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88 PROF. SYLVESTER, ON ARITHMETICAL $ERIES.

Chapter 1.

ON THE ASYMPTOTIC LIMITS TO THE NUMBER OF PRIMES
INFERIOR TO A GIVEN NUMBER.

§1. Crude determination of the asymplotic limits.

Call the sum of the logarithms of primes not exceeding x
(any real positive quantity) the prime-number-logarithmic
sum, or more briefly the prime-log-sum to z, and the sum of
such sums to z and all its positive integer roots the prime-
log-sum-sum, which in Serret is ealled i (z).

Then it follows from elementary aritbmetical principles
that the sum of this sum-sum to z and all its aliquot parts, v e.

$(@)+9(3)+9(5) +-

[which we may call the natural series of sum-sums and denote
by 7'(z)], is identical with the logarithm of the factorial
of the highest integer not exceeding =, and accordingly
from Stirling’s theorem may be shown to have for its
asymptotic limit # logz — =z, the superior and inferior limits
being this quantity with a residue which, as well for the
one as for the other, is a known linear function of loga.
Serret, Vol. 2, p. 226.
If now we take two sets of positive integers,

P P'I P”! "'; a9, g’? fl"a e |

(together forming what may be termed a harmonic scheme)
meaning thereby that the sum of the reciprocals of the
pumbers in the two sets is the same, and extend the 7' series
over x divided by the respective numbers in each set and
take the difference between the two sums thus obtained,
there will result a new series of the form

n=® ) f\
Timy(3),
of which the asymptotic limit will be 2 multiplied by
5 logp _ 5logg
p q
and the value of /(n) will be

1

s i_zi,
ya q:
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PROF. SYLVESTER, ON ARITHMETICAL SERIES,
The stigmatic series arranged in sets in two different ways

then becomes as a first arrangement
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PROF. SYLVESTER, ON ARITHMETICAL SERIES, 95

groups may be resolved into pairs, whose sum will be
necessarily positive in the one and negative in the other.

Thus, ex. gr. in the first arrangement the last but one
of the groups may be resolved into the pairs

(i) ¥ () + () - # () # ()~ # 5wo)»

each of which is equal to zero or a positive quantity. Seo
the eighth group of the second arrangement is resoluble
into the pairs

~(5) + ¥ ()5 ¥ () + ¥ ().

each of which is zero or a negative quantity.

It may be as well to notice in this place that the sum
of the coeflicients, reckoning from the first term of the
outstanding group to the term whose denominator is =, is

i=n t t
z 2 (_. _"'.)1
t=0 ‘P* g

which by virtue of the obvious identity,

= (@-20)
{5 (2)-2(2).

This formula supplies an easy and valuable test for
ascertaining the correctness of the determination of the
coefficients up to any given term in the series.

These observations may be extended to any barmonic
scheme whatever: for it will be observed that

2{2(3)-#(3)}

13 a periodic quantity, and therefore possesses both a maximum
and a minimum; whence it is easy to see that, by taking
the outstanding group of terms sufficiently extensive, all
the remaining terms in either kind of arrangement may be
Separated into groups similar to those above set out; viz.,
such that the complete sum of the coefficients in each group
rom its first to its end term is zero and up to any

is equal to
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PROF. SYLVESTER, ON ARITHMETICAL SERIES. 89

attention to this simple but important circumstance which had
strangely escaped my attention previously]. To integrate the
equations in u, v we have only to write

v=V.+F u= U+ E,
F(l-4)+#HE=D, V,=0p' +0p',
VPt (1-3— 1) E=D, U=Kp' +Ep;
and to take for p,, p, the two roots of the equation
P=3'n 1% =p'- (d +1o+4%) P +ox (3 + o) —2b3=0,
LI b
v.e. P = fisp + chiis=0.
The roots of this equation being each less than 1,

on making {=w we obtain v, =F, u_=E, where E, F are
deduced from the two algebraic equations

$1F+ o= D,
}F+1}E=D.

