g-) N- b M 

( 1 —  a)  ( 1 —  7)  —  b 8  ’

a n d  o n  p e rf o r mi n g  t h e c al c ul ati o n it will  b e  f o u n d t h at 

2 £ =  l,0 5 5 1 8 5l..., F =  ∙ 9 4 6 1 9 7 4.

E
Al s o  < 7 =  p =  1 ,1 1 5 1 8...,

w hi c h  b ei n g  g r e at e r  t h a n t h e a s s u m e d  r e g ul at o r, b ut  l e s s t h a n

a n y  of  t h e r et ai n e d r ati o s —  , t h e r e s ult s t h u s o bt ai n e d a r e  
∙, nι

o pti misti c,  i. e. n o  b ett e r  c a n b e  f o u n d wit h o ut  h a vi n g  r e c o u r s e  
t o s o m e ot h e r  h a r m o ni c  s c h e m e.

T h e  a d v a n c e m a d e  u p o n  t h e d et e r mi n ati o n  of  t h e a s y m p -
t oti c li mit s b e y o n d w h at  w a s  k n o w n p r e vi o u sl y  i s al r e a d y  
r e m a r k a bl e. T s c h e b y s c h eff ’s a s y m pt oti c  n u m b e r s  st o o d at

l∙ 1 0 5 5 5 0 4...,

• 9 2 1 2 9 2 0...,
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corresponding to a divergence from unity 

•1055504... in excess,

and ,0787080... in defect;

by the combined effect of scheme variation and successive 
substitution we have succeeded in reducing these divergences to 

•0551851... in excess,

and ∙0538026... in defect;

in which it will be noticed that the divergence for the superior 
limit is only a little more than half the original one.

The mean ot the two limits, it will be seen, is now 
less than »

1*0007.

The annexed table, in which for brevity c is written for 
- c, gives in a condensed form the stigmatic series to the 
scheme [1, 6, 10, 210, 231, 1155 ; 2, 3, 5, 7, 11, 105 j.

The coefficients, for all the terms ψ from m = 1 to

in = 1155 (the half modulus), are written down in regular 
batches of 10. The coefficients for the ensuing terms up to 
2309 can be got from these by the formula c,155+4 = c ,β5 , the 
term following will have the coefficient zero; the rest of the 
infinite series is then known from the formula c ,jjmiλ . = c,.

Table A.

The coefficients of the first 1155 terms of the stigmatic series to 
[1, 6, 10, 210, 231, 1155; 2, 3, 5, 7, 11, 105j.* 

1000000000 0011101010 ΪΪΪ0000Ϊ10 ιoιoιoιooo 

Π1ΪΪ01000 0010ΪΪ0010 10100Ϊ1001 101010Ϊ010 

ΟΟΐΐΟΟΟΪΪΟ 0000001ΪΪ0 101030101Ϊ 0∏0000000 
00000Π000 ΐΐοοίοίοΐΐ 000000Ϊ010 1002001000 
0010201Ϊ10 00101Ϊ0010 1Ϊ000000Ϊ0 10101Ϊ1ΪΪ0 
0000000001 ιoooooooo^ι ιοιϊϊοιοιο ϊοιοοοοΐιο 

ιϊοοΐοιοοο ιϊοοΐοιοοο οοιϊοΐοοιο ιοϊοΓοιοοϊ 

1010ΪΪ0010 001Ϊ00Ϊ010 0000001200 1010301000 
οϊιοοοοοοϊ ιοοοοΐιοοο οοοοΐοιοιϊ οϊιοοοϊοιο 

10ΪΪ001000 001ΪΪ01Ϊ10 0010200010 ιϊοοοΐιοΐο
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1010Π0010 OOOOOOOlΓl 10000000l0 1Ο11ΪΟ1Ο1Ϊ 
ΪΟ1ΟΟΟΟΪ1Ο οοοοΐοιοοο ιϊιοΊοιοοο οοοοοΓοοιο 

1ΟΪΪΟΟ1ΟΟΪ 1010200010 0011010010 οοοοοοοΐοο 

1010301Ϊ10 οϊιοοοοοΐο 10000Ϊ100Ϊ 1000Ϊ0101Ϊ 
101000Ϊ010 1Ϊ0Ϊ001000 0000Ϊ01Ϊ10 ΟΟΙΪΪΟΟΟΙΟ 
ΙΪΟΟΪΟΙΟΙΟ 1010Ϊ21010 οοοοοοΐοιΓ ιοοοοοοΐοο 

