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Abstract 

The paper deuls witb the Two-Constraint Binary Knapsack Problem, 
which is spccial case of ł...Iu l ti-Constraint Knapsack Problem, with 2 con­
straints only. It is assumed that same of the problem coefficients are real­
izations of mutually independent random n\riables. Asymptotical proba­
Lilistic proµerties of selected proLlelll characteristics are investigatf:'d for 
thf! 2 spr.cifie r:ascs r:orrrn:.poncling to large ancł small Vfllncs nf thr. Lagrang1~ 
1nultipliers. 

1 Introduction 

Let us consider a Two-Constraiut Dinary Knapsack Problem in the following 
fornmlation: 

" =opy(n) = UHL'C I; r, · "'• 
i~l 

subject to I; a1; · x ; '> b1(n) 
i=l 

wlie.re j = 1,2, :1:i = O or 1 

(1) 

Without restricting the generality of considerations it may be also assumed that: 

It is assumed that: 

" 
c; > O, a1; > O, O< b1(n) '> L a1; , i = 1, ... , n, .i= 1. 2. 

i=l 



The assumptions that Ci, aji > O, O < bj(n) ( L7=i aji, i = 11 ••• , n 1 j = 
1, 2,are supposed to avoicl the trivia! and degenerated problerns. :More precisely 
iuterpret.atiou of tlte <Lji = O or r.i = O is far not. obvio11s. \Vheu l,j (n) > L:~ 1 U<ji 

then the corresponding constraint is always fulfilled and therefore it may be 
removed from the prnblem formulation, otherwise if b;(n) = O !hen (1) has only 
the trivia] solution i.e. zopr(n) = O. 

Two-Cm1st.rai11t. Biuary Kuapsa<:k Prohlm11 is spechtl c:a.-.;e of the hiuary 11ml­
ticonstraint knapsack µroble111, also known as m-constraint knapsack problem, 
see Nemhauser and vVolsey [10) and Martello and Toth [7), where in generał 
case there is arbitrary number m of constraints, i.e. j = 1. .... 111. Another 
import.a.ut. specia.l c:as<\ of the umltic:oHst.raiut. kna.psac:k prohlc\lll is da.ssi<:al {si11-
gle constraint) or: in other words, Einary Knapsack Problem, which have only 
one constraint, i.e. j = l (see Martello and Toth [7)). In the Szkatula's pa­
pers see [13) and [14] probabilistic analysis results of the <lifferent cases of the 
1,inary rnnlticoust.raiut. kua.psac:k problem were prescnt.cd. Nioreover foll ca.se of 
the classical {single constraint) Einary Knapsack Problem was cousiclerecl in the 
paper [14). 

The Multi-Const.raint Knapsack Prnblem is well known to be NP hard, 
moreover, when m, ~ 2, it. is NP hard in t.he strong :·-a:nse (sce Garey and 
Johnson [3)). It does mean thai Two-Constraint Einary Knaµsack Problem (1) 
is also NP hard int.he strong sense. Classical (one-constraint) Einary Knapsack 
Problem is NP hard combinat.oria1 optimization problem, however not in the 
strong- seuse. 

The papers by Fl·ieze and Clarke [2], :Vlamer and Schilling [6), Schilling [11] 
and [12) investigate the asymptotic value of =oPT(n) for the random model of 
Mult.i-Constraint Knapsack Problem, where b;(n) = 1, j = I, ... , m. Papers 
by Szkatuła [13) and [14) wc,n, rlc,aling with t.lw rnnrlom morlc,l of the, Mnlti­
Constraint Knapsack Problem, where bj(n) are not restricted to be e4ual to 
1. Papers by ~1eanti, llinnooy Kan, Stougie and Vercellis [9). Lee and Oh [4) 
consider mare generał random models of Niulti-Constraint Knapsack Problem 
h11t. only for j = 1: 2 som<? analyt.ir.al r<?s11lt.s dc?sr.rihing· t.hc gTmvt.h of .:apr(n) 
were obtainecl. 

