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W Raporcie przedstawiono dwa artykuły dotyczące modelowania matematycznego i 
komputerowej identyfikacji dynamiki przepływu masy szklanej w piecu wannowym do 
produkcji szk/a okiennego. Artykuły te zostały zaprezentowane w postaci wykładów w Szkole 
Letniej nt. Zaawansowanych Problemów Mechaniki (Summer School on Advanced Problems 
in Mechanics - APM'2001), która była zorganizowana w lipcu br. w Repinie kolo 
Petersburga {21-30.07.2001). Organizatorami Szkoły Letniej były: Instytut Problemów 
Inżynierii Mechanicznej Rosyjskiej Akademii Nauk z Petersburga (Institute for Problems in 
Mechanical Engineering of Russian Academy of Sciences) oraz niemieckie Towarzystwo 
Matematyki i mechaniki Stosowanej (Gesel/schaft faer Angewandte Mathematik und 
Mechanik - GAMM). Artykuły ukażą się w materia/ach Szkoły Letniej w 2002 r. (Proceedings 
of the XXIX Summer Schoo/ on Advanced Problems in Mechanics, St. Petersburg (Repino), 
IPME RAS 2002). 
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On the solutlon of a nonllnear Navler-Stokes problem uslng the finlte dlfference 
method 
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Summary. In lhls paper the solval>lllly analysls and numcrlcal calculallons or a quasl­
lincar, lwo-dhncnslonal problem of a vlscous llquld llow In a rcclanglc arc dlscusscd. The 
llow Is dcscrll>cd l>y lhe Navlcr-Slokcs, energy and conlinully cquallons. The analysls occurs 
wllh help of the e -approxlmal.lon and somc llnllc dlffcrcnccs arc usccl t.o gcl the numcrtcal 
solutlon or lhc prol>lcm. The lhcorcms of lite cxlslcncc, uniqucncss and convcrgcncc of lhc 
sulutlon arc proovcd. 'The calculallons arc made for somc real dat.a from a glass lank 
fumacc. In lhc paper an atlcmp lo rcconcilc lhc U1corcllcal lnvcsllgallon wllh pracllcal 
applicallons Is made. 

Key words: Navler-Stokes equatlons, solval>ilty analysls, mathcmatlcal modclltng, comput.er 
stmulatlons, dynamie syslems, glas mass currents. 

1. lntroductlon 

'111c problem und er consldcrallon Is 

2 au 
L(u) = -óu +AI u;-+ /Jgra<lp + Fu= f 

i=I dxj 

<livu=O 

u= 1/f 

(I.I) 

w herc lhc domaln Q Is a l>ounded rcclangle In R2 wlth l>oundary f, l.c . .0 = !l V r, 
• 

!l={x: x=(x1,x2), O~x; ~m;, i= l,2}and f=LJf; (sec l'lg. I.I) . Lct us dcnolc In (I.I) 

runclion or I.he l>oundary conditlons, 

A =E_[~ ~ 
µ o o ~ ]· 

c.µ/l 

B = _!_[~ 
µ o [

o o o] 
F = - pg{J O O I , 

µ o o o 

v1, v2 arc vcloclly componcnls, '/' Is lcmpcralurc, fJ Is prcssurc and p, g, /J, 1;,, µ, t:v , A 
arc dcnslly, accclcralion of gravlly, cocfftclcnl of cxpanslon, rcfcrcncc lcmpcralurc, vlscoslly, 
spcclllc hcat and lhcrmal conduclivlly, rcspeclivcly. 



System ( 1. 1) artses from the steady-state Navier-Stokes problem upon complementlng lt with 
the energy equatlon. The Joint equatlons descrtbe the two-dlmenslonal viscous llquld flow In 
whlch both forced and free convectlons (and not only the forced one as In the case of the 
pure Navier-Stokes equatlon) are taken lnto conslderatlon. They create a nonlinear boundary 
value problem with non-homogenous boundary condltlons that llts well for modelllng e.g. 
the molten glass currents In a glass tank fumace. 

The analysls of system (I.li conslsts In approxlmatlng the ortglnal equatlons by a new 
boundary value problem with a small parameter E >0 and then in constructlng llnlte 
dlfference approxlmatlon for the equatlons obtalned. The exlstence and unlqueness of the 
solutlons of both differentia! and dlfference problems are establlshed and the approprlate 
convergences of the solutlons are shown. Subsequently some results of computer slmulatlon 
for a slmpllfied verslon of a glass tank mathematlcal model are presented. The dlmenslons of 
the model and the values of the coefficlents whlch appear In the equatlons refer to real 
technologlcal data from a conventlonal glass tank fumace. 