ιοιϊϊοιοοο ΐοιοοοοΐϊϊ ιοοοϊοιοοο οΐιοϊοιοοο 

0Ϊ100Ϊ0010 10Ϊ000100Ϊ 101Ϊ100010 οοίϊΐοοοιο 

00000Ϊ1Ϊ00 1010300010 οϊιοοοοΓοο ΙΟΟΟΟΪΙΟΓΟ 
1000101012 001000Ϊ010 000Ϊ001000 0Ϊ10Ϊ0Π10

0000Ϊ00010 1Ϊ0Ϊ0010Ϊ0 10102Ϊ1010 οοοοοϊοοπ 

ιοοοοοϊοοο ιοιϊϊοπιο ίοιοοοοϊοο ιοοοϊοιοόϊ 

ιΐιοΓοιοοο Ϊ0100Ϊ0010 1ΪΪ000100Ϊ ιοοοΐοοοιο 

οοιϊοοοοιο οοοοΐοιΐοο io io 3∏o io  οΐιοοοΊοοο 

ιοοοοΐίϊοο ΙΟΟΟΪΟΙΟΟΪ 001000Ϊ011 ιοοίοοιοοο 

Ϊ010Ϊ01Ϊ10 0Ϊ10100010 1ΪΪ00010Ϊ0 101ΪΪΪ1010 
ΟΟΟΟΪΟΟΟΙΪ 10000Ϊ0000 1011Ϊ00010 1010000210 
ΙΟΟΟΪΟΙΟΪΟ 1Ϊ10Ϊ0100Ϊ 00100Ϊ0010 00Ϊ000100Ϊ 
1Ϊ10Ϊ00010 000Ϊ000010 ΟΟΟΪΟΟΙΪΟΟ 10102f

* This table is to be read off in lines. The first three lines set out in full
(omitting the null terms) will mean

ψm÷≠(⅛)→(S)→(5)÷ψ(⅛)÷√S)→(S)→(⅛)
+Ι, (⅛) ^ ψ (⅞) + ψ (⅛) + ψ (⅛) “ ψ (fi) ^ ψ (⅞) + ψ (⅛)

+ψ (5) -ψ (S)+ψ (5) -ψ (a) -ψ (S)+ψ (S)+ψ (fi) 

→(S)→(S)→(⅛W(S)→(⅛)→iS)÷√⅛) 

→(⅞)+√⅛H(S)→(⅞)→(ft)→(⅞)

÷√a)→ (s)→ (⅛)÷4⅛)÷ψ (⅞)→ (⅞)→(⅛)→ (⅛)

+ ψ (l⅛) - 3ψ (i⅜) + ψ (i⅛)+ ψ (i⅞) - ψ (⅛) ^ ψ (⅛) + ψ (i⅞)

| By actual summation it will be found as stated towards the end of p. lθ⅛ 
that the sum reckoned from the beginning of the positive and negative integers in 
this table always lies between 2 and — 2 (both inclusive).
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If we confine our attention exclusively to the outstanding 
group of the Major Arrangement, which extends to the 
616th term inclusive, without taking advantage of any of the 
other groups, we shall find, on making /£= l,0551851, 
F= 9461974, and N (the stigmatic multiplier) = ‘9909532.
[≠ (#)] ,7 ∕ 1 1 1 1 1 1 1 1 1 1

x <15 22 28 35 45 56 66 77 88 99

1 1 l 1 U-j- — -∣- — -∣- — -j- — j ρj 
105 126 525 616/

/1111111111 1
<17 23 29 37 47 59 71 79 89 113 227)

< l,0542390... which is inferior in value to E.
This is enough to assure us that a better result than the 

one last found would be obtained by using the above scheme 
to furnish the major as well as the minor arrangement, instead 
of combining it, as we have done, with the scheme [1, 6, 70; 
2, 3, 5, 7, 210].

Mr. Hammond has been good enough to work out for me 
in the annexed scholium the complete approximation to the 
limits to -φ (#) given by the original scheme of Tscbebyscheff 
[l, 30; 2, 3, 5 j: this approximation preserves precisely the 
same form as that obtained by the crude method, and, although 
it lies a little out of the track which I had marked out for 
myself in this paper, will I think, besides being possibly 
valuable for future purposes in a more or less remote future, 
serve as an example to clear up any obscurity that may have 
pervaded the previous exposition of the purely asymptotic 
portion of these limits?’·

§3. Scholium,. Containing an example of the complete 
iva- approximation to the limits to the prime-log-sum-sum to x.

