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Summary. In the paper we the generalisation of Goodman-Kruskal 4 for the mea-
surement of the strenght of dependence (association) between two categorical vari-
ables with ordered categories. We consider the case when some data is not precise,
and observation are described by possibility distributions over a set of categories of
one variable. For such a data we define the fuzzy v statistic, and present the method-
ology for the statistical inference related to this fuzzy measure of dependence.

1 Introduction

Looking for dependencies is one of the most frequently used applications of
statistics. Methods for the statistical analysis of dependencies have been in-
tensively developed for more than one hundred years, especially in economi-
cal,agricultural, medical, and social sciences. Recently, these methods are also
used in information technology and computer sciences, especially in data min-
ing and knowledge discovery. Traditionally, statistical methods used for the
analysis of dependencies are divided into two groups: methods for continuous
variables, and methods for categorical data. In both groups there exist many
procedures and test for dealing with precise data. However, when data are not
precise the situation is not so clear. When we deal with imprecise statistical
data measured on the real line the number of available procedures is quite
large. For example, there are many papers devoted to the problem of a fuzzy
regression, and - to less extend - to the problem of the analysis of correlation.
However, when we deal with categorical data the number of papers devoted
to this problem is relatively small. This situation is somewhat astonishing, as
in real problems we often have to analyse statistical data in the presence of
imprecisely defined categories. Consider, for example, the analysis of depen-
dence between health and smoking. Patients filling questionnaires may identify
themselves as "nonsmoker”, "smoker”, and "heavy smoker”. Note, that the
border between the last two categories is definitely vague. The attempt to
clarify this situation by introducing a sharp border (in terms of the number of
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cigarettes per day) does not solve the problems, as for many individuals this
number may vary in a way which is difficult to describe formally. Therefore,
many people may assign for both categories some "weights” making the prob-
lem similar to the statistical analysis of multiple answers. We claim, however,
that this similarity is highly misleading. In classical problems of the statistical
analysis of multiple answers a statistician faces situations when two (or more)
categories may occur simultaneously. For example, when we ask people for
the source of a particular information the may indicate multiple categories as,
e.g., television, newspapers, etc. This situation is, in our opinion, entirely dif-
ferent than the problem described above. The lack of precision in the case of
imprecisely defined categories is not of a probabilistic nature, and requires the
application of a ”soft” methodology like the possibility theory or the theory
of fuzzy sets.

In a recent paper Hryniewicz [8] considers a fuzzy version of a well known
Pearson’s chi-square test of independence. The chi-square statistics works very
well for that purpose, but is not suitable for the measurement of the strength of
dependence, even in its standardised version (indices proposed by Tchouproff
and Cramer). The reason for this is its lack of operational meaning. A set of
better measure of dependence was proposed in a seminal paper by Goodman
and Kruskal [4]. One of the most popular measures of dependence proposed
by Goodman and Kruskal is based on a « statistic that was proposed for the
analysis of ordered categories. In the second section of this paper we recall
its definition and basic properties. Then, in the third section we adopt the
similar approach as in Hryniewicz [8], in order to generalise the Goodman-
Kruskal statistic v for fuzzy categorical data. Finally, we propose a possibilistic
interpretation for statistical tests which are based on the fuzzy «y statistic. The
paper is the extended verion of the paper of Hryniewicz [9] presented during
the SMPS2004 Conference in Oviedo.

2 Measurement of association for ordered categorical

data. Goodman-Kruskal’s ~

Consider the situation when we have to measure the strength of dependence
(or association) between two categorical variables X and Y. Let’s assume
that X has k categories ordered in the following way z; < 2y < ... < zy,
and Y has r categories ordered as follows: y; < y2 < ... < yp . For a fully
multinomial statistical experiment (i.e. when the total number of observation
in each category of X and Y is a random variable) the results of the experiment
can be summarised in a form of a two-way kxr contingency table.
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Let’s consider two individual observations of the random vector (X,Y)
described as (z;,v;) and (Tm,yn), Where (i # m) V (j # n). We call this pair
concordant if (i < m)A(j < n), and disconcordant if either (i < m)A(j > n) or
(i > m)A(5 < n). Goodman and Kruskal [4] proposed a measure of association
called 7y that is based on two probabilities: of observing a concordant pair of
observation II., and of observing a disconcordant pair of observation IT,.
To calculate these probabilities let’s assume that the contingency table is
generated by a multinomial distribution with probabilities given as
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Goodman and Kruskal have shown that probability II. is given by
I, ZQZp‘inI;ij (3)
iJ

where
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i >z_7 >3
and probability [7; is given by
;= ZZPUHIV;U, (5)
i

where

HIV g = Z Z pz’ §le (6)

1>1] <j

The measure of association y was then defined by Goodman and Kruskal [4]
as

I, -1,

7_m].]wﬁ-ﬁd

(7

The value of ¥ belongs to the interval {—1, 1], and when X and Y are inde-
pendent, we have y = 0. When 7y < 0 the considered variables are associated
negatively, and when y > 0 they are associated positively (Note that the sign
of association depends entirely upon the ordering of categories).