2. The E -appro:dmatłon 

Let us dellne the Hilbert space H1 of vector functlons u= (u1 ,u2 , u3) equlpped with the 

scalar product and the norm 

ł
(u, v)H, = I, J[uivi + ±ojuiD jvi l,,y 

r=In J=I r 
MH' =(u.u)¼~ 

(2.1) 

respectlvely, and the subspace H~ cH1 that complements with the H 1 -norm the set c;; of 

the vector functlons the caniers of whlch are closed and contalned In n. After lntroduclng 

lnto the set c;; the following scalar product 

3 2 

(u,v)u = I,JI,DjuiDjvicu 
i=lnj=I 

and complementlng lt with the norm 

o I 
we get the Hilbert space U whose norm Is equlvalent to the HO -norm for bounded n [7]. 

Accordlng to Temam I 15] we can assume the exlstence In n of an auxlllary vector functlon 

weH 1 (lmpllcltly defined) whlch satlslles the condltlons: ctTvw=O on n and w=l/f on 

r. Upon substltutlng u,.,= u-w we get from (I.I) the following homogenous problem 

2 



2 du 
L(u.,) = -óuw +AL u.,;~+ Bgradp + Cgraduw + Guw + fw 

i=I clX; 

divuw =0 

llw =0 

C d A~- du„ 
whcrc gra u = ,t.., W · --

w i=I ' dx; . 

LJw)=-l\w+Aiw; aw +Fw . 
i=I dx; 

XE il 

X Ef 

2 Jw 
Guw =Fuw +ALuw;-, 

i=I dx; 

(2.2) 

Iw= f - Lw(w). 

lly rcsolvtng lhc non-homogcnous proulcm (I. I) lo lhc homogcnous one (2.2) we can slmpllly 
radically ihc suhscqucnl. lnvcsllgallons. 

By applying lhc e -approxlmallon wilh small paramcler e >0, Tcmam ( 1966(, to (2) we arrlvc 
al the followtng lransformcd proulcm 

!Le(u,.) = - óuc + Pe (ue) -¾ Bgrnd(di vue) + Cgradue + Gue =fe 

Ue =0 

whcrc 

X Ell 

XEf 

(2.3) 

(:l.4) 

TI1c e-approxlmallon conslsts In rcplactng the condll.lon di vuw = O wll.h di Vllc = -E'.flc 

I -
and In addltlon the expresslon -Aued i vue to L(uw), where fe= fw and lic, Pe arc senne 

2 

approxlmallons of the funcllons uw, Jl . 

The bcncllL~ of the e -approxlmaUon arc: rcducllon of the numucr of varlahlcs In lhc 
cquallons (rcmoval of the p-funcllon), rcducllon of lhc 11u111ucr of cquallons (rcmoval of lhc 
scparal.c contlnulty condlllon) , cllmlnallon of the nonllncar componcnts In the relations 
durlng the farlhcr lnvcsllgallon conccrnlng the cxlstcncc and unlqucness of the proulcm 
solullon. 

3. Solvablllty of the dlfferentlal boUDdary problem 

o o 
Definltlon 3.1. F'1111clio11 "w EU L~ a solul.lon of/he problem (2.2) iffor anu v EU /he iulegml 

ide11lily 

:.l 



I 2 I 2 
(u .. , v)u +-(L Au .. ;D;u.,., v)--L(Au„u .. ; ,D;v) + (Cgradu .. , v) + (Gu .. , v) = (f .. , v) 

2 i=I 2 i=I 
(3.1) 

- - 2 ltolds w/tere di vu., =di vv = O wid(.,.) Is lite scalar producl in i/te space L (il). 

o o 
Definltlon 3.2. Funclio11 ut E U is a solulion of i/re problem (2.3) if Jor a11y v E U ilte inleyral 

ldertiiiy 

holds. 

For farthcr consldcratlon we will need the followlng Cauchy lncquallty 

ab~ !l..a 1' +~bą; a,be R, 1],p,q>O, (3.3) 
p q'7 

and the Holder lnequalltles: 

(3.4) 

and also the followlng lcmmas: 

Lemma 3.1. Foranyfunclion u E H,'.(il), ile R2
, i/re inequalily 

holds w/wre j~ ,jjj. rnean Lite 1wm1S lr1 L2 (il) artd L4 (H), respecl!tJCly (7). 

Lemma 3.2. For artyfuncl/on u E H,'.(il) wiilt lite dornainO bou11ded lite lr1eąualily 

ltolcL~ wltere v1 is the smallest eigenualue of Lite /.,nplace operat.or -11 In n Jor tlie xero 

boundary cor1ditions (7(. 

4 



Lemma 3.3. A sequence of functions { un} that converges wealcly in H ~ (il) Jor il c R 2 
is 

converging strongly in L2 (il) and L4 (il) (7). 

Lemma 3.4. A system of the nonlinear equations 

H;(c)= H;(CJ,···,ck )=h;, i=l,2, ... . k, CER* . 

k P 

has at least one solution if the inequality Ł, H; (c)c; ~ a 0 icl - K0 holds for a0 > O, 
i=l 

lct =cf+ ... +cf, p > I and K0 ~ O I 16). 

