
( 49 )

RECURRING RELATIONS INVOLVING SUMS OF 
POWERS OF DIVISORS.

(Third Paper).

By J. W. L. Glaisher.

Introduction, § 1.

§ 1. Two papers which were published under the above 
title in the last volume of the Messenger (pp. 129, 177) contain 
recurring relations connecting together the functions

σm (w)> σm (w~1), σm (w"3), σni (n-G), ...

σm→(O, σm-Λn-1)j σm→(n"θ), —
............................. *............................................ . .............................. ..

where n is any number, m is any uneven number, σm(n) 
denotes the sum of the wzth powers of the divisors of n, and the 
numbers 1, 3, 6, ..., which occur in the arguments* are the 
triangular numbers.

The present paper contains results of a similar character to 
those given in the second of these papers, the principal differ-
ence being that the functions involved are not only of the 
form σnι(rc), but also of the form nrσm(n).

Formulce involving σ (n), nσ (rc), n,σ (w), &c. §§ 2—4.

§2. The group of theorems that I have obtained may 
be written

I.
σ («) — 3σ (n - 1) + 5σ (n - 3) - 7σ (n - 6) + &e.

= [(-i)i'zu'∙⅛].

II.
σa(w) — 3σ3(n — 1) + 5σ3(n - 3) — 7σi(n-G) + &c.

~ 2 [nσ (n) — 3 (n — 1) σ (w — 1) + 5 (n — 3) σ (n - 3) — &c.}
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50 DR. GLAISHER, RECURRING RELATIONS INVOLVING

III.
σ5 (ft) - 3σ, (n— 1) + 5σg (n — 3) - 7σg (n — 6) + &c.

- 10 [nσa (n) — 3 (n — 1) σ3 (n — 1) + 5 (n — 3) σ8 (n - 3) — &c.} 
+ 4gθ (n3σ (w) — 3 (n — l)2σ (n — 1) 4- 5 (ft - 3)2 σ (n — 3) — &c.}

= [(- 1)i,* *,,⅞τ] ∙

IV.
σ7 (ft) - 3σ, (n - 1) + 5σ7 (w ~ 3) - 7σ7 (n - 6) + &c.

- -∣- {w σ8(w)- 3 (w — 1) σ5(w - 1) + 5 (n — 3) σg(ft-3)-&c.} 
4 7h e. {naσ-3(γl~^ _ 3 (w_ l)aσ8(w — 1) + 5 (n — 3)2σa(n- 3) -&c.}
- 168 {ft8σ (ft) - 3 (ft - l)8σ (ft — 1) + 5 (ft — 3)aσ (n — 3) - &c.}

= [<-l>i^⅛∣∙

V.
σ9(ft) - 3σθ (ft — 1) ⅛ 5σ9(ft - 3) - 7σθ(ft - 6) + &c.

- 50 {ft σ7(w)- 3(ft∙~l) σ7(w- 1) + 5 (ft- 3) σ7(ft -3)-<fcc.J 
+ 720 {n2σ5 (n) - 3 (« - l)2σg (ft - 1) + 5 (w - 3)2σs (w - 3) - &c.}
- 3360 {ft8σa(ft) - 3 (ft - l)8σg(ft - 1) + 5 (ft - 3)8σa (ft - 3) - &c.{ 
4-3360 {ft4σ (ft)-3(ft-l)4σ (ft-1) + 5 (ft - 3)4σ (w-3)-<fec.}

= [(- 1)1'w⅞r] ∙

When η is not a triangular number, the right-hand member 
in these equations, which is inclosed in [ ], is equal to zero; 
but when ft is a triangular number, ⅛y (g + 1), the right-hand 
member is to be included,/being = 2g + 1. Thus /may be 
defined as the coefficient of σm(0) in the first series, when this 
term occurs*.