Let G be the maximum likelihood estimator of 7. the formula for & is
obtained straightforwardly by inserting in (3) - (7) ny/n instead of p;;,i =

Sk, j=1,..,r. It is easy to show that for the calculation of & it suffices
to change p;; to n;; in all those formulae. The exact probability distribution
of G is very difficult to calculate even when the considered variables are inde-
pendent. However, for a large number of observations Goodman and Kruskal
[5], [6] found an asymptotic distribution of G. They showed that v/n (G — )
is asymptotically normally distributed with the expected value equal to zero,
and the variance given by

0% = e Z pis e (a5 + Mrrg) — My (Mrg + i)l (8)

where I, Iy, 1., v, are defined as previously, and

Hiriy = Z Z Pmns (9)

m<in>j

Hjrre5 = Z men- (10)

m<in<y
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The maximum likelihood estimator & of o = V&2 is obtained by inserting
ngj/n {or simply n.;) instead of py,i = 1,..,k, j = 1,..,r into respective
formulae. Thus, the two-sided asymptotic confidence interval for v (for a given
confidence level f3) is given as

(G =yaspy20/Vn , G +yuip) 20/Vn) (11)

where y(14)/2 is the quantile of the (14 £) /2 order from the standard normal
distribution. This confidence interval can be used for testing the hypothesis
that both variables X and Y are mutually independent.

3 Goodman-Kruskal’s v for fuzzy statistical data

In the classical statistics it is assumed that each statistical datum is given as
a pair (Xy,Y,),q¢ = 1,..,n that defines the observed cell (iy, j,) of the con-
tingency table. The value Z;; € {0,1},é=1,.,k, 7= 1,...,r assigned to
each cell of the contingency table is equal to 1 when (i =i,,5 = j,) and 0
otherwise. Tt means that for g-th observation we have only one value of X
and one value of Y. This type of statistical data could be generalised to the
case of so called multiple responses, when for a given value of X we observe
simultaneously several values of Y (or vice versa). A good example of multiple
responses is when we analyse questionnaires in which people indicate one or
more sources of particular information from among a set of different sources.
This generalisation, to the best of our knowledge, has not been considered
yet for Goodman-Kruskal’s . However, there exists another generalisation of
categorical statistical data introduced by Hryniewicz [8] who assumed that
for a given value of X we observe a fuzzy value of ¥ described by a certain
possibility distribution. To explain this situation let us assume the following
experiment. Our aim is to find the measure of association between education
and smoking habits. Assume now that smoking habits (variable Y) are de-
scribed by three categories: "non-smoker”, "smoker”, and "heavy smoker”.
it seems to be quite obvious that for many smokers it becomes difficult to
indicate only one value of Y (”smoker” or "heavy smoker”). Note, that this
situation is entirely different from that of multiple response data, as it arises
rather from a vagueness of these two categories than from their simultaneous
?existence”’. Further explanation of the difference between the considered sit-
uation and the case of multiple responses may be the following. In the case
of multiple responses we can always create a set of new additional clearly de-
fined categories (being combinations of the existing ones) in order to remove
all multiple responses from our data set. This is not possible, however, in the
considered case where the vagueness of responses has an intrinsic nature, and
cannot be removed without loosing some information.

To simplify the analysis of imprecise (fuzzy) categorical data let us assume
that imprecise observations are related only to the values of Y, and the obser-
vations of X are always crisp. Thus, for a single observation the contingency
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table may look like (Hryniewicz [8])

X/ Yy ldy; by

T M Hg -t fir

where p;; € [0,1], i = 1,..,k; j = 1,..,7 and sup, ;pi; = 1. We may
interpret the values of p;; as the degrees of possibility that for the X = =z;
the variable Y adopts the value 7;. Now, each observation is described by a

pair (Xq, }7,,) ,g =1,.,n, where X, represents the observed category of the
variable X, and §~’q = 1 |pig1 FY2lpig2 + o F Y, 15 a fuzzy set that describes

imprecise observation of the variable Y. Fuzzy set Y, may be interpreted as a
possibility distribution over the categories of Y for the g-th observation.