Using S to denote the stigmatic series

≠w-≠(I)+≠(0-ψ½)+∙∙',

we have the inequalities
S> Ax - % log# — 1) zc, , ooθλ 
o , f 1 Γ (Serret, p. 233),S< Ax +1 log# ) v

* In the paragraph commencing at the foot of p. 94 in the preceding number, 
a theorem (too simple to require a formal proof) is tacitly assumed which virtually 
amounts to saying :
If an equal number of black and white beads be strung upon a wire, in such a 

way that on telling them all, from left to right, more tchite than black ones are 
never told off, then the whole number of beads, as they stand, may be sorted into 
pairs, in each of which a black bead lies to the left of a white one.
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w hi c h,  a s e x pl ai n e d i n t h e p r e c e di n g s e cti o n, m a y  b e
r e pl a c e d b y

ψ( x) > A x- %  l o g x - 1  +  ≠  - ≠   ( 1),

≠  ( χ) <  J *  +  $  l0 g X  +  ≠  (∣ ) - ≠  Q  +  ψ  ( ⅜) ............ (2 )∙

If n o w  w e  a s s u m e

≠  (x ) >  Pi A x  +  < k  ( 1 ° g  · *)’ + (l° g  *)  +  si............( 3 ) >

≠  ( *) <  tA x +  w i (l o g x) 2  +  v i (l o g x) +  w. ........( 4),

w e  o bt ai n,  b y  c o m bi ni n g t h e s e i n e q u aliti e s wit h  ( 1), 

ψ( x) > A x  —  ∣l o g x —  1

+  ⅛ P A χ  +  cL i (l o g # - l o g 2 4), +  r. (l o g x - l o g2 4)  +  s.

—  5 ⅛  tγA x  —  u.  (l o g x  —  l o g 2 9)2  —  v i (l o g x —  l o g 2 9)  - w i. 

S a y ≠  ( x) > p i +iA x  +  q i + 1 (l o g x) 2  +  r. + 1  (l o g x) +  s i + 1,

w h e r e

7 5 i +ι =  ' 51τ ∕,<  ~  ι ⅛ti +  b

Λ + ι =  r.- v. +  2 u.  l o g 2 9  - 2 i∕ι l o g 2 4  - ∣,

s. + 1 ≈s i- w. +  q i (l o g  2 4) z- u.  (l o g  2 9) 2 - r. l o g2 4  +  v.  l o g2 9  - 1. 

Si mil a rl y,  c o m bi ni n g ( 3) a n d  ( 4) wit h  ( 2), w e  fi n d

ψ  ( x) <  A x  +  ∣ l o g x

+  ⅜  tiA x  +  u.  (l o g  x  —  l o g 6) 2 +  υ i (l o g  x  —  l o g 6)  +  w.

- ⅛ piA x  —  q.  (l o g x —  l o g 7) 2 - ri (l o g x — l o g 7)  —  s.

+  τ 1 ∙σ  t. A x +  u.  (l o g < r - l o g 1 0)' 2  +  υ i (l o g x - l o g 1 0)  +  w i.

S a y ≠  ( x) <  ti nA x  +  w, +l  (l o g x) 2  +  v. + 1  (l o g x) +  w i + 1, 

w h e r e

i< n  ~  ̂ iτ ti ~ r P i +  1,

v .∙ +ι =  2 v i ~ ri+  2 li l o g 7  - 2 m . l o g 6 0  +  ∣,

w < +ι =  2 w Γ  si~  2 i (l θ g 7) a + u∕ t(l o g 6) 2 +(l o gl 0) 2 } + r.l o g 7- v il o g 6 0,
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T h e s e,  t o g et h e r wit h  t h e 4 gi v e n a b o v e, c o n stit ut e a s et  
of  8 diff e r e n c e  e q u ati o n s f o r t h e d et e r mi n ati o n  of  y > i, r.,  
f n ti∙ > u i∖ v iΙ w i- T h ei r  i niti al v al u e s a r e f u r ni s h e d’b y *  t h e 
i n e q u aliti e s