* When n is a triangular number, y2 = 8w+l; we may therefore dispense 
with the additional term entirely in these formulse (the right-hand member of the 
equations being then zero in all cases) if we assign to σ (0), σ3(0), &c., the values :

σ (0)= ⅜w,
‘ zλ, _ (8re + l)2-1

σ3(θ)--------- 240----- ’

,λx (8« + l)’-l
*5(θ)- ------504----- ∙

,λx (8n + l)4-1
σ?(θ)-------- 480“’

(8n+1)5-l 
σ9(°)= ----- 264------∙

Only one such term can occur in each formula, as all the terms of zero argument, 
except the one which has the highest suffix, have zero as coefficient.
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SUMS OF POWERS OF DIVISORS. 51

§ 3. As numerical examples of the formula?, let n = 5 and 6, 
so that∕= 7, in the latter case; we thus find :

I.
σ (5) — 3σ (4) + 5σ (2) = 0; 

σ (6) - 3σ (5) + 5σ (3) = √i (78- 7).

II.
σs(5) -3σ3(4) +5σ8(2)

— 2 {5σ (5)- 3.4σ (4) + 5.2σ (2)} = 0;

*8(θ)-∙X(5) +5σ8(3)

- 2 {6σ (6) - 3.5σ (5) + 5.3σ (3)} = - (7ε - 7).

III.
σ^5(δ) -3<γ5(4) i+5σs(2)

- 1° {5σa (5) - 3.4σ3(4) + 5.2σ3(2)}

+ ⅛θ {53σ (5) - 3.43σ (4) + 5.23σ (2)} = 0;

σft(6)-3σ5(5) ⅛ 5σ5(3)

-10 {6σ8(6) - 3.5σ3(5) + 5.3σs(3)}

+ ⅛θ {63σ (6) - 3.52σ (5) + 5.33σ (3)} = κ⅛ (7τ - 7).

IV.

σ7(5)-3σ,(4) + 5σ7(2)

~-∣-i5 σ5(5)-3.4σ5(4) + 5.2σ5 (2)}

+ W<√5) - 3.43σ3(4) + 5.23σ3(2)}

- 168 [53σ (5) - 3.48σ (4) + 5.23σ (2)} = 0;

σ7(6)-3σ7(5) + 5σ7(3)

~iF{6σ6(6)-3.5σi(5) + 5.3σ5(3)}

+ ςF {β2o∙a (θ) - 3.53σ3 (5) + 5.33σ8 (3)}

- 168 {68σ (6) - 3.53σ (5) + 5.38σ (3)} = - 1⅜7 (79- 7).
e2
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52 DR. GLAISHER, RECURRING RELATIONS INVOLVING

V.

σ9(5)-3σ0(4) + 5σβ(2)
- 50 {5 σ7(5) - 3.4 <r7(4) + 5.2 σ7(2)}

+ 720 {53σg (5) - 3.42<r5 (4) + 5.23σ2 (2)}

- 3360 {53σ3 (5) - 3.43σ3 (4) + 5.23σ3 (2)}

+ 3360 {54σ (5) - 3.44σ (4) + 5.24σ (2)} = 0 J

σθ(6) - 3σβ(5) 4 5<γ9(3)

- 50 {6 σ7(6) — 3.5 σ7(5) 4 5.3σ,(3)j 
+ 720 {6sσs (6) - 3.53<γ5 (5) 4 5.33σe (3)}

- 3360 {63σs(6) - 3.53σg(5) 4 5.3sσ3(3)}

+ 3360 {64σ (6) — 3.54σ (5) 4- 5.34σ (3)j = (?U “ Ό·

§ 4. In the above formulas all the series are of the form

<∕> (w) - 3φ (ft - 1) 4 5<∕> (w — 3) - 7<∕> (ft - 6) 4- &c.,
but the functions occurring in the successive series are of the 
forms σja(w), ftσjn-2(ft), ft2σn,4(ft), &c.; in the formulae given 
in the second of the papers, referred to in § 1, the functions are 
of the simpler form σni(w), σm-2(ft), σwι-4(ft), ..., but the 
coefficients in the successive series are 1, 3, 5,...; 18, 38, 53,...; 
16, 36, 5β, ..., &c.