Let ¥ be the a-cut (0 < & < 1) of ¥, Thus, ¥, = {M{’;l,M{f’?, M2,

where

a ].ifﬂiqj 2 & . L . _
]V[iqj = {0 otherwise * '@ e{l,.,k}, j=1,..,7, g=1,..,n,

is an ordinary set. Let Y = {¥}*,¥%,...,Y¥} be the set of a-cuts for all
observations, and S® C Y'® be its subset consisting of those elements of Y

for which Z;:1 M;:; = 1. It means that for each element of S® we have
only one value 1, and r — 1 zeros. Now, define N nin HO be the number of

observations in the (i, j)-th cell, calculated over all observations that belong
to the set S=, and N hax 1O be the number of observations in the (i, j)-
th cell, calculated over all observations that belong to the set Y¢. Having
these quantities defined we proceed to the definition of the fuzzy equivalent
of Goodman-Kruskal’s ¥ measure of dependence (association).

Let’s define the following set

T
@ . R A G e L. (o3 == 1.
N& = {n” vi=1ok, =1, o0 S <ng L Z ng = n,.}

To give an interpretation of N let’s introduce the notion of an observation
that for a given a-cut is compatible with a given fuzzy observation. A crisp
observation Z (i, jo) , such that p;; =1 for (i =1ip)N (j = jo) and p;; = 0
otherwise, is for a given a-cut compatible with a given fuzzy observation Y,
(g =1,...,n) if for a given i, = ig we have M, =1 . (Note, that the each
a-cut of }7q can be represented as a superposition of all crisp observations that
for the given value of o are compatible with f’q) Thus, N¢ is the set of all
possible samples consisted of c¢risp observations that are compatible with the
observed fuzzy sample.
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Now, using the approach proposed in Hryniewicz [8], we define a fuzzy
index of dependence (association) 7 by the set of a-cuts (v, , vay ), where

Yaim = 007 (12)

and

Vonax = SUPY.- (13)
N(!

Calculation of (12) and (13} may be a hard computational task. In order
ease these computations we will prove the following Lemma.

Lemma 1. Let {n;;,i =1,...k, j=1,..,7} describes a set of crisp obser-
vations for which the value of Goodman-Kruskal v statistic equals vy. Moving
of one observation from the cell (i, jo) to the cell (ip,Jo — 1) increases (de-
creases) the value of Goodman-Kruskal v statistic if

(DWio,J'o - CUio,jo) + (CWio,jo—l - DUio.J'o—l) > (<)0, (14)
where
C = Z‘JZZn" (15)
i'>ij >j
D=Zh£2§:Ww (16)
i, i >i5 <y
ig—1
10.] - Z nt]a .7 - 1 (17)
and
k
Wm,j = Z Nij, _} = 1,..,1‘. (18)
i=ig+1

Proof. Note, that the maximum likelihood estimator of v for a given set of
crisp observations is given by

Q

- ¢=D 19)
"= D (

From the structure of C' given by (15) we see that by moving one observation
from (49, 7o) to (ig,Jg — 1) we change C by
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ig—1
E n”01+ E E n//— E E n/,/:
1>10J >j0—1 ‘L>l0_’l >jo
Uio,jo—1 + § : Nijo = ~Uig o1+ Wigjo-
i=1ig+1

Similarily, from the structure of D given by (16) we see that by moving one
observation from (ig, jo) to (io,jo — 1) we change D by

ip—1
E nU0+ E E ’n/l— E E ni/jI:
i'>ig g’ <jo—-1 i’ >i0 3 <jo
io,Jo - § Thijo—1 = 10»]0 I/Vion"l'
i=1i0+1

Hence, the total change of v is given by

A-_(C-D)+(A;-43) C-D _AN
YT (C+D)+ (Ag+4p) C+D T AD

where
AN =2 [( m jo CUio,jo) + (CI'Vio.jo—l - DUio,jtrI)} .

1t is easy to show that AD > 0. Thus, the sign of the change of v is governed
by the sign of AN, and the appropiate conditions for that are given by (14)0.

Lemma 2. Let {n;;,i =1,...,k, j=1,...,r} describes a set of crisp obser-
vations for which the value of Goodman-Kruskal v statistic equals vo. Moving
of one observation from the cell (ig, jo) to the cell (io,Jo + 1) increases (de-
creases) the value of Goodman-Kruskal v statistic if

(DUio,jo - CVVio,jo) + (CUio,jo+1 - DWio,j0+1) > (<)0» (20)

where description of (20)is given by (15) — (18).

Proof. The proof is similar to that of Lemma 1 .

Corollary 1. When ig = 1, then by moving observations to the left we in-
crease the value of v.

Corollary 2. When ig = k, then by moving observations to the right we de-
crease the value of v.
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If the conditions of Lemma 5 and Lemma 6 are not fulfilled, the minimisa-
tion of 7 is either impossible or requires recalculation of C and D after each
step of the procedure.

Practical importance of Lemmas 3 to 6 is obvious. They state conditions
whose fulfilment allows to decrease dramatically the number of computations
required for the calculations of (12) and (13).