ψ  (λ ,) >  A x  —  ∣ l o g x  —  1

≠  C O  <  % A x  +  rfi- (l o g O’ +  I l o g∙ r +  1 ■ (s θ r r e, > P∙  2 3 6 ) > 

w hi c h  gi v e

P o = 1 j ‰  =  θ  j Λ,  =  - ⅞ > s o = ~ 1 ,

i° =  * > w " =  i ⅛ 6' t,° = " W o =  1,

T h e  v al u e s  of  y >., t. will  b e  f o u n d t o b e  

p,  =  5 0 9 9 9  ∣ 5 1 0 7 2 - 3 6 ⅜  ( p∙ +  p, ,) - 4 7 ⅛ ⅛ ⅛  )} >

t∙ = 5 δ ⅛ 9 { δ 9 δ 9 δ + 8 0 1 Λ  ⅛ i+ p.') + 1 9 °ι m  ( ⅛ ^)},

w h e r e  p,  p 1 a r e  t h e r o ot s of.t h e  e q u ati o n  

( P - τ ⅛)  ( P “  ⅛ ⅛)  =  »

a n d it i s e a s y t o v e rif y t h at t h e s e v al u e s ( w hi c h a g r e e wit h  
t h e g e n e r al o n e s, i n v ol vi n g a r bit r a r y c o n st a nt s, o bt ai n e d i n 
t h e p r e c e di n g  s e cti o n) s ati sf y t h e i niti al c o n diti o n s

P o ~  1  j Pi  —  s ⅛ Λ  “  π V o  + 1  =  1  3  ¾ ⅛ π >  

to  =  I) t∖  —  Ι ^ 5to ~  ⅛ P o  + 1  =  1  τ τ ⅛∙

T h e  v al u e s  of  g.  a n d u.,  o bt ai n e d  f r o m t h e e q u ati o n s

‰  =  2 i~ w P w i +ι =  2 w <- 2 n

wit h  t h e i niti al c o n diti o n s q =  0,  w n =  — i-----, a r e
x υ ’ 0  4  l o g6

θ 5 ( a ∙i~  a ∙ ^i∖
" i 4  l o g 6  ∖ α  —  α  1∕ ’

5  ∕ , _,· a l - a ^ ,∖

‘ 8  l o g 6 ∖  a  —  a J 1

w h e r e  a,  a ~ 1 a r e  t h e r o ot s of  t h e e q u ati o n  

α' 2  - 3 α  +  1  =  0.
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T h e  v al u e s of  r i, s., v i, w.  a r e li n e a r f u n cti o n s of  q i, u.  
w h o s e  c o effi ci e nt s a r e li n e a r f u n cti o n s of i i n t h e c a s e of  
r i, v i a n d q u a d r ati c  f u n cti o n s of  i i n t h e c a s e of  < s., w i.

T h u s  w e  fi n d, w h e n  t h e c o n st a nt s a r e  p r o p e rl y  d et e r mi n e d,

r.  =  —  ( 2 l o g 6  +  λ∕)  u.  +  —  λ  - 2  l o g2 9  +  l o g 6  —  ( κ +  λ)  ij q i 1

v i =  ( 3 l o g 6  —  « /)  u.  +  ( 2 l o g 1 0  +  λ  - 2, < c  —  λf)  q i —  ∣,

1  o , ∕ 2 43 . 6 0' ^ λ 0i ∕ 2 44 . 6 0 ^
w h e r e «  =  f l o g ) , λ  =  ∣ l o g j .

T h e s u b stit uti o n of t h e s e v al u e s of r.  a n d ι >i i n t h e
e q u ati o n s f o r d et e r mi ni n g s i a n d w o  will  gi v e a  p ai r  of
e q u ati o n s  of  t h e f o r m

s. + 1  =  si- wi +  ( α +  bi)  q i +  ( c +  di)  u.  - ( 1 +  ∣ l o g 2 9),

w. + 1  =  2 w.  -s. +  ( e +  fi) q i +  ( g +  hi)  u i - ∣ l o g 6 0,

w h e r e  «,  6,  c, d,  e,  j∖ g i h  a r e  k n o w n c o n st a nt s, a n d  q i, u i a r e  
k n o w n  li n e a r f u n cti o n s of  α i, a ~ i.

E x.  g r.  t h e v al u e  of  a  i s

(l o g 2 4) 2- (∕ c- λ- 2l o g 2 9 +l o g θ) l o g 2 4-f ( 2l o g 1 0 + λ- 2∕ c)l o g 2 9.

