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NOTE ON FUNCTIONS PROPER TO REPRESENT
A SUBSTITUTION OF A PRIME NUMBER 

OF LETTERS.
By Prof. L. J. Rogers.

§1. In order that a rational integral algebraic function 
f (z) should represent a substitution of p letters, it is sufficient 
and necessary that the p quantities ∕(0), ,∕(1), ...j∖p- 1) 
should be congruent non-respectively to 0, 1, 2...(p- 1) 
for the modulus p.

Starting with this condition, it has been proved by Hermite 
(see Serret’s A7y., § 476) that if f (z} possesses this property 
for a prime modulus /?, then when ...,
{f (z)}p~3 are expanded, and reduced by Fermat’s theorem to 
functions of degree (p — 1), the several coefficients of zp~1 are 
congruent to zero. He also proves that the converse is true, 
namely, that f(z) will represent a substitution provided these 
(/? —2) coefficients are zero. Now I wish to prove that although 
these (pp - 2) conditions are sufficient, yet they are not alto-
gether necessary, inasmuch as they are not all independent.

Let zv +pizp~' +2>χ-2+...pn^z +/?„= 0 .......... (1)

be a congruence whose roots are∕(0),ι∕(l), —1), for
the modulus p. Without loss of generality we may assume 
that f (0) = 0, so that we may say that pn = 0.

It is easy to see that Hermite’s conditions are none other 
than that the several sums of powers of the roots of the 
congruence (1) should be zero.

Now it is important to remember that all the roots of (1) 
are essentially real, so that by Fermat’s theorem, sn-r,1≡sr 
for all values of r.

Theorem. If a congruence have all its roots real, for prime 
modulus /?, then if

s1≡0≡s2≡sj = ...⅝p-lh 

so also will si(p+l) = 0 = ...≡Sp_2,

so that Hermite’s conditions will hold good.
We have, by Newton’s rule,

s1 + Pl≡θ, sothat∕>1=0,
si + 2pi≡Qi so that ∕>,≡0,........................... (2)

sl + 3∕>s = 0, so that p3 = 0, etc.
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T h u s  e vi d e ntl y  all t h e c o effi ci e nt s i n t h e e q u ati o n a s f a r a s  
7 ⅛- 1 ) a r e  z e r θ j w hil e  ( p utti n g p  =  2 τ n  +  1)

5 m ÷ 1 + o +l) κ i÷, ≡ θi

δ r n+ 3  +  (m  +  2 ) Pm +i  ≡  θ >  & C-)  ∙ ....... ( θ)∙

a n d V «  ≡  “  G >  ~  1 ⅛-ι  ≡ ‰

M o r e o v e r,  b y  F e r m at ’s t h e o r e m a n d  N e wt o n ’s,

i,. Vl + λ ½+,  ∙ ∙ + 7 V m +ι +  P m + A,  +  ∙ ∙ ∙ + 8 lP p -l ≡  ~  sp  ≡  ~  8 l ≡  θ}  

a s  i s o b vi o u s  i d e nti c all y.
B ut  w e  al s o  h a v e

¾ + ‰  + — + κ i +A 1 + 1 +∙∙∙ +  s 3 p p ~ i ≡  - Vi  ≡  s 3  ≡°,

w h e n c θ  p m + A, ÷ 1 ≡ θ >

s o t h at < l + 1≡ θ  b y  ( 3).

Si mil a rl y  p is p + 9  +∙.  . + K1 + A, ÷ 2  +... +  ⅛  =  _  5 p + 3  =  _ 5 χ  =  0,  

t h e r ef o r e A 1 +A i + 2≡ θ  a n d ‰ ≡ θ∙

P r o c e e di n g  i n t hi s w a y  w e  e a sil y  s e e t h at

s m +l  —  θ  —  5 ι n + 2 —  S m +l —  S p-t)

