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ON THE STABILITY OF A BENT AND 
TWISTED WIRE.

By J. H. Michell, Trinity College, Cambridge.

If  a wire of isotropic section and naturally straight be 
twisted, and the two ends joined so as to form a continuous 
curve, the circle will be a stable form of equilibrium for less 
than a certain amount of twist.*

I propose in this note to determine the limit of stability. 
I begin by finding the general intrinsic equations of vibration 
of a bent wire.

Let AB be an element of the wire bounded by normal 
sections A, B, and let the distances of these sections from a 
fixed point of the wire be s — δs and s respectively.

Let 5, 21, U be the components of the resultant force on 
the section B, S being measured along the tangent in the 
direction of s increasing, T along the principal normal inwards, 
and U along the binormal, so that the three directions form a 
right-handed system.

Let F1 Cl·, H be the components of the couple on the 
section B in the same three directions.

Then, if P, Q, R are the impressed forces on the element 
AB per unit length, the equations of equilibrium are

^-κT + P =θ' 
as
^-τU+ κS+Q = 0
as
^+rT+ R =0

dsp ............................ω>

as
^-τF+κF-U=Q
as
^+τG-h T =0 
as z,

where κ is the curvature and τ the torsion at s.

* Thomson and Tail, Nat. Phil., § 123.
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Now let γ be the rate of twist of the wire at si then the 
theory of wires gives

Jτ=≈Jfγ'
<7=0 L
11 = Lx)

assuming the flexibility the same in all directions.
Substituting in equations (1), we get

dJ=0 ■ ds ’
U= — L κτ + M κy1

T=-L⅛,
as

bo that the twist 7 is constant, and

S≈-Q-r[Lτ-My)+L-
κ κ as

Substituting in the two remaining equations of (I), we get 
the two dynamical equations

_ <7 /1 d2κ 1 , Λ τ,r dτ τι <d Q}
l ds U d?+ i"~t) +^S—F+ds-K . >(2)>

t f d d∕c∖ ,, dκ rt
L [ -i- κτ + τ -1-} - My -r = R∖ds ds J ds j

Now let the wire vibrate about its equilibrium form, and 
let m, v, w be the displacements of the point s along the 
tangent, principal normal, and binormal respectively at time t.

Supposing no impressed forces we have

p dtu

n d'v

τy d2w
~lt=mde'

and the condition of inextensibility is
du
S=κv>

. ~ m d*uso that -ρ = -5^.
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O F  A  B E N T  A N D  T WI S T E D  WI R E. 1 8 3

F u rt h e r, if λ 0 , t 0 d e n ot e t h e e q uili b ri u m v al u e s of  t h e 
c u r v at u r e a n d  t o r si o n r e s p e cti v el y, w e  h a v e *

d 1 d &  d τ ...................
τ -τ * = ds κ ⅛ + κl 3  +  d s -κ a )

, d 1 d u
w h e r e  α  =  - τ- - -7 - +  « w  —  τ w,

as  κ  as

a  _ d w τ  d u  

ds  ̂t" κ  ds
S u b stit uti n g t h e s e v al u e s i n e q u ati o n s ( 2), w e  h a v e  t h e 

g e n e r al  i nt ri n si c e q u ati o n s  of  vi b r ati o n.
W h e n  t h e e q uili b ri u m  f o r m i s a pl a n e  c u r v e, t h e s e e q u a -

ti o n s r e d u c e t o

τ d / 1 d' iκ 1 ,∖  ,. d τ d' iu d 1 d 2 u
L  ds  U +  ̂ J ^ ^ ds  ~ m d e ~ m d ^s κ 3 ⅛ dt 3  

τ I d  d κ ∖ ,, d κ  d 1 w
L { ds K T  +  'rd;)- M 7 A = -m d ? J

1 c P 1 d u dw h er e lt =  s  +  _  ; _  +  _  * »,

_ d 1 d 2 w d w  
ds  κ ds i +  K  ds  '

P r o c e e di n g  t o t h e p a rti c ul a r  c a s e of  a ci r c ul a r ri n g, t h e 

e q u ati o n s a r e

τ lf d3 , d∖ * 1,lf d * 2 d 2 ∖ f diu 1 d iu ∖
l Α m , +k  ds) u + 3i 7 'κ w +ι c M Γ ~ m ∖ dt' e < h 1d e)'  