Corresponding formulae involving σ (ft) only, §§ 5, 6.

§ 5. For the sake of comparison I now give the corres-
ponding formulae derived from the general formulae on p. 181 
for the cases m = 1, 3, 5, 7, 9.

I.

σ (ft) - 3σ (ft — 1) + 5σ (ft - 3) - 7σ (ft - 6) + &c.

= [(-ι)i,z+,,∙⅞i]∙

II.
σ3(ft) — 3σ3(ft — 1) + 5σ3(ft — 3) — 7<r8(ft — 6) 4 &c.

+ ⅜ (σ (ft) - 38σ(ft - 1) 4 53σ(ft - 3) - 73σ(ft - 6) + &c.}

= [(- ∙
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SUMS OF POWERS OF DIVISORS. 53

III.
σ6(w) - 3 σ5(n - 1) + 5 <rs()j - 3) - 7 σj (n - 6) + &c.

4 I {σa(w) “ 33σa(w - 1) + 53<γ8(w - 3) - 73eτfl (w - 6) + &c.}
+ y⅛ {σ (n) — 3βσ {n — 1) + 55σ (w — 3) — 75σ (n — 6) + &c.|

-[(-,)-'y-ιi⅛r-ιη∙
IV.

σ7(w) - 3<z7 [n - 1) + 5σ7 (n-3) - 7 σ7(n- 6) + &c.

+ I {σ5(w) “ 38<7s(w - 1) + 58σjn - 3) - 73σl (n - 6) + &c.}

+ ι⅞ iσ3(rc) “ ^σ9{n “ 1) + 5sσ-3 (n — 3) — 75σf, [n - 6) + &c.}
+ g⅛ {σ (n) - 37σ {n - 1) + 57σ (« - 3) — 77σ (n — 6) + &c.}

- Γf- 35/9 ~ + 294/8 ~ 560/3 + 336≠~1
Lk ‘ 161280 J ’

V.
σβ (n) - 3 σθ(n - 1) + 5 σ9(w - 3) - 7 σ9 (n - 6) + &c.

+ 3 {σ7 (w) - 3sσ7 (n - 1) + 53<γ7 {n - 3) - 73σ7 (n — 6) + &c.}

+ f o iσ5(n) “ 3*σs(w - 1) + 55σ5(n - 3) - 75σ5 (n - 6) + &c.| 

+ A KM “ 37σ8(rc - 1) ÷ 57σθ(w - 3) - 77σs (w - 6) + &c.}
+ {σ {ny) — 39<γ (w — 1) + 50σ (n — 3) — 79σ {n - 6) + &c.}

β Γ(- 1^÷D 15/11 ~ 55∕9 + 264/7 ~ 105θ∕s +2 W3 ~ 128°∕Ι k
J_ 337920 J

§ 6. These formulae are particular cases of the general 
theorem givenon p. 181 of Vol. XX; but I have not obtained 
the general theorem to which the formulae in §2 belong. 
The latter results were obtained by a somewhat complicated 
method which does not seem likely to lead readily to the 
general formula. It will be noticed that in the formulas 
of § 2 the additional term, on the right-hand side, is especially 
simple, the expression involving f being of the form fp - f.

The first equation is common to both systems of results, 
and also to the system given in the first paper (dZessem/er, 
Vol. χχ., pp. 129).

Before considering further the relations between the systems 
ln 88 2 and 5, it is convenient to give an account of a notation 
which I have found useful for the representation of the series.
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56 DR. GLAISHER, RECURRING RELATIONS INVOLVING

III.