The aim of the present paper is to analyze the growth of the asymptot.ie 
value of zopr(n) for the class of random Two-Constraint Einary Knapsack 
Problcms (1) with possibly full spectrum of the constraints right.-hand-sidcs 
values. Two-Constraint Binary Knapsack Proble1n is important special case of 
the generał Multi-Constraint Knapsack Problem, see Martello and Toth [8). It 
is NP hard in the strong sense combinatorial optimization problem. Results 
of the probabilist.ic analysis of t.his problem ma.y allmv to desr.ril1e asympt.ot.ir. 
beha,~or of the zopT(n) for practical]y all combinations of values of b1 (n) and 
b2 (n) as well a.s other problem coefficients (considererl as realizat.ions of the 
random variables). Those results mar help to better unclerstancl number of 
the theoretical issues relat.ed to Two-Constraint Binary I<napsack Problems as 
well as enable construction of mare efficient algorithms for solving t.he practical 
instances of the (1). 

2 Definitions 

ThP. follmvit1g clP.fiuit.ious arf! Hf!r.essary for tl1e fort.her prP.seut.atio11: 
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Definition 1 VVe denote Vn :::::: Y 11 • where n ---+ 00 1 i;{ 

Y,, · (1 - o(l)):;;; Vn,;;; Y,, · (1 + o(l)) 

}~.;, P{Y. · (1 - o(l)) ,;;; V,, ,;;; Y. · (l + o(l))f = 1 

when Vn is a sequcncc of random trariable.s and Yn is a scquencc of num.bers 01· 

random variables, where limn-~ o(l) = O a.s il is usually presumed. 

Definition 2 We denote V,, ::ś Yn(V., t lVn) if 

V,, ,:; (1 + o(l)) · Y,, (11,,;:, (1 - o(l)) · W,,) 

,}~~ P{ Vn ,;;; (l + o(l)) · Y,,} = 1 / }~'.!o P{ V,, ;:, (1 - o(l)) · 1Vn} = 1) 

when V,1 is n sequence of random vm·iables and Yn (VVn.) i._q a sequence of numbers 
or ra.ndom ·11m-i.nblP..~, whr~1P. lillln--oo o(l) = O. 

Definition 3 ftVe denote Vn ~ Yn if there e:iist constants c" ~ c1 > O such that 

The following random model of (1) will be considerecl in the paper: 

• n ---+ oo, i = 1, .. . , n, .i = 1. 2. 

• ci, aii are realizations of mutually independent random v·c\.riables aud 
moreover Ci, aii a.re unifonnly distrilmtecl over {O, l]. 

• O< ó,;;; b,(n) ,;;; b2(n) ,:; n/2, b;(n) ,:; b;(n + 1), for every n;:, 1 and all 
bi(n), j = 11 2, arc clctcrministic, whcrc ó i::; a constant. 

Under the assumptions made about Ci, aii and b1(n) the following always 
hold 

" n 

O:;;; zon(n),;;; L c;:;;; n, 6,;;; b1(n),:; I:>1,:;;; n, j = 1. 2. (2) 
i=l i=l 

Nioreover. from the strong la-w of large numbers it follows that 

n n 

I:c, ""E(ci) ·n= n/2, La;,"" E(ci11 ) ·n= n/2. 
i=l i=l 

Therefore, it, is j11st.ifiP.cl to euha11cP. for11mla (2) in t.he followi11~ way: 

O ( zorr(n) ::ś n/2, O< 6,:; b, (n) ( b2(n) ::ś n/2 (3) 

Formula (3) shows that random model of the Two-Constraint 13inary I<nap­
sack Problem (!) is complete in the sense that nearly all possible instances of 
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the problem are considered. In this respect the model where b1(n) = b1 (n) = 1 
is just a very special case. Taking into account that r::;~ 1 a1, :::::::::: n/2 assumption 
t.hat. bj(n),;; bj(n + 1) , for all n~ 1, is qnit.e lo1sic:al. 