F r o m t h e s e e q u ati o n s w e  s h o ul d o bt ai n a r e s ult of  t h e 
f o r m √  :

β i~  Q, p∙  ̂f l +  f > ∏

=  Q p i +  A α " i +  6 ∖ j

i n w hi c h  C l, C' 3 a r e c o n st a nt s a n d Q l, P v R i q u a d r ati c  
f u n cti o n s of  « *, b ut  t h e c o m pl et e d et e r mi n ati o n  of  t h e s e w o ul d  
o c c u p y  t o o m u c h  s p a c e t o b e  gi v e n  h e r e.

S e q u el t o P a rt  2, C h a pt e r 1, § 2.

Si n c e § 2 of  t hi s c h a pt e r w a s  s e nt t o p r e s s I h a v e  h a d  
a s y m pt oti c  li mit s t o ψ  ( #) ÷ x  c o m p ut e d b y  m e a n s  of  a  s c h e m e  
w h o s e  sti g m at a c o nt ai n si m pl y a n d i n c o m bi n ati o n all t h e 
p ri m e n u m b e r s  u p t o 1 3 i n cl u si v e. T h e  n u m e ri c al  r e s ult s  

« o bt ai n e d o n t h e o n e h a n d a n d o n t h e ot h e r t h e p r o c e s s  
e m pl o y e d t o d et e r mi n e d  p ri o ri  ( s o a s t o s a v e t h e l a b o r of  
w o r ki n g  o ut t h e 3 0 0 3 0 t e r m s of a c o m pl et e p e ri o d) t h e 
mi ni m u m  a n d m a xi m u m  v al u e s  ( —  1 a n d 4)  of  t h e s u m of  t h e 
c o effi ci e nt s of a n y n u m b e r of c o n s e c uti v e t e r m s (t h e fi r st 
i n cl u d e d) i n t h e sti g m ati c s e ri e s p r o p e r  t o t h e s c h e m e, a p p e a r
t o m e  t o o n ot e w o rt h y  t o b e  c o n si g n e d t o o bli vi o n.
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This calculation differs from those that precede it in 

the circumstance that it does not attempt to give the optimistic 
limits which the scheme will afford, notwithstanding which 
the limits actually obtained will be found to be each of 
them materially closer to unity than the optimistic limits 
furnished by any of the preceding schemes.

The scheme I adopt is [1, 6, 10, 14, 105; 2, 3, 5, 7, 11, 13, 
385, 1001], which satisfies the necessary condition that the 
sums of the reciprocals of the numbers on the two sides 
of the semicolon are equal to one another.

The first thing to be done is to discover the maximum 
and minimum values of

Mι)+<)+<o)+<HU)

-<3)-<8⅛HU)∙

On taking n equal to 66, it will be found that the value 
θf⅛ is — 1: I shall proceed to show that this is the minimum, 
in other words that — Sn cannot be so great as 2.

Denote the fractional part of any quantity x by F(x) : 
if-¾ is not less than 2, then it may be shown that a fortiori

ιmmj

-j'θ-,'θ-j'(B-i(i)*r⅛)'

say must be not less than 2, and therefore

Q (n) must be greater than 1 : now it is not difficult to show 
that Q (n) is only greater than unity when

n = 106 + 210∕c or n = 136 + 210λ

(κ being a positive integer). But corresponding to these 
two values it will be found that

e(106)+f(l∣θ)=i + ⅞ + i + I⅛5.

⅛(136)+F(]≤-θ) = ⅛ + ∣ + ∣+Λ⅛,

VOL. XXI. I
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so that on either supposition Q (w) + is less than 2.

Hence the minimum value of Sn is — 1, and consequently, 
since the stigmatic excess is here 8 — 5, the maximum value, 
as appears from the footnote below, will be 8 — 5 + 1, i.e. 4.* * 
[By the stigmatic excess for any scheme I mean the number 
of stigmata in the right-hand less the number of those in the 
left-hand set. This excess is obviously equal to the coefficient, 

with its sign changed, of γ in the stigmatic series,

where μ. is any common multiple of the stigmata.]
It will be found, on summing up the numbers in Table B1 

that S first attains the value 4 when n = 1891, and the value 
— 1 when n = 66.