Jσs (η) - WJ{nσ, («)} + ⅛> J{n'σ («)) = [(- ,

IV.
Jσ∙7 (w) _ J{wσ-5 ζn)J + 7 6 QJ {√σ-3 (w)}

- 168∕(√σ (»)) = [(- 1)««>¾∩ .

V.
Jσθ (n) - 50./{nσj (w)} + 720J^{wsσf, (w)J — 3360e∕{n8<r3 (n)}

+ 3360J{n'σ (n)} = [(- l)i≠">¾∩ .

Io the same notation the formulae of § 5 are

I.

Λ(m)=[(-1)K*>>∕≥<].

II.
Z<rs(n) + μ,σ(n)= [(- 1)^·) Κ??ζ + ^ .

III.

A> («) + ⅞Λσ3 (n) + ⅛ j,σ 0)

-[(-.)■" y,-ιiζ÷y,-ιη.
IV.

jσt (W) + l∙73σ5 (n) + T7<√5σ3 (z2) + Λ*Λσ (W)

Γz 1 Mt∕∙+υ 35∕9 - 105∕τ + 294∕8 - 560∕3 + 336/1
- [(- l)il ------- —-------iθi280--------------------J ∙

V.
Jσ9 (n) + 3Jiσ1 (n) + f p8σ5 (n) + 1⅜J'7σ3 (w) + ^-sJ9σ (w)

= Γf- lW∙+1> 15∕π-55∕9 + 264∕7- 1056∕s+2112∕3- 1280/Ί 
∣∕ ' 337920 J *
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SUMS OF POWERS OF DIVISORS. 57
Values of Jnφ (ri)1 Jrn2φ (n), &c. in terms ofJφ(n),

J φ (n)1 <βc., § 12.
§ 12. We have

J{nφ(n')}=nφ(n)-3(n-l')φ(n- I) +5 (n — 3) φ(n-3) — &c, 
≈n{φ (n) — 3φ (n-V) + δφ (n — 3) — &c.}

+ 3φ (w - 1) - 5. 3≠ (n - 3) + 7 .βφ (n - 6) - &c.
= nJφ (n) + J'φ (n).

Similarly, we find
J {n2φ («)} = n2Jφ (n) + 2nJr'φ (n) + J"φ (w),
J {n3φ (n)} = n3Jφ (w) + 3rilJ'φ (w) + 3nJ"φ (ri) + J"'φ (n)i 

and, in general,

J[nrφ (w)j = {nrJ^+ rnr~1J' + lL∑±) n^j" +...+ ∕(r)j ψ (w).
XU ∙

By means of the formulae in § 10, we can pass from 
J'i J"i &c. to Jr3, J5, &c., and we can thus express the formulae 
in § 2 by means of series of the form Jm φ (n).

Relations between the two systems of recurring formulae, §§13-18.

§ 13. Taking the second formulae of § 2, viz.,

Jσ,(n)-ij{nσ(n)} =(- l)*w>⅞∕, 

we have

Jσ3 (n) - 2nJσ (n) - 2J'σ (w) = ^(- l)i√uυ∕LZj ∙

Now j∙σ(w)=Γ(-i)l(^υ∕j∑Z .

∕2 — 1and, when n is a triangular number, ⅜¾ =■--■— .

Thus,

∙,'. «-w. w.[(- s ---^,2.v'ι}]
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58 DR. GLAISHER, RECURRING RELATIONS INVOLVING

Now, by § 10,

Z≠(r≈) = i(J1-Λ)ΦW. 
bo that the above equation becomes

J<r,« + iΛ* « = [(- I)ii,t,' 3z^X+v] + (»)

= [<- ι)iι',υ r^X+2∙z] >
which is the same as the second equation of § 5.