The growth of =oPr(n) - value of the optima! solution of the problem (1) 
may be influenced by the problem coefficients, namely: 

lt is assumed that c; 1 a ii are realizations of the random variable.s and therefore 
their impact on the zopr(n) growth is in this case indire.ct. :.VforeoYer, we have 
as.••annc(l t.lrnt. n - no. The aim of t.he prohahilist.ic. analyxi.-.; is t.o invest.igat.(! as­
ymptotic behavior of =oPr(n) when n - oo. The impact of the right-hand-sicie 
values - b1 (n), b2(n) - is well illustrated by the Lagrange function and the prob­
lem dual to (1), see Averbakh [1). Meanti, Rinnooy Kan, Stougie and Vercellis 
[9], Szkatuła [13] and [14]. Duc to t.hc vcry complicatcd formulas, impossiblc to 
handle in the generał case, the papers by Szkatuła [13] and [14] investigate only 
two important special cases of values of constraints right hand sides in the case 
of Multi-Constraint Knapsack Problem. 

3 Lagrange and dual estimations 

VVhen the generał kuapsack type problem, with one or many constraints, is 
considered then Lagrange function and the corresponding dual problems , see 
Averbakh [1], Meanti, Rinnooy Kan , Stougie and Vercellis [9], Szkatuła [13] and 
[14] are very m:efnl too1~ to perfonu variom; kill(l of a11aly:-;e., of t.hc~ origiHal 
problem. In the specifi.c case of the T,vo-Constraint Einary Knapsack Problem 
Lagrange function of the problem (1) may be formulated as follows: 

L,,(x) te,· x; + t,Aj (bj(n) -taj; x,) = 

t,AJ + t (c; -t,AJ "J•) :<; 

where :r: = [:1:1, ... , :i:n] mHl A = [.X1, >.2] - vec:t.or of LagTaug-e 1111ilt.i1>liers. fv!ore­
over, Jet for every A, Aj 2'. O, j = I, 2 : 

{ 

2 

</>,.(A)= ma.'< Ln(x,A) = ma.'< I>; 
xE{0.1}" xE{O.l}" j=l 

· bj(n) + t (c, -f,Aj -a;,) x,}. 
i=l 1=1 
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.. 

.. 

Using the following notation: 

:,:,(i\) 

c,(i\) 

w0. have for cvcry A, >.j 2 0 1 .i= 1, 2: 

2 

if c; - L >.j • aji > O 
j=l 

otherwise. 

2 

if c, - L A; · a;; > O 
j=l 

otherwise. 

2 
if c; - I: Aj · aj; > O 

j=l 

otherwise. 

2 

1>n(11J = LA, 
j=l 

· b;(n) + t. (c, -t, Aj· a,,) · :v;(i\) = 

• bj(n) + t. C,(/1) -t Aj aJ;(i\)) 

Obviously for i = 1, ... , n . .i = l , 2, 

c;(i\) = c, • x,(i\), a;,(11) =a;;• x,(11). 

(4) 

Dual problem to Two-Constrrunt Einary I<uapsack Problem (1) maybe fonrm­
lated as follows: 

4i:, = ~~~ 1>n(II). (5) 

For every i\ ;::: O t.he followiug holcls: 

2 

zoPT(n) ś 4i;, ś 1>n(A) = Zn(A) + LA;(b;(n) - s;(i\)). (G) 
j=l 

Let us denote: 

a '/I U. 

Zn(A) Le;· x;(/1) = L c,(i\),s;(i\) =La;;· .T;(i\) = L a,,(i\), 
i=l i=l 

2 2 

Sn(i\) = L>.j · -'j(i\), B(i\) = LAj · l>;(n). 
j=l j=l 

By definition of c;(A) and aj;(A), see (4), we have: 

2 

and therefore 

c,(i\);::: L Aj· nj;(i\), i= 1, .. , 11, 

j=l 

i=l 



=n(A) 2: Sn(A). (7) 

For certain A, x;(A) given by (4) may provicle feasible solution of (1), i.e.: 

s;(A) S b;(n) for every j = l, 2. (8) 

Theu: 

=,,(A) S =oPT(n) S <I>;, S q,,,(A) = z,,(A) + B(A) - S,,(A). (9) 

If (8) hokls, t.lwn t.hc bclow itwcpmlit.y also holrls: 

B(A) - S,,(A) 2: O. 