For the inferior limit the outstanding group consists of 
all the terms up to 1891 inclusive, and for the superior limit 
all the terms up to 66 inclusive. But in obtaining this limit 
advantage has been taken of the next three groups, which end 
with 78, 418, and 2068 respectively. Thus the extreme limit 
of the following table is 2068, instead of being 30030 
(«. e. 2.3.5.7.11.13) which is the number of terms in a complete 
period. It contains the coefficients of the first 2068 terms 
of the stigmatic series for the scheme [1, 6, 10, 14, 105; 
2, 3, 5, 7, 11, 13, 385, 1001] written down in horizontal 
order in regular batches of ten, as was done in table A for 
the scheme [1, 6, 10, 210, 231, 1155; 2, 3, 5, 7, 11, 105] 
with the unimportant difference that (for typographical con-
venience) negative coefficients are indicated by dots instead 
of by bars placed over them.

* If we call cn the coefficient of ψ and S„ the sum of such coefficients up
to c„ inclusive (regarding c0 and So as zero), and take μ the least common multiple 
of the stigmata, we have, obviously,

Nμ — 0, Cn — Cμ-nj and ($n4~ 8μ-ι-n) —(Nn-ιd- 8μ*n) — Cn Cμ-n — 0. 
Consequently,

*s,n+ Sμ.^n = So + 8μ-1 = -cμ = η (the stigmatic excess).
This is a valuable formula of verification, and moreover gives a rule for finding 

either the maximum or minimum coefficient-sum when the other sum is given : 
for if Sn has the maximum value, = g-Sn∙, if this is not the minimum let Sn'
be less than η — Sn, then Sμ-1-n will be greater than Sn, contrary to hypothesis. 
Hence the minimum value of a coefficient-sum may be found by subtracting 
the maximum from the stigmatic excess and vice versd.

[I may perhaps be allowed to add that this theorem suggests a generalization 
of itself, which I think it is safe to anticipate may be formally deduced from it, viz.:
If al, a3, ..., α,, a2, ..., av beany given positive quantities (integer or

fractional, rational or irrational) such that Λα=∑α, and if — m, M be the least 
and greatest values that ΣΕ (ax) — ΣE (ax) can assume when x is any positive 
quantity whatever, then M-m = υ-n∖.
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Table B.

The coefficients of the first 2068 terms of the stigmatic series to 
[1, 6, 10, 14, 105; 2, 3, 5, 7, 11, 13, 385, 1001].

ιooooooooo ooooioιoιo iiιooiooιo ιoioioιoio 
ιoιiioιooo oiιoioooιo ιoioiiιooo ιoιoiomo 
ooιooooiιo ioooooιoio ιoιiioιoιi ooιoooiooo 
ooooooιooi ιiooioιoιo ooioooioιo ιooioiιooo 
o o io 2o io o o ooιoiiooιo ιiooooooio 1010201i10 
oooooooioι 100000000i 0010i01010 201i000010 
ιiooiooooo 1000i0100i 001i000010 1020i01000 
1010i20010 ooιoooiooo ooooooιioo ιiιoioιooo 
ooιoiooooi 1000001100 0000i01010 iiιoooioιo 
ιoiiooιooo ooιiioooιo 001030001i 1ooooi1oio

ιoooioooιo oooooioiιι 1000000020 ιoιoioιoιi 
iiιoooooιo 0000201000 ιiιoioιioo 0000000010 
ooiiooιooo 101i200010 00100ii010 oooooooooi 
1010101i10 0000000010 ιooooiιooi 1000101000 
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3θioioιoιo oiιiioooιo ιoioooooio ιoιiioιoιi 
ooooiooon ιoiooioooo ιoιoiiooιo ioιooooioo 
ιoooioιoio ιiιoioιooi ooιoioooιo ooioooiιoo 
ιiιoioooιo ioooooooιo 0002001000 1010300010 
ooιooιoooi 1000000000 ιoioioιiιo ooιooiiooo

ιoooooιoii 0010i01010 ilιoioooιo 1iooio1oio 
ιoooioιiιo 000i000011 ooooiooooo 101iii1010 
i010002010 1oooio1ioi ιoιoioιoio 000000001i 
ιoiooiιooo ooιoiooooo 0i10000010 oiioooιooo 
101i201010 ooιoiooioo 10000i1000 ooooioooιo 
ooιiooiiιo ιoooooooio 0010i01012 0010i00010 
ooioooιoio ιiιoiiιoιo 0010000001 ιooioooooo 
1i10201010 ioιoiiooιo ιoooiooioo ιoιoioιioo 
ioιooooooo 10ii001002 ιoιoioioιo ioιoooooιi 
oiooooιooo ιoioioιoιo ooιioioooo ιoooioιoio