§ 14. The third formula however in § 2 does not appear 
to be derivable from the formulas in §5. For, omitting the 
additional term which occurs only when n is a triangular 
number, i.e. assuming that n is not a triangular number, the 
third formula of § 2 is

*∕σ5 (w) ~ twσ8 (w)} + iτj{n'σ (w)l = θ)
that is,
Jσ5 (w) - 10 {nJσ3 (w) + J'σ3 (w)}

+ 450 {n2Jσ (n) + 2nJ'σ (n) + J"σ (w)} = 0∙

But Jσ (n) = 0, so that this equation is

Jσs (n) — 10ftt∕σ8 (zz)- 10<∕'σ3 (w) -I- 8~>nJ'σ (n) + (n) = 0.

§15. Now the second and third formulas of §5 when 
expressed by means of e∕v, J" are:

Jσ3 (n) — 2J'σ (n) = 0,

Jσi (n) — 2-gJ'σ3 (n) + 4J"σ («) + ⅜J'σ (n) = 0,
it being supposed as before that n is not a triangular number.

Subtracting the last formula in the preceding section from 
the second of these formulae, we find
⅛θ∙∕,σ3 (n)+ l0nJσ3 (n) — ^J"σ (rc)+∣J'σ (n) — 8^>nJr'σ (w) = 0.

Replacing Jσ3 (n) by 2J'σ (n), this becomes 

1z0J'σ3 (n) — 2^nJ'σ (w) + ⅜J'σ (n) — 2^J"σ (n) = 0, 

that is,
J'σ3 (n) = 2nJ'σ (w) - j Jfσ (w) + ⅛ J,'σ (n).

The presence of the factor n in the first term on the 
right-hand side of this equation shows that it cannot be 
obtained by combining the formulas of § 5.
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S U M S  O F  P O W E R S O F  DI VI S O R S. 5 9

§ 1 6. W riti n g  t h e s e ri e g i n t h e a b o v e e q u ati o n at f ull 
l e n gt h, a n d  di vi di n g  t h r o u g h o ut b y  3,  it b e c o m e s  

σ a  ( n - 1)  —  5 σ 3  ( n - 3)  +  1 4 σ θ  ( n - 6)  —  & c.

=  ( 2 w —  ⅜)  { σ ( n- 1)  —  5 σ  ( n —  3)  +  1 4 σ  ( n —  6)  —  & c.}

—  ⅛ 4 { σ ( n —  1)  —  1 5 σ  ( n —  3)  +  8 4 σ  ( n —  6)  —  & c.}  =  0,

w hi c h  h ol d s  g o o d  f o r all  v al u e s  of  n  w hi c h  a r e  n ot  t ri a n g ul a r 
n u m b e r s.

§ 1 7. T hi s  f o r m ul a m a y  b e c o n v e ni e ntl y e x p r e s s e d b y  
m e a n s  of  J1 a n d J a . R e pl a ci n g  J' a n d J " b y  ⅞  (J 1 —  * T ^ 8 ),  
a n d (J 1 - 2  J 3  +  e 7 8 ), a n d  p utti n g  J ∖ σ  ( w) =  0,  it b e c o m e s

*7 iσ 3  (W ) - j3 σ 3  (n ) =  ~  2 nj 3 σ  (n ) ~  2j3 σ  ( «) +  ∕√ 5 σ  ( «)*

B ut  ( b y §  5), J lσ a  ( n) +  ∣  J 3 σ  ( n) ≈  0,  

w h e n c e  w e  fi n d

J 3 σ 3 W  =  ( 2 W  +  I) j3 σ  (n ) “  M °  (W ) > 

t h at i s, w riti n g  t h e s e ri e s at  f ull l e n gt h,

σ s ( w ) ~  3 sσ 3  ( w - 1)  +  5 s < γ 3 ( n —  3)  - 7 3 < γ 3  ( n —  6)  +  & c.

=  ( 2 n +  ⅛)  { c r ( n) —  3 3 σ  ( n - 1)  +  5 3 σ  ( n —  3)  - & c.}

- ∕ θ { σ ( n) —  3 5 σ  ( n —  1)  +  5 s σ  ( n —  3)  +  & c.},

w hi c h  h ol d s  g o o d  f o r all v al u e s  of  n w hi c h  a r e n ot  t ri a n g ul a r 
n u m b e r s.