This gives
¥ 137 x 145 19865
7= -1+ (- )= X108 190,

(Compare Amer. Math. Jour., Vol. 1v., p. 242)
E=$3518D = 1.0765779...,
F=§4313D =9226107...;

whence we may infer that  (®) may be made intermediate
between two known functions ua + r(loga), va+ s (loge),
where u, v, may be brought indefinitely near to the numbers

1:0765779..., *9226107...;

and the supplemental terms are quadratic functions of logz
depending upon the value of 7 that may be employed. We
may, therefore (subject to an obvious interpretation), treat B

1; {45‘1] %
‘—-——I‘ o

and F'as asymptotic limits to

¥ For the complete analytical determination of the limits to  (z) see §3 of
this chapter.

By making 1 sufficiently great u;, v; may be brought indefinitely near to E, F:
furthermore, when thesu perior and inferior limitsof s (z)+ are expressed as functions
of  aud ¢ of the form mentioned in the text, these limits may, I’E. e
sufficiently great, be brought indefinitely near to uy v, and therefore to &, F, which

tnerefgne speak of throughout as asymptotic limits to Jr () + . But more strictly
the optimistic limits actually arrived at are E’ as little as we please greater
bhan £, and F” as little as we please less than F.

H2
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PROF. SYLVESTER, ON ARITHMETICAL SERIES. 101

itself, but it will not always be possible to do this when we
are dealing with any harmonic scheme,

Thus ex. gr. from the fact that the minor arrangement of
the stigmatic series corresponding to the scheme [1, 6, 10,
210, 231, 1155; 2, 3, 5, 7, 11, 105] has (1) + (13) for its out-

standing group (see p. 104), we may deduce that § (z) + (%)

has Nz for its inferior asymptotic limit, but are unable from
this arrangement to obtain an initial inferior asymptotic limit
to ¢ () itself, and still less shall we be able to obtain an
initial superior asymptotic limit to ¢ (xz) from the major
arrangement of the same stigmatic series. It is therefore
important to notice that the final asymptotic limits arrived at
by the method explained in this section, depend only on the
stigmatic multiplier and the coeflicients of the stigmatic series,
being quite independent of the #nitial valnes employed, so
that in the general case we may start from any given

3 .
asymptotic limits to "ét) , however obtained, without thereby
producing any effect in the final result. The limits
u,=2 log2 and v, =log2 obtained from the scheme [1; 2, 2]
will do as well as any others for our initial asymptotic

limits to M, and we may, by substituting these limits
&

in the retained portion of the stigmatic series, arrive at new
limits u,, », which in their tarn will give rise to fresh limits
%, v, and so on, We shall in this way obtain a pair of
ifference equations (connecting w,,,, v, with u, v) which
will be of the same form as those given on p. 98, and it is
to be noticed that in the solution of these equations, viz.
u=Cp'+ Cp'+ E, v,;=Kp'+ Kp'+F,
only the values of C, C,, K, K, will depend on the initial
valnes of u, »; so that, provided the roots of the quadratic
In p{which are always real) are each less than unity, we may,
by taking ¢ sufficiently great, make u, and v, approach as near
a5 we please to £ and F respectively; ¢ e. as near as we
Please to two quantities whose values depend solely on the
stiginatic series employed. .
The positive and negative divergences from unity of the £
and £ previously found are respectively

“0765779..., "0773893...;
these divergences as found by Tschebyscheff being
*1055504..., 0787080,
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PROF. SYLVESTER, ON ARITHMETICAL SERIES. 103

Hence, in approximating to the superior limit, we may
write

Uy =M+ (f5+ 5+ +als+as +Hrdot o tabo) %

— ([t tar A ol H sl

2°. In the second arrangement, the first group in the
periodic part being — (14)—(15)+ (17)+ (19), and {} (and
a fortior: }3) exceeding the regulator, all these terms are to
be preserved.