1000ii1010 0i10002010 ιoooioιioo ooιoioιioo 
ooιoioooιi ooooooιoio 0011i01010 oiooooioιι 
ιoiooooooi 101ii01010 ioooioooιo 1000i21000 
ιoιoioooio 0010000i10 ιiioooιoio 101020001i 
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In Tables I and II below, in addition to pairs of numbers 

-(iO+θ7+0), meaning - ≠ + ≠ , and

meaning + ∙ψ - -φ , there will be found the

unpaired numbers (15) and (66) in the one and (19), (229) 
and (1891) in the other: to understand how these are got, 
it should be observed that Sn (the sum of the first n numbers 
in Table B) first becomes 0 when n = 15, first becomes — 1 
when n =66 and first becomes 2, 3, 4 when n = 19, 229, 1891 
respectively.*

Table I. Table II.
+ (i5)

- GO + (22) + OS) ~ (17) - (19)
“ (19) + (21) + (21) - (31)
- (23) + (26) + (26) - (29)
- (29) + (35) + (33) - (43)
- (41)+ (45) + (44) - (61)
~ (47) + (52) + (θ3) - (73)
- (59) + (65) + (66) + (θ5) - (71)
- (67) + (78) + (75) - (103) - (229)
- (79) + (418) + (242) - (271)
- (107) + (135) + (285) - (323)
- (210)+ (275) + (385) - (421)
- (289)+ (385) + (385) - (439)
- (419)+(2068) + (440) - (493)
- (521)+ (585) + (494) - (571)
- (629)+ (795) + (770) - (841)
- (839)+ (936) + (1155) - (1273) - (1891)
- (1049) + (1144)
- (1717)⅛ (1925)

* Call Σ the sum of the infinite series given by Table B : it may then easily be 
verified that {ψ∙ {x}- Σ}-∣ψ +(y0j may resolved into term-pairs of the 

form — ψ + ψ (^^Tθ) s^ιa^ conta^n am0ng them all those in Table I, and

{ψ (x) - Σ} + {ψ (g) + ψ (⅛) + ψ (jg1)}

www.rcin.org.pl



118 PROF. SYLVESTER. ON ARITHMETICAL SERIES.

The reasoning employed in dealing with previous schemes 
serves to show that superior and inferior asymptotic limits 
to ψ (<r) ÷ x, which we shall call El, Fλ in order to distinguish 
them from the corresponding optimistic limits (E, F)1 may be 
found from the equations

F1 = M+aE1 - bFi}
Fλ=M+cFl - dEi∖'

where a is the sum of the reciprocals of the numbers occurring 
in Table I. with the sign ⅛

» )> jj
c „ „ Table II. „ +
i? υ » »

and M is the stigmatic multiplier.
viz∙ α≈⅛ + Γι + ⅛+..........+ 5⅛8 = '38352 ->

i=⅛ + ⅛ + Γ3+-+i⅛ = ∙3058θ∙- 

c=⅛ + r14⅛+-+i⅛=∙26966∙∙- 

<*=117 + ⅛ + ⅛ +..........+ I⅛ι='27712-* '

and log2+log3 +Jlog5 + y log7

+ ∩ log 11 + ⅛ log13 + ⅛ log 3s5 + J⅛i log 1001

- '1 log6-^IoglO-∩ logl4-log 105 = *98859 ... .

+

into term-pairs of the form +ψ — ψ ^+θ} that ■ shall contain among them all 

those in Table II above.
[The maximum value of Sn is here 4: if it had been 2, then instead ot 

8 unpaired positive terms appended to {ψ∙(as)-Σ} there would.have been but 1. 
This is what happens for the scheme [1,15 ; 2, 3, 5, 30] given in the footnote on 
p. 96 : and accordingly, we see that {ψ (a;) — Σ} + ψ , for that scheme, is

resoluble into paired terms of the form + ψ — ψ (t]^Zf7θ)∙ aSa7n> t^ιe 

minimum being 0 (instead of — 1), there will be but 1 unpaired negative term to 
append to {ψ(as)- Σ}, and accordingly, we see that {ψ (a:) — Σ} — ψ in that

