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Thus evidently all the coefficients in the equation as far as
Piip-p 8re zero, while (putting p=2m + 1)
sﬂl-l-l + (m + l)pml-l = 0!
Sst (M+2)p, . =0, &e., ‘ ceneae(@)
and = (P_ I)Pp-:EPp-y
Morcover, by Fermat’s theorem and Newton’s,
-plsp—l-'-p}sp—l-‘-' "+Pmsm+1+ pmﬂsm Foot 31?9—1 =- SpE v 31 = 0?

as is obvious identically.,
But we also have

plsp-]- P!sp—l +‘°'+Pnﬁlsm+'l +ot ssz-l == spi-l = ss = 0?
Whence pm-llsm-l-l = 0‘)
so that s =0 by (3).
Similatly p8 ..+t P,y Feort 8,0, == 8,, = — 8, =0,
therefore PssSmas =0 and s, = 0.

Proceeding in this way we easily see that

B S0=8,,=0, .58,
while PSipat PifpeiFoee F Py S8, S =80
whence DB == 8,y
or by (3),
(8 + 1) 8,,=0.

Now if s_, = 0 the congruence (1) reduces to 2° =0, a case
we may lay aside as out of the question, while s_ = —1 gives
zﬁ_, =-1 and (1) reduces to 2°—2z=0, as it ought to do.

ence, it is sufficient in testing for a substitation function to
equate to zero ouly the first 4 (p — 1) of the expressions given
by Hermute.

§2. Application to particular cascs.

In the case of five letters we may take a2’ + a2’ +a,z for
the general form of substitution function, so that the condition
8, =0 holds good for modulus 5.

. By the above theorem the only other necessary condition
1s that 5, =0, that is

2e,0,+a =0,
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satisfies the four conditions s, =0=s,=s,=s, and the con-
ditions s, =0=s,=s,=s, hold good for the quantic whose
roots are the cubes of the last, Thus we see that as far as
the simplest conditions are concerned, four of the conditions
5, =0=s,=s,=5,=s, are not sufficient to make all the roots
different.

On the other hand, we may choose five of Hermite’s
conditions which shall not necessitate the other four, as in the
case where the congruence only contains odd powers of z,
so that s, =0=s,=9,=s =5, Since, however, it is evident
that the lowest powers give the simplest relations, it seems
scarcely worth while to investigate whether any four more
complicated ones such as s =0=s,=s,=s, are sufficient to
include all the other conditions.

EXPRESSION FOR THE SUM OF THE CUBES
OF THE DIVISORS OF A NUMBER IN
TERMS OF PARTITIONS OF INFERIOR

NUMBERS.
By J. W. L. Glaisher.

It was shown by Euler that, if P (n) denote the number
of partitions of n into the numbers 1, 2, 3, ..., repetitions
not excluded, and if P (0) have the value unity, then

Pn)~Pn—=1)=P(n—2)+ P(n—>5)+P(n—1)—&e.=0,

where 1, 2, 5, 7, ..., are the pentagonal numbers § (3" +7)
and the signs of the term are positive or negative according
as r is even or uneven.*

It is easy to show that

P(n~1)+2P(n—2)-5P(n—>5)—1P(n-17) + &e.= 0 (),

where o () denotes the sum of the divisors of n.
1 have also found that

Pln - 1)+ 2°P(n—-2)~5"P(n—5)—TP(n—-17)+ &e.
= — {4 {50, (n) — (182 - 1) o (n)},
where o, (n) denotes the sam of the cubes of the divisors of =.

* Euler, Commentationes Arithmeticee Collecte, Vol. i, p, 91, See also Proc,
Lond, Math, Soc., Vol, xxi., p. 202, ' '
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