w hll θ  1 ∖ ¼- 8  +  7 ‰ →  +  ∙ ∙ ∙ +  P p-i  Vl  ≡  "  s 2 p- 1  ≡  ~

w h e n c θ  ‰ Vι ≡ " V n

o r  b y  ( 3),

< ⅛- > ÷  1 H-ι ≡ 0 ∙

N o w  if s =  0  t h e c o n g r u e n c e ( 1) r e d u c e s t o z p ≡  0,  a  c a s e  
w e  m a y  l a y a si d e a s  o ut  of  t h e q u e sti o n,  w hil e  s =  —  1 gi v e s  
P v-ι ≡- 1 a n d ( 1) r e d u c e s t o z p - z ≡ 0, a s it o u g ht t o d o.  
H e n c e,  it i s s uffi ci e nt i n t e sti n g f o r a  s u b stit uti o n f u n cti o n t o 
e q u at e  t o z e r o o nl y  t h e fi r st ⅛  (∕ > —  1)  of  t h e e x p r e s si o n s gi v e n  
b y  H e r mιt e.

§  2. A p pli c ati o n  t o p a rti c ul a r  c a s e s.
I n t h e c a s e of  fi v e l ett e r s w e  m a y  t a k e α 1 z 3  +  a iz 3 +  a iz f o r 

t h e g e n e r al  f o r m of  s u b stit uti o n f u n cti o n, s o t h at t h e c o n diti o n  
s 1 =  0  h ol d s  g o o d  f o r m o d ul u s  5.

B y  t h e a b o v e t h e o r e m t h e o nl y  ot h e r  n e c e s s a r y  c o n diti o n  
i s t h at s 2  =  0,  t h at i s

2 α 1 σ s +  a 3  =  0.
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The solution of this congruence includes three cases :

« {2 <2> {X ® h≡⅞,>

where in the third case we suppose none of the coefficients to 
be zero-congruent.

The first case gives us aiz; the second α1ss; the third 
a' (aχz + 2α2)8 + 2αt2α28, which is included in the generalized 
form αφ (z + /3) ⅛ 7, where φz = z∖

We see then that s1≡0, s2 = 0 gives us all possible forms 
of substitution functions of five letters, as given in Serret 
§ 485.

In the case of seven letters it is better to refer to the 
investigation of the subject in Serret’s Alg., § 486.

In the case taken first there, it will be seen that only the 
second and third powers of zi + azs + bz are treated of, and 
when the corresponding function z*± 3z is obtained, it is shewn 
that all Hermite’s conditions hold good.

A similar process is gone through with regard to the form 
zt + azs + bz2 + cz, for which the conditions corresponding to 
s,≡0, ss≡0, and s4≡0 are written down. It is proved, 
however, that the values of α, Z>, c obtained from s2≡0, s,≡0 
are identically satisfied bys4≡0 in the general case; while 
ss = 0 is proved to hold good in each separate case.

Hence, the above theorem is verified in the cases when the 
modulus is 5 or 7.

A further question arises with regard to Hermite’s con-
ditions, as to whether other relations exist among them so as 
to further reduce the number of independent conditions. In 
other words, given a congruence whose roots are all real for a 
prime modulus^?, how many conditions of the form s,≡0 are 
just sufficient to ensure that sr = 0 for allβvalues of r except 
when r is a multiple of p — 1 ?

The problem before U3 admits of many difficulties, but in 
the case when p = 11, it can be proved by a direct method 
that unless s1≡0 = si = s3 = s4 = ss, there exist congruences 
with real roots other than zl1 — z = 0.

For instance, the conditions s1=O≡s2=s3=s4 are not sufficient 
to make sr generally ≡ 0, for the congruence whose roots are 
zero, and each quadratic residue taken twice, satisfies the 
conditions, viz., z (zb — l)a = 0, and in this case sg≡E 10.