From (7) we get: 

</>,,(A) = Zn(A) + B(A) - Sn(A) < l + B(A) - S,,(A) _ 
=n(A) z,,(A) =,,(A) - S,,(A) 

Therefore if (8) holcls, then the following inequality also hokls: 

l < =oPT(n) < <I>~ < q,n(A) < B(A) _ 
- =n(A) - =n(A) - =n(A) - Sn(A) 

(10) 

Formula (10) shows, that. if there exits such a set of Lagrange nmltipliers A(n) 
which is fulfilling t.he formula (8) and if the formula below holcls: 

lim B(A(n)) = 1 
n-= S,,(A(n)) 

(11) 

then 1 due to (lO)i lim 71 - 00 ;:,1/;::(,:)) = 1 and therefore Xi(A{n)) 1 i = 1, ... , n, 
given by (4), is the asymtotically sub-optima! solution of the Two-Constraint 
Einary Knapsack Problem (1). ł-loreover the value of =n(A(n)) is an asymptot­
kal approximat.iou of t.liP. opti111al :-mlnt.io11 ,r.-thu~ of tliP. Two-Const.raint. Bi11ary 
KnapsacJ, Problem i.e. zopr(n). 

4 Probabilistic analysis 

In the prnscnt. scr.tion of t.hc paper :mmc prohahilist.ir: propc~rt.ic:,.; of t.lw Two­
Constraint Binary Knapsack Problem (1) will be investigated. ,;ve have assumed 
that Ci, aii i = 11 ••• 1 n , j = 1, 2 are realizations of mutually independent 
random variables and moreover ci, nji are uniformly distributed over (O, l ]. 
Mormver we lrnve >Lssmnecl that. O< 6 ( b1(n) ( b2(n) ( n/2, l,;(n) ( l,;(n + 
1) . In addition we will assume that Lagrange multipliers A1 and A2, A2 :S A1 , 

A = (A 1 , A2) are also deterministic. :rvlonotonicity of constraints right hand 
sides, b1 (n) :( b2(n), is in this case determining monotonicity of the Lagrange 
multiplicrs, A2 :S A1. ThiB b oftcn uscd in the litcrat.urc probabiliBtic model 
of the generał knapsack problems and it suits very well also to Two-Constraint 
J3ina.ry Knapsack Problem (1). 
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Let us first observe that due to the assumptions made the following holds, 
for i= l, ... ,n, j = 1,2: 

{ 
O when x ,;; O { O when x ,;; O 

P(aji < x) = x when O< x,;; 1 , P(c; < .1:) = .1: when O< x,;; 1 
I when :r: ~ 1 1 wheu :1: ~ I 

(12) 
In order to proceed with probabilistic analysis of the Two-Constraint Bi nary 

Knapsack Problem (I) it is necessary to consider probabilistic distribution of 
the followiug raudom variahks 

!: 

L Aj - fLji, k = 1 or 2 
j=l 

LPI (:r.) _ [x[ + :c _ { x if x > O .i·• = { 
·· ·· + - -2- - O otherwise ' 2 

if j = 2 , Thc,n for 01· 
if j = 1 

i= 1, ... 1 n, j = 11 21 the following holds: 

F1(:1:,Aj) = P{>.j · ltji < :,:} = 2-((:r.)+ -(:,:- Aj)+l, 
Aj 

F2(.1:,A) 

I 

P {,\1 · a1; + ,\2 · a2, < x} = 2_ /F1(x - ,\j.t, A\,\J)dt = (13) 
Aj. 

() 

-,\ 1,\ {(:i:)~ - (x - A1)~ - (x - .Xe)~+ (x - .X1 - .Xe)~) 
I . 2 

The distribution functions of the random variables aji(A), ci(A) 1 i= 1, ... , n 1 

j = 11 2 are: 

GJ;(:r,A) 

H,(x,A) 

P{aJ;(A) < :c} = 

P{a.;; < :cLJa_;i 2'. :vnt),k •a;k 2'. c;} = 
k=l 

I I 

1-ff Fi(r- Aj· t,A\>.j)drdt 

:r. o 

P{c,(A) < x} = 

(14) 