§  1 8. F o r  e x a m pl e,  p utti n g  n  =  4,  t hi s f o r m ul a gi v e s  

c r β  W  - 3 3 σ 3 ( 3) +  5 s σ a ( 1) = { σ ( 4) - 3 3 σ  ( 3) +  5 3 σ  ( 1)}

- ⅛i σ( 4)- 35 σ( 3)  +  5 5 σ(l)},

w hi c h  i s e a sil y  v e rifi e d.

T h e  f u n cti o n G,  § 1 9.

§  1 9. C o r r e s p o n di n g  t o t h e f o r m ul a e i n §  2,  w e  h a v e  al s o  
r e c u r ri n g f o r m ul a e i n w hi c h  t h e a r g u m e nt s of  all  t h e n u m b e r s  
f r o m 1  t o n  a r e  i n v ol v e d. T h e s e  t h e o r e m s c a n  b e  c o n v e ni e ntl y  

e x p r e s s e d  b y  m e a n s  of  t h e f u n cti o n 6 i, d efi n e d  b y  t h e e q u ati o n

( w) =  φ  (f) -, 2 φ( n ~ 1)  —  2 φ  ( n —  2)  +  3 φ  ( n —  3)

+  3 φ( n- 4)  +  3 φ  ( n ~  5)  - 4 φ  ( n - 6)  -...- 4 φ  ( n - 9)  

+  5 φ  ( n - 1 0)  +  ... + (- l)r-1 r φ ( 1),

m  w hi c h  t h e c o effi ci e nt of  t h e fi r st t e r r a i s u nit y,  t h at of  t h e 

n e xt  t w o i s 2, of  t h e n e xt  t h r e e 3, of  t h e n e xt  f o u r 4, a n d  
s ° o n,  t h e g r o u p s  of  1,  2,  3,  4,  ... t e r m s alt e r n ati n g  i n si g n.
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60 DR. GLAISHER, RECURRING RELATIONS INVOLVING

Recurring formulae involving the divisors of all the numbers 
from unity to ny §§ 20—22.

§20. Using the above notation and denoting by s what 
would be the coefficient of the term φ (0) if the series were 
continued one term further (so that, if r be the coefficient 
of φ(l), then s = r unless the term + rφ(f) is the last of its 
group in which case s = r + 1), we have the following 
formulae:

I.
βσ (n) (- 1),^1 S - 1, + 3, - 5, +■·■+ (- 1)∙ (¾ - 1),.

II.
Gσi (n) - 2 & {wσ (w)}

(- 1)8"1 s - 18 + 38 - 5δ+...+ (- l)β (2s - l)s
- “ 240

III.
Gσs (n) — 10(7 {nσ, (w)} + %θ G {ri2σ (n),}

_ (- 1)8^1 s - 17 + 37 - 57 +...+ (- 1)8 (25 - 1)’
504

IV.
Gσ1 (n) — -1j⅛ G {nσ5 (n)} + ∙2-∣-S∙ G {n2σ3 (n)j — 168 G {n3<r (n)} 

(-1 )8~1 s - lθ + 30 - 59 +.. .4 (-1)8 (2s -1 )β
“ 480

V.
Gσg (n) — 5QG[nσ1 (zz)j + 720G {niσ6 (rc)} - 3360(7 {nsσa (n)} 

+ 3360(7 {n4σ (n)}
-(-l)β"1s-l11 + 3u-511+...+ (-l)8(2s- l)π . 
“ 264

* It is evident that if we put
ar (θ) = - Λ) σ3 (θ) = S⅛> σ5 (θ) — ~ ι⅛Γ,

ff7 (θ) = f⅛O> σ8 (θ) = - 5<⅛
we may omit the term (— I)81 s from each equation, the right-hand members thus 
becoming simply