4 Statistical inference for fuzzy Goodman-Kruskal ~.

In the considered case the test statistic is fuzzy, so we can use several methods
for the interpretation of test results. The introduction of vagueness to the
problem of statistical testing leads to a new class of statistical tests which have
been proposed by many authors such as Casals et al. [1], Kruse and Meyer [10],
Watanabe and Imaizumi [12], R6mer and Kandel [11], and Grzegorzewski [3].
In this paper we adopt the approach proposed by Grzegorzewski [3], whose
methodology follows that of Kruse and Meyer [10], and is based on fuzzy
confidence intervals of the considered fuzzy statistic. In the case of the fuzzy
index 7 we will limit ourselves to the asymptotic case mentioned in the second
section of the paper.

For the statistical inference about the fuzzy dependence (association) mea-
sure 7 we will use its fuzzy confidence interval. In the second section we have
recalled Goodman-Kruskal’s asymptotic result expressed by (11). A fuzzy ver-
sion of this interval can be given in terms of its c-cuts as follows:

(G¥,G2), 0< a <1, (29)
where
Gl = Tinin = Y +8) 20 min /Y1, 0 <@ <1, (30)
and
G = By + Ur 1250/ Vi 0 < @ < 1. (31)

One might assume that a5;, and o5, should be calculated independently
from v, and v ., respectively. We claim, however, that ¥ and & are inter-
connected. Therefore, the value of o, should be calculated from the sample
equivalent of (8) using the same set of crisp observations that have been al-
ready used for the calculation of 4,;,. By analogy, for the calculation of 7%,
we should use the same set of crisp observations that have been already used
for the calculation of v2_ . This claim is in accordance with the intuition that
the lower (upper) limit of the confidence interval of 3 should be calculated
using the same data as the lower (upper) fuzzy assesment of this parameter.
Having the fuzzy confidence interval for ¥ we can use the results of Grze-

gorzewski {3] for the construction of statistical tests.
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There exists a positive necessity of the rejection of the hypothesis of in-

dependence when the critical value y;_s is located to the left of the core of
the fuzzy set 7,. If this critical value is situated to the left of the support
of the fuzzy set 7,, then the necessity of the rejection of the hypothesis of
independence is equal to one. We have a positive possibility of the rejection
of the hypothesis of independence when the critical value y;_s is to the left
of or belongs to the core of the fuzzy set ;.

5 Numerical example and discussion

To illustrate the theoretical results let’s consider a set of (fictive) data which
have been collected in order to investigate a possible association between
education and smoking habits. The results of the poll are the following:

40 persons with the education described as ” High School or less” indicated
the category ”Non-smoker”;

15 persons with the education described as ” High School or less” indicated
the category ” Smoker”;

10 persons with the education described as ” High School or less” indicated
the category " Heavy smoker”;

30 people with the education described as "University” indicated the cat-
egory " Non-smoker”;

8 persons with the education described as "University” indicated the cat-
egory " Smoker”;

8 persons with the education described as "University” indicated the cat-
egory "Heavy smolker”.

Moreover, the some persons presented the following fuzzy responses:

5 persons with the education described as ”High School or less” presented
their indication as 1)” Smoker” +0, 5" Heavy smoker”;

& persons with the education described as ”High School or less” presented
their indication as 0, 5|”Smoker” +1]” Heavy smoker”;

2 persons with the education described as *University” presented their
indication as 1|” Smoker”+-0, 5|"Heavy smoker”;

2 persons with the education described as ”"University” presented their
indication as 0,5|"Smoker” +1|"Heavy smoker”.

Hence, for the a-cut level & = 1 we do not observe any fuzziness, and the
corresponding contingency table is the following;

Non-smoker}{Smoker{Heavy smoker
High school or less|40 20 15 75
University 30 10 10 50
70 30 25 125
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us notice that in this crisp case we tacitly assumed that smoker who were
not able to present crisp answers smoke more than ordinary ”Smokers”. It
may not be true if the hesitation results from the impecise description of
categories. Therefore, while building a new extended contingency table we
introduce some new information which is not necesarily present in the data.
Using the fuzzy approach proposed in this paper do not loose imprecision
contained in statistical data.

6 Conclusions

In the paper we present a new methodology for the assesment of the strength
of dependence (association) of two variables described by ordered categorical
data when the observation are not crisp. We propose to use a certain possibility
distribution over a set of categories of one variable in order to describe impre-
cise data. For this purpose we use a fuzzy version of the Goodman-Kruskal v
statistic. We present also a methodology for the calculation of fuzzy confidence
intervals of v, and a methodology for testing statistical hypotheses about the
values of this measure. The results presented in this paper may be generalised
to the case when the data are fuzzy with respect to both variables. However,
in such a case a required computational effort (optimisation over a possibly
very large set of alternatives) could be rather prohibitive unless we find some
hidden structure of the optimisation algorithms.
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