n addition to these, we shall find in the first period the
available couples — (20) + (73) and — (110) + (139), and in the
second period —(230)+ (283); no other couples will be
available, and accordingly, we shall have

=M+ (5 +1s+ s+ t1iot o) o
= (fr+ 1% + s + 75 + 1iv +ods) %
If then we write a, & for the coefficients of u,, — v, in the first,

and ¢, d for the coefficients of v, — u, in the second of the above
equations, and make u,= U, + £, v,= V,+ F, we shall obtain

u,= O‘P‘ ar OIPI.‘ ol El
= KP‘ + Ifxpl"i' F'!
where p, p, are the roots of the equation

p—a, b|=0
d ,p-c
t.e. p'—(a+c)p+ (ac- bd)=0,

and E, F are subject to the equations
(1—a)E+bF=M,
, dE + (1 —c) F=M,
which give e
1-b-=¢ 1l—a-
TSI -c}_bd‘v’ Lhe (1—a)(l—0) =t Bk
On performing the calculations, we shall find
a="29633..., b='24973...,
c="30153..., d="30371...,
1-b—c="44873..., 1 - a—d="39995...,
ac =08935..., bd =07584...,
a+c="59786..., (1 - a) (1 - c) - bd="41563...,
Py p, Will therefore be the roots of
o7 —*59786p + 01350 = 0,
Wwhich are each less than unity.
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106  PRUF. SYLVESTER, ON ARITHMETICAL SERIES.
from which, writing
(1-a) E+bF=M,
we shall find
U, = OP‘ A OxPl‘ + E,
v,= KP"" ‘Klpl‘ ar ‘F?
where p, p, are the roots of
[ p-a b
I3 P="
e p—(a+y)p+ay-bd=0.
The values of a, b; v, 8.are respectively
*2963346..., '2497346...; °2992774..., -3107808...,

from which we see that p, p, being each less than unity
the values of u_, v, will be K, £

=0,

(-9 M-BN
where E_(l Y TN
F (1-a) N-M

T(-ag)(l-v)-88’
and on performing the calculation it will be found that

E =10551851..., = 9461974,
Also q=§.= 1'11518...,

which being greater than the assumed regulator, but less than
any of the retained ratios ﬂ%, the results thus obtained are

optimistic, 7.e. no better can be found without having recourse
to some other harmonic scheme.

The advance made upon the determination of the asymp-
totic limits beyond what was known previously is already
remarkable. Tschebyscheff’s asymptotic numbers stood at

1°1055504...,
*9212920...,
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110 PROF. SYLVESTER, ON ARITHMETICAL SERIES.

which, as explained in the preceding section, may be
replaced by

¢(z)>A.r-§log:-1+¢(%)—¢(2—;)...... ...... ),
Y@ <dz+flogz+y (3) -4 (F)+¥(5) @

If now we assume
Y(z)>p.da+q,(logz) +r (logz) +3; .ece..u(3),
Y (z) <t Az +u,(logz)* + v,(logz) + w, «evrn.(4),
we obtain, by combining these inequalities with (1),
Y (z)> Az ~§logx -1
+ 4 pdx+ g, (logz —log24)’ + r, (logz — log 24) + s,
— %5 t Az —u, (log x — log 29)" — v, (log z — log 29) = w,.
Say ¢ (2)>p., 42+ g, (log2)* +r,,, (log &) + 5,419
where
Pn=v10— Tt + 1,
G =% ¥y
T =1, =V, + 2u, log29 ~ 2¢g log24 — §,
8., =8, —w,+ g, (log 24)"~ u, (log 29)*—», log 24 + v, log 29 - 1.
Similarly, combining (3) and (4) with (2), we find
Y (z) <Az +§ logx
+ 3t Az +u (logz—log 6) +v,(logz —log 6)+w,
= $pdx =g, (logz—log 7)'—r, (logx—log 7)—s,
+ 75 t Az + u, (log z — log 10)* + v, (log z — log 10) + w,.
Say Y () <t,dz+u,, (logz) +v,, (log2) + w,,,
where
ta =154 Pt 1,
Uy =24~ g,y
Uiy =20, = 7, + 2¢, log7 - 2u, log 60 4 §,
W, = 2w~ 5, ~ ¢,(log7)"+u {(log6)*+(log10)’}+7,log7—v,log60.
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PROF. STLVESTER, ON ARITHMETICAL SERIES. 111