scheme is resoluble into term-pairs of the form — ψ + ψ ∙

* The above values of «, δ, c, d give α + c = ,603... and ac — δd = ∙005..., and 
consequently the roots of the “ characteristic ” equation p2 — (a + c) ρ + (<m — bd) — 0 
satisfy the necessary condition of being each less than unity in absolute value.
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Hen oe -e'=(⅛γ⅞⅛=1'04423∙∙∙-

r, (l-a-d)M
ii — 7ι T7ι λ z7A = ,95695...,1 (1 - a) (1 - c) - db

[so that the mean of El and Fl is less than * *0006], and

τi, «1*09120....*
f >

Thus then, (see footnote to p. 9 of the May number) by 
taking x sufficiently great, the number of primes not 
exceeding x, multiplied by logo; and divided by a·, may 
always be made to lie between the numbers

1Ό4423... and *95695..., 
the divergences of which from unity are

,04423... and ,04304... (as against 
Tschebyscheff’s ,10555... and *07807...).

These divergences, there is little doubt, would become 
even more nearly equal than they are, if any one should feel 
inclined to undertake the very laborious task of extracting 
the optimistic value3 (jE,, F} from the scheme employed.

In order to understand this necessarily abbreviated sketch 
of a method more easy to think out and apply than to find 
language to express, I must not conceal that a careful study 
of the several schemes given, and of the principles embodied 
in the calculations relating to them, is a sine qua non. It may 
somewhat lighten the burden thrown upon the reader, if I 
add a few words concerning one or two points, perhaps 
inadequately explained in what precedes.

Let μ be the least common multiple of the stigmata of any 
given harmonic scheme and Sn the sum of the coefficients 
of ψ(√), ≠Q), ≠(f)>..........≠Q in the corresPθndιng

etigmatic series. Then from the last formula (p. 95) com-
bined with the equation which connects the stigmata, 
it follows that

I θ
* In tables I and II above, the ratio —- is greater than l∙09120... for every

*)
pair of terms except - (1049) + (1144) in table I. In the case of this pair, we 
have -⅛⅜⅜= l∙0905..., which shows that the exclusion of it from that table would 
have led to asymptotic limits better (but γeι,y slightly so) than those arrived 
at in the text.
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Hence an infinite number of values of n will give Sn its 
greatest value; the difference of these values will be of 
the form kp — p' where g may, and in general will, besides 
zero have various other values less than μ, thus giving rise 
to the collections of terms called groups (see p. 94) of which 
the period of p terms will be composed. The same will 
be true when we substitute the word least for greatest.

If now i be taken any number such that Si has its 
greatest value it may be shown that the sum of all the 
terms in the stigmatic series subsequent to the one containing 

will be negative or zero, and similarly when Si has its

least value such sum will be positive or zeroconsequently 
when i is properly determined we can find immediately a 
superior limit in the one case and an inferior limit in the 
other, to the sum of the first i terms of the series.

I will conclude this portion of the subject with the remark 
that from the values of El and Fχ it is easy to infer that 
if p is equal to or less than (,95695...) k — (1,04423...), and 
x exceeds a certain ascertainable number whose value 
depends on k and p, then between x and kx there will be 

found more than p - primes.j^

* The reason of this is that the sum of all the terms beyond the ιth may be 
separated into partial sums, each containing μ terms, which ultimately vanish.
If now γ1 (⅛ + i+1) + γ2(∕i∕ι+1 + 2) +.........γfpkμ. + i + μ') be one of them, then
<y, ÷ γ2+.........+ γt will be zero when t = μ, and will have a constant algebraical sign
(or else be zero) when t <μ∙, from which it follows (see footnote p. 109 where, be 
it observed, a coefficient + λ or — λ is supposed to be represented by a sequence 
of λ black or λ white beads) that each partial sum may be decomposed into an 
aggregate of quantities of the form + (>}) —pj + θ) or — (t]) + (u + 0) according as 
the first coefficient in each such sum is positive or negative, and will therefore, if 
not zero, have the same algebraical sign as that coefficient has, viz. — or + according 
as Si has its greatest or least value.

f In order that μ may be positive (which ensures the existence of some primes 
between x and ∕c.τ, when as exceeds a certain limit) it is only necessary to take 
k > l∙09120... (which differs very little from -}⅝), whereas if we limited ourselves 
to the results of the oft-quoted memoir of 1850, we could not prove the existence 
of prime numbers between x and kx, for a given value of x, however great, 
unless k exceeds ⅝.
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