τ ∕ c P i d 2 ∖  lf dt 1 8 d 2 ∖ d 2 w
~ l ∖ c B∙  +  k  2 ⅛ ≈) " , + 3M s i +'t d ?) u = m ~ S  ■

T h e  a p p r o p ri at e  s ol uti o n, w h e n  t h e wi r e  f o r m s a c o m pl et e  

ci r cl e, i s

u  =  Λ e i^ l~ r β κ∖  

w  =  B e W- rs κ >,

v b ei n g  a n i nt e g e r.

* “ T h e  s m all d ef o r m ati o n  of  c u r v e s a n d  s u rf a c e s, & c., ” a nt e  p.  6 8.
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1 8 4 P R O F.  C A Y L E Y,  O N  T H E  E Q U A TI O N  X 1 7  - 1  =  0.

M a ki n g  t h e s u b stit uti o n s a n d  eli mi n ati n g  A,  B,  w e  fi n d

m p , ( 1 +  r 2 ) —  L κ ir a  ( 1 —  rii)2 , —  M y κ 3 r 3  ( 1 - r 1 ) = 0,

—  M y κ 3 r , ( 1 —  r a ), m p i +  L κr 2 ( 1 —  r 2 )

or

m 9p'  ( 1 +  r s ) +  2 m∕ Z √∕  ( 1 - r 2 ) - Z W  ( 1 - r 2 ) s

- Jf 2γW(l-r 2 ), =  0.

F o r  st a bilit y, t h e v al u e s of  p'  m u st  b e  p o siti v e,  a n d t hi s 
l e a d s t o t h e c o n diti o n

Z 2 z c, ( r2 -l) > j∕ y,

N o w r =l  c o r r e s p o n d s m e r el y  t o di s pl a c e m e nt  of  t h e ri n g  
a s  a  ri gi d b o d y,

T h e  n e c e s s a r y  c o n diti o n  f o r st a bilit y i s t h e r ef o r e 

; <  ⅛ √ < 3 >-

s o t h at t h e t ot al t wist m u st  b e  l ess t h a n 

2 √( 3) τ τ Z ∕J∕.

If t h e c r o s s- s e cti o n i s ci r c ul a r,

L  _ E_

M ~  2 μ P

w h e r e  E  i s Y o u n g ’s m o d ul u s  a n d  μ,  i s t h e ri gi dit y m o d ul u s.
F o r  m et al s  E = % μ  a b o ut, a n d i n t hi s c a s e t h e t ot al t wi st 

m u st  b e  l e s s t h a n 2 τ r  ×  2, 1 6.

O N  T H E  E Q U A TI O N  a 1 7 - 1  =  0.

B y  Pr of.  C a yl e y.

W RI TI N G  p  =  c o s +  f si n , I c a r r y t h e s ol uti o n u p  t o 

t h e d et e r mi n ati o n  of  t h e p e ri o d s  e a c h of  t w o r o ot s, p  +  p l β, 

=  2  c o s  —  , & c. T h e  e x p r e s si o n s  c o nt ai n t h e r a di c al s

a  =  √( 1 7),  b  =  √{ 2  ( 1 7 - α)},  c  =  √{ 4  ( 1 7 +  3 α)  - 2  ( 3 +  α)  δ},

w h e r e  «,  b,  c a r e  t a k e n t o b e  p o siti v e  ( α = 4,1 2,  0 = 5 * 0 7,  c = 6 ,7 2).  
T a ki n g  f o r a m o m e nt  r t o b e a n y i m a gi n a r y s e v e nt e e nt h  
r o ot, r  =  p θ , t h e n t h e al g e b r ai c al e x p r e s si o n  f o r t h e p e ri o d  P x 
of  ei g ht  r o ot s i s P x =  j (—  1  +  a),  b ut  I a s s u m e  t h e v al u e  t o b e  

P l =  ⅜  (- 1 +  a), a n d  t h u s d et e r mi n e  Θ  t o d e n ot e  s o m e o n e  of
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