P{c; < :1:LJc; 2'. :1:ntAk ·ll;k 2'. c;} = (J5) 
k=l 

I 

I - f F2(t, A)dt, 

Using above formulas (14) and (15) expectations of the llj;(A), c;(A) coulcl 
be expressed as follows: 
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1 1 1 J xdGj;(x,A) = J x J Fi(r- Aj· x,A\>-j)drdx = (16) 
o o o 

A~- (j x j((r - x • Aj)+ - (r - .,: • Aj - Aj· )+)drclx) 

1 1 

E(c;(A)) J xdH;(:c,A) = j :c · F,(x,A)cl:c = (li) 

o o 
1 

--1-f x • ((x)+ - (x - A1)!- (x- A2)! + (.,:- A1 - A2)!) dx = 
2 · A1 · A2 

o 

--1- (! -/1 
:i:· ((:i: - A1)! + (:r. - A2)! - (:r. - A1 - A2)!) rl:r.) . 

2 ·A t· A2 4 
o 

It is easy to obsen-e that above formulas (16) and (17) may take different 
values, depending on the mutual relations between A. 11 A2 and x 1 r since severa) 
items of the formulas above may become O or be strongly positive. 4 specific 
cases coukl be clistinguished for i = 1, ... , n, .i = 1, 2: 

1. Case of "large" values of the Lagrange multipliers 1 :S A2 :S A 1. In this 
case: 

E(c,(A)) 

~ {l />._;,: {' (r - x • >.j)rlrrl:r: = -~~- (18) 
Aj• Jo },.>.j 24 ·>.}·Aj• 

1 

__ l __ I x3dx = __ l __ _ 
2 · >-1 · >-2 . 8 · -'1 · A2 

o 

2. Case of 11 mixecln value$ of the Lagrange multipliers A.2 :S: 1 :S: A1 . lu this 
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case: 

E(cili(A)) 2_ ( [1I'• x 11 (r - x • ,\J)d1·dx-
A2 Jo :i:•>.1 

(19) 

- ( '::· :c j 1 (r - :c · ,\1 - ,\2)drd:c) = 
lu (x•>. 1 +>.:1) 

1 4 - 6,\2 - ,\~ + 4,\~ 

24 ,\i 
E(a2,(A)) 2.(r1,c [1 (r-x-,\2)drdx)=i-J,\~ - B,\,+6, 

,\1 ./o ./,.,, ~4 ,\, 

E(c,(A)) _l_ (! -/1 
x · (x - ,\2) 2,h) 

2 · ,\1 · ,\2 4 . 
>.:,i 

1 
24,\1 (,\~ - G,\2 + 8). 

3. Case of 11 moderate 11 values of the Lagrange multipliers >..2 :S >.. 1 :S 11 

,\2 + ,\1 :2'. 1. In this case: 

E(a;;(A)) = _2_ ( [1 x [1 (r - x • \ )drd:c- (20) 
Ar .fu .fx.>.j 

1,(1->..;•)/>.; 11 ) 
- .,: (r - .,: • ,\; - ,\;. )drrh = 

O (x•>-_;+>.,;•) 

1 3,\j - 8,\J + 6,\J - 6,\J. + 4,\;• - ,\J. + 4,\J. - 1 

24 ,\],\;• 

E(c,(A)) _l_ (! _ /1 
x. (,: _ ,\,)2d,: _ /

1 
:i:.(.,:_ ,\2 )2d:i:) 

2 ·,\I· ,\2 4 . . 
>-1 >.:,i 

--!. Case of 11 small 11 values of the Lagrange multipliers >..2 .:S ..\1 :S l, 



A2 + A1 S 1. In this case: 

E(a;;(A)) = _2_ ( [1 x f 1 (r - x • A;)drd:e-
)..i. Jo Jr.>.j 

(21) 

E(c,(A)) 

+ 

Probabilistic, or in other words average case, analysis consists in deter­
mining suc.h Lagnmg<~ nmlt.ipliers >.1 {n), >.2(n) t.ha.t: w hen n - oo, :1:i(A(n)L 
i = 1, ... , n, clefinecl by ( 4) will provicle solutions of the Two-Coustraiut Biuary 
Knapsack Problem (1) which are, in the sense of convergence in probability, see 
Loeve [5). providing solutions which are asymptotically feasible, i.e. s;(A(n)) 
is sat.is(yiug (8) xucl 111ormvc,r if S,.(A(n)) is fnlfilliug (11) t.heu, clne t.o (10), 

limu-co ~~.'(;~'{~;J = 1 and =n(A(n)) is suboptimal solution of the (1) and more­
over 

=oPT(n) as =,.(A(n)) as E(=,.(A(n))). 