- 13 + 33 - 5’ +...+ (- 1)8 (2s - 1)3 
24 ’

is _ 35 + 55 _ ..+ (_ 1)∙-ι (2s - I)®
240 ’

die. <fcc.
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Su ms o f  po w e r s o f  d iv is o r s . 61

§ 21. Writing the series in the first two formulae at full 
length, as specimens, we have

I.
σ (w) - 2σ (n — 1) — 2σ (w — 2) + 3σ (w — 3) + 3σ (n - 4)

+ 3cr {n — 5) — 4σ {n — 6) — 4σ (w — 7) — &o.
_ (- 1)8~1 s- 13 + 38 - 53 +...+ (- l)β (2s- 1)8 

21

II.
σ8(w) - 2ff3> (w -1) - 2σ3, (w- 2) + 3σ8, (w - 3) + 3<ra, {n-1) + &c. 
— 2 {nσ (ri) — 2 (w - 1) σ (n — 1) — 2 (n — 2) σ (n — 2)

+ 3 (w — 3) σ (rc— 3) + 3 (n - 4) σ {n — 4) + &c.}

(- l)s"1 s - 15 + 35 - 55 +...+ (- 1)8 (2s - l)θ 
“ 240

As a numerical example, putting κ = 3 in the third formula, 
we find

σ,(8)-2σ,(2)-2<ri(l) 

-lθ(3σ,(3)-2.2σ,(2)-2<r,(l)j 
+ V {3=σ (3) - 2.2⅛ (2) - 2σ (1)) = 3 ~ + 3'7.5',

which is easily verified, each side being equal to — ∙⅛j2,.

§22. The first formula was given in Vol. v., p. 113, of 
the Proc. Camb. Phil. Soc. (1884), the right-hand member 
of the equation being there expressed in the form

(-ιms→),
"which may be readily identified with the form in §20.

Analytical formulce, §§ 23, 24.

§23. The analytical results from which the recurring 
formulse in §§ 2 and 20 were derived are j

L
1-3⅛ + 5V-7V+⅛c , ,
1 — 32 + + &c. v l

II.
1 - 357 + 55o 8 - p∩i + &c1'⅛⅛⅛ =1 + 2402σ≈w 480Σ,ίσ - i"∙
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III.
1 - 3τg + 57∕ - 7⅛3 + &c.
1 — 3<∕ + 5<∕ii — 7<∕3 + &c.

= 1 - 504∑σs (n) qn + 5040Σnσa (w) qn - MeMΣniσ (n} qn.

IV.
1 -3⅛ + 5y-7V + (⅞c.
1 — 3g, + 5q2 — 7qa + &c.

= 1 + 480Σσ7 (n) qn - 12096Σnσ5 {n) qn + 72576 ∑nβσ8 (w) qn

- 80640∑wθσ (n) qn.

V.

l-31⅛ + 5V-7V+<fec,
1 — +5q2 -7qa +&c.

= 1 - 264∑σθ (n) qn + 13200Σwστ (w) q - 190080Σ√σ5 {n) q

+ 887040Σ√,σ3 (w) qn - 887040∑n4σ («) q.

In all these formulae the sign of summation refers to the 
letter n which is to have all values from 1 to ∞ .

§ 24. The preceding results were obtained by the following
process.