Similarly the congruence whose roots are 0, 1, 1, 1, 1, 
5, 6, 6, 6, 7, 10 satisfies the four conditions s1 = 0 ≡ ss = .94 ≡ s6; 
that whose roots are 0, 1, 2, 2, 2, 3, - 3, - 2, - 2, - 2, -1
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s ati sfi e s t h e f o u r c o n diti o n s s 1 =  0  =  s 2 ≡s 3 ≡s s, a n d t h e c o n -
diti o n s  s 1 =  0 ∈ s s  =  s 4  =  5 b h ol d g o o d f o r t h e q u a nti c w h o s e  
r o ot s a r e  t h e c u b e s of  t h e l a st. T h u s  w e  s e e t h at a s f a r a s  
t h e si m pl e st c o n diti o n s a r e c o n c e r n e d, f o u r of  t h e c o n diti o n s  
s 1 ≡ 0 ≡ s 2 ≡ s 8  =  s 4  =  s 5 a r e n ot  s uffi ci e nt t o m a k e  all  t h e r o ot s  
diff e r e nt.

O n  t h e ot h e r h a n d, w e  m a y  c h o o s e fi v e of H e r mit e ’s  
c o n diti o n s w hi c h  s h all n ot  n e c e s sit at e  t h e ot h e r  f o u r, a s i n t h e 
c a s e w h e r e  t h e c o n g r u e n c e o nl y c o nt ai n s o d d p o w e r s  of  0,  
s o t h at s 1 ≡ 0 ≡  s j ξ s 5 ≡ s . ≡s 4 , Si n c e,  h o w e v e r,  it i s e vi d e nt  
t h at t h e l o w e st p o w e r s  gi v e t h e si m pl e st r el ati o n s, it s e e m s  
s c a r c el y w o rt h  w hil e  t o i n v e sti g at e w h et h e r  a n y f o u r m o r e  
c o m pli c at e d o n e s s u c h a s s 1 ≡  0  =  s 3  =  s 7  =  s 8 a r e s uffi ci e nt t o 
i n cl u d e all  t h e ot h e r  c o n diti o n s.

E X P R E S SI O N  F O R T H E  S U M O F  T H E  C U B E S  
O F  T H E  DI VI S O R S  O F  A  N U M B E R  I N 
T E R M S  O F  P A R TI TI O N S  O F  I N F E RI O R

N U M B E R S.

B y  J ". W.  I ∣ . Gl ais h er.

It  w a s  s h o w n b y  E ul e r  t h at, if P  ( w) d e n ot e  t h e n u m b e r  
of  p a rtiti o n s of n i nt o t h e n u m b e r s 1, 2,  3,  ..., r e p etiti o n s  
n ot  e x cl u d e d,  a n d  if P  ( 0) h a v e  t h e v al u e  u nit y,  t h e n 

P( ri)  —  P{ n  —  1)  —  j P( n —  2)  ∙ + P( w  —  5)  +  P( w  - 7)  —  & c.  = 0,

w h e r e  1, 2, 5,  7,  ..., a r e t h e p e nt a g o n al  n u m b e r s  ⅛( 3 r a ± r)  
a n d t h e si g n s of  t h e t e r m a r e p o siti v e  o r  n e g ati v e  a c c o r di n g  
a s  r i s e v e n o r  u n e v e n. %

It i s e a s y  t o s h o w t h at

P{ n  - 1)  +  2 P( n  —  2)  - 5 P  ( n —  5)  —  I P ( n —  7)  +  & c.  =  σ  ( n)i

w h e r e  σ  ( w) d e n ot e s  t h e s u m of  t h e di vi s o r s  of  n.
- I h a v e  al s o  f o u n d t h at

- P( w - 1) +  2 iP{ n  —  2)  —  5 * P( n  - 5)  - 7 2 P( n  - 7)  +  & c.

=  “ ⅛  i5 σ 3 (w ) - ( 1 8 w - 1)  σ  ( w)},

w h e r e  σ 3  ( w) d e n ot e s  t h e s u m of  t h e c u b e s of  t h e di vi s o r s  of  n.

* E ul e r,  C o m m e nt ati o n es  A rit h m eti c al  C oll e ct c e, V ol.  i., p.  9 1. S e e al s o Γ r o c.  
L o n d.  Λi a,t h,  S o c.,  V ol.  x xi.,  p.  2 0 2.

w w w.r ci n. or g. pl