The above goal may be achieved by determining A(n) as the solution of the 
following system of equations: 

E(.sJ(A(n))) = b;(n), E(.s,(A(n))) = 1,;(11.), (22) 

where b;(n) < b1(n) and b2(n) < b2(n) and A(n) is fulfilling both (8) and (11). 
Each of the 4 cases mentioned abm·e shoulcl be considerecl inclependently. Let 
ns obsc,rvc that E(.s;(A(n))) = n-E(n;1(A(n))), E(=,.(A(n))) = n-Eh(A(n.))). 

Lem111a 1 ff c;, a_;; i = 1, ... , n, j = 1, 2, an~ realizati.ons of 11mtunlly indepen­
dent rondom 11ariables mi!/ormly disti-ibuted ove,· (O, 1), and if b; (n) S b2(n) 
and 1 S A2(n) S A1(n) then 

Ai(n) = _l_ , n· b; (n)· b2(n) 
bi (n) 24 

is the solution of /22) and 

1 , n· b; (n) · b2(n) 
A2(n) = ,--( ) ' b2 n 24 

, n· b;(n) · b2(n) 
E(=,.(A(n))) = 3 · 24 

10 
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Proof. Above formulas follow immediately from the (18) and (22). • 
F\·om the Lemma I assumptions and from (23) it follows that when: 

ó :Sb; (n) :S 1,;(n) :S ~, where ó is a constant 

then couclit.ion I :S >.2(11) :S >.1 (11.) holds. 

Le1nma 2 lf ci,aji i= 1, ... ,n, j = 1,2, nre realiznt1'.ons o.fmutunlly indepen­
dent random variables un/fom1ly distributed ove,· (O,!), and if b;(n) :S b2(n) 
mul >.2(n) + >. 1(n) :S I the.n 

>.,(n) ~ (36 
b,(n) - 48. b;(n) + 6), 

n n 
(25) 

>.2(n) ~- (36 
b;(n) -48· b2(n) +6) 

n n 

is the solution of (22) and 

E(z,.(A(n))) (
11, I I 

7 . 2 +o·b1(n)+o·b2 (n)+ (26) 

+ 36 _ b;(n) -b2(n) _ U- (b;(n)) 2 _ 24 . (b2(n)) 2 ) 

n n n 

Proof. F\·om the {21) it could be obtained that >.1(n) and >.2(n) given by 
formula (25) are solving the equation (22). • 

In this case the condition >.2(n) + >. 1(n) :S 1 and formula (3) are providing 
that following right-hand-sides of the constraints: 

5 · n , ( ) , ( ) 12 ~ b1 n + b2 n ~ n, 

are fulfilling assumptions of the Lemma 2. 

5 Concluding remarks 

lu the preseut paper re:•m)t.:; de:;crihi11g- prohahilistic properties of the Two­
Constraint Binary Knapsack Problem (!) in the case of smaller values of con­
straints right-hand-sides (when I :S >.2 (n) :<:; >. 1(n), i.e. large) as well as large 
values of constraints right-hand-sides (when >.2(n) + >.1 (n) :S I, corresponding 
to small valnc;s of >.,(n) and >.2(11.)) an, conside1wl. 

In the paper clistribution functious of the various random variables reµre­
senting important problems characteristics are presented. 

The future research will be aimed at investigation of 2 remaining case.s 
(mixcxl all{ł modcrat.e vahw:;) of t.he 11mt.nxl rclat.iorn; bet.w<)ell A1 (n) aud A2(11.) 1 

feasibility of the receive.d solutions and estimations of the Two-Constraint Bi­
nary Knapsack Problem (!) optima! solution values =oPr(n) growth, when 
n ---. oo. 

li 
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