The values of the expressions

q⅛ - 38^ + 5aqi -7aq^ + &c. 
q⅛-3qi + 5qi -7qi +&c. ’

⅞*-36⅜- 55gv - 76gv ÷ &c. 
qi — 3qi + 5qi -7q* + &c. *

&c., &c.,

were expressed as symmetrical functions of the quantities 
1, G, E'j or, more accurately, of the quantities ∕, y, e, where

. 4Λ7 4KG ∖KE x
'=~r, 9 = e = ~^ ∙7Γ 7Γ 7Γ

* This investigation, which is too lengthy for reproduction here, occurs in a 
work on the Zeta Functions which is still in the press.
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I had previously investigated for another purpose the 
y-series which represent the homogeneous symmetrical 
functions of y, e, of the different forms, up to the fifth 
order,* and by replacing the above-mentioned symmetrical 
functions by their «/-values the formulas given in §23 were 
obtained. These results seem to be of interest for their own 
sake, apart from the recurring formulae to which they give 
rise, as they serve to express the quotients of

y - 3sy0 + 5⅛23 - 7,⅛49 + &c,
2-3γ + 5⅛26-7yθ + <fee,

&c., &c.,
when divided by

y - 3y9 + 5qi6 - 7y49 + &c.

The function E, § 25.

§ 25. The method just described also gives recurring 
formulae, of a similar kind to those of § 2, in which the 
arguments are the same as in Euler’s recurring formula

σ (n) — σ (n — 1) — σ (n — 2) + σ {n - 5) + σ (n — 7) — &c. = 0,

where the numbers 1, 2, 5, 7, ... are the pentagonal numbers, 
and σ (0) when it occurs is to have the value n.

If we use Eφ [n) to denote the series 

φ (w) -φ(n- 1) — φ (n — 2) -(- φ (w — 5) + φ (w — 7)

— φ (w — 12) — φ {n — 15) + &c., 

we may write Euler’s result in the form

Eσ (n} = 0.

Recurring formulae expressed by means of E, §§ 26-29.
§26. Euler’s formula is deducible from the analytical 

equation
q + 2f, - 5q6-7q, + &c. f n
1 - <∕ — q + q + q — &c. k ' 1 ’

and, by applying the method described in § 24, we find 

q + 2⅛3 - 5⅛6 - 7 Y + &c.
1 - 9. ~ cL ÷ 25 + ,i ~ &c·

= ~ τ5⅛2σ3 (w) ?” + l2zzσ (w) cL - T12 2σ (w) ?"·

* These values are given in the next paper (p. 65).
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§27. Thia equation gives the formula

5-E,σ3 (w) — 18E [nσ (w)} = 0,

where σ3(0), when it occurs, ia to have the value — ∣ (12w2⅛ w).
Writing the aeries at full length, this formula is 

5 R fa) - σ3 fa - 1) — σ8 fa - 2) + σ3 (w — 5) + σs (w — 7) — &c.J

— 18faσfa)-fa-l)σfa-l)-fa-2)σfa-2)+fa-5)σfa-5)+0ce.}=0.

As examples, putting n = 3 and 5,

5 K (3) “ <⅞ (2) - σ3 (1)} - 18 {3σ (3) - 2σ (2) - σ (1)} = 0,

and 5 {σ3 (5) - σ3 (4) - σ8 (3) + <r3 (0)}

- 18 {5σ (5) - 4σ (4) - 3σ (3)} = 0,

where σ3 (0) = - ⅜ × 305 = - 61.

These equations give

5 {28 - 9 - 1} - 18 {12 - 6 - 1) = 0,

and 5 {126 - 73 - 28 - 61} - 18 {30 - 28 - 12} = 0, 

which are evidently true.

§ 28. By substituting for Eσ (n} its value from Euler’s 
formula, we may deduce the relation 

σa fa) “ σa fa “ 1) “ σ3 fa “ 2) + σ9 fa - 5) + σ3 fa - 7) + &c.

— ⅛θ {σ {n — 1) + 2σ fa — 2} — 5σ fa — 5) - lσ {n — 7) + &c.} = 0.

where σ (0) and (0), when they occur, are to have respec-
tively the values ⅜n and — ⅜w.

§ 29. In the same manner, we may obtain formulae 
connecting Eσ6 fa), E{nσ3 fa)}, E{n2σ{n}}i &c. corresponding 
to the /-formulae of § 2.
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