These, together with the 4 given above, constitute a set
of 8 difference equations for the determination of p, ¢, r,
84 ty u, v, w. Their initial values are furnishef by the
inequalities

Y(2)> Az —§loga—1

; |
Y(x)<§de+ s (logz)* + § log.z + IJ (Serret, p. 236),

which give
Po=1) Qn=0 3 ?‘0=—g, sn=_l?
5
=% %= Tog6? %= Hhw= 1L

The values of p,, ¢, will be found to be

=|__..I_ — i i "y 1 (p'_p‘ )

Pi= 50999 {51072 363 (0" + p,) — 47555 m}‘);:
f= 59595 + 801 (p* + p,") + 190§85% (P‘;Pl‘)}
© 50999 ' W\ o=p, /]

where p, p, are the roots of the equation
1
-1 (=) =5

and it is easy to verify that these values (which agree with
the general ones, involving arbitrary constants, obtained in
the preceding section) satisfy the initial conditions
P=1, pr=v4P— g5t + 1=1 53505
to-—'.'%, t, =1%t, —tp, +1=1%.
The values of ¢, and u,, obtained from the equations
Qn =G~ % Uy =20, — g,

with the initial conditions ¢,= 0, u,=

° " 4log6’ o

5 f(ai-a
4=~ Tloge (a'_-:?') A
5 Py L g
ﬂ‘.=-é-—l—6-g—6 (a +a +a—_a—_,) ¥
Where a, a™ are the roots of the equation

a'—~3a+1=0.
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112 PROF. SYLVESTER, ON ARITHMETICAL SERIES.

The values of r, s, v, w, are linear functions of ¢,, u
whose coefficients are linear functions of 7 in the case of
r, v, and quadratic functions of 7 in the case of s,, w,.

Thus we find, when the constants are properly determined,
ro=—(2logb+A)u,+ [k— A= 2log29+logb— (¢ + )i} g,
v,= (8logb6—xi)u, +(2logl0+A—2c—2Ai)gq, -5,

: _ 24’ 60") . @ {24‘.60)
where x_§log\--——_‘,'__‘u ] X—glog\—w——#_;,.zgs .

The substitution of these values of », and v, in the
equations for determining s, and w,, will give a pair of
equations of the form :

Sp=8—w, + (a+ be‘) q:.t (c+ d") U= (1+3 |0g29),
1w, =2w,— 8, + (e + fi) ¢, + (g + k) u,— § log 60,
where a, &, ¢, d, e, f, ¢, k are known constants, and g, u, are
known linear functions of o, a™.

Ez. gr. the value of a is
(log24)*— (k—A—2log 29+ log 6) log 244 (2log 1042 —2«) log29.

From these equations we sbould obtain a result of the
form a3 1,

s=Qad+Ra'+ O,

w,= Qo'+ Ra”+ O,
in which C,, O, are constants and @,, @, E,, B, quadratic
functions of 7, but the complete determination of these would
occupy too much space to be given here.

Sequel to Part 2, Chapter 1, §2,

Since §2 of this chapter was sent to press I have had
asymptotic limits to ¢ () = computed by means of a scheme
whose stigmata contain simply and in combination all the
prime numbers up to 13 inclusive. The numerical results

- obtained on the one band and on the other the process
employed to determine & priori (so as to save the labor of
working out the 30030 terms of a complete period) the
minimum and maximum values (— 1 and 4) of the sum of the
coefficients of any number of consecutive terms (the first
included) in the stigmatic series proper to the scheme, appear
to me too noteworthy to be consigned to oblivion.
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