Theorem 3.1. Forany fe E L2 andforany E > O 

o 
(a) the problem (2.3) has at least one solution UE EU ifthe inequality 

(3.6) 

IFI 2l'41AI 
holds, where X 1 = - . X 2 = --1/-

2
-. IFI and IAI are same nomlS of the matrices F and A, 

V1 V1 

respectively; 
o 

(b)jor any solution uE EU thefollowing estimation 

(3.7) 

. Ilf" (JE,v) . o 
IS true, where EUtr =s~p~ Joranyfunctt0n vE U; 

(c) the senes of the sołutions of (2.3) detennined approximately by the Galerkin method 

converges to any UE according to the U -nollTI. 

We precede the proof of the theorem by some !emmas. 

o 
Lemma 3.5. For anyjunction u EU the equality 

holds. 

This equality we get after multiplying the expression PE(u) (see (2.4)) by u in J3 and using 

subsequently the Greenformulas. 

5 



o 
Lemma 3.6. For any Junction u E U the equality 

(Cgradu,u) = O 

holds. 

This equ.ality we get after multiplying the expressiDn Cgradu (see (2.2)) by u in L 2 and using 

subsequently the Greenformulas and the assumption di vw =O . 

o 
Lemma 3. 7. For any functions u, v, w E U the inequality 

This inequality we get after using successively the Holder inequalities (3.4) and (3.5). 

o 
Lemma 3.8. For anyfW1Ction u EU the inequality 

holds. 

This inequ.ality we get after esttmattng the expression Gu (see (2.2)} from above and using the 
estimates Jrom lemmas 3 . 7. 3 .2 and 3.1 successively, Le. 

Proof Accordlng to the Galerkln method we can wrtte the approxlmate solution of (2.3) In the 
k 

form u;= L,Ck;V; where cki ER, k=l,2, ... and {v;}:1 Is a system of vector functlons that 
i=I 

Is complete In U . For u; and the set of V; we get from (2.3) an equlvalent system of 

nonlinear equatlons 

k _ k k I .,.k 
(LE u,, V;)= - (Du,, V;)+ (PE(u, ),v;) - -(Bgradd I vu,, V;)+ 

f (3.8) 

+(Cgradu;, v;) +(Gu;, v;) = (JE, v;) 

After multiplylng each equatlon of (3.8) by an approprtate cki and summlng all equatlons 
the following relation 

6 



results. Uslng the lemmas 3.5, 3.6 and 3 .8 we transform (3.9) tnto the lnequallty 

(3. 10) 

where X 4 = X 1 + X 2łlwllu . The solvabtllty of (3.8) for I - X 4 > O results from (3.10) and the 

lemma 3 .4 . Uslng the Young lnequallty (3.3) wlth 1] = I to estlmate (JE ,u;) from above we 

get from (3.10) the relatlon 

(3.11) 

whtch means that the sequence {u;} k Is uniform bounded In U for X O >0. Consequently a 

functlon UE EU and a subsequence {u;"} exist and u;" converges weakly to UE In U and 

lt converges strong)y to UE In L2 and L4 accordlng to the lemma 3.3. 

To show that uE Is a solutlon of the problem (2.3) we Will find the limlts of the components 

of (3.8) for kn• 00 and for i fixed. To find the limit for (P,(u~), vi) the followlng 

transformation 

k I 
2 

k k I 
2 

k 1
2 

kk 
(PE(uE ), V;)= -(A I, (u,;; - u Ej )D juE , v;) + -(A ~:,UEjD jUe , v;) - - I, (AuEj(uE - uE ),D jvi )-

2 j=l 2 j=l 2 j=l 

I 2 
- 2 I,(Autue,Djv;) (3.12) 

j=l 

and subsequently the lemma 3.7 and the fact of the strong convergence of u;" to UE In L4 

should be used. As a result we get 

(3.13) 

Ftndlng the limlts for other components of (3.8) we take tnto conslderatlon the weak 
o 

convergence of u;" to UE in U and its strong convergence to UE In L4 and also the 
o 

completeness of {v;} : 1 tn U. Consequently we get from (3.8) the ldentlty (3.2) that shows 

the truth of thests (a). 

We get the estlmatlon (3.7) from (3.2) after lnsertlng v = UE and then followlng the same way 

as by gettlng the relation (3. l l). This shows the truth of thesls (b). 

7 



I:, o 
To show the strong convergence of Uc' lo uc In U we lransform (3.2) lnlo the form 

(Lc."c - Le11! ,11c - u;)= (u,: -u; ,uc -u; )u + (P,:(u,:),ue -u; )-(P,:(u; ),uc -11;) + 

1-:- k-:- k kk kk 
+-(d I v(u,: - li,: ),d I v(11,: - uc )) + (Cgrad(11,: -11,: ),11,: - uc) + (G(uc - li,: ),11,: - li,:) 

Eµ 

(3 . 14) 

from whlch we gcl 

H k 12 
I li -:' k 112 k k k 11"c -ueiu + Eµ d1v(ue -ue>u =<Leuc,Ue-ue)-(Cgrad(ue-Uc),ue -ue)-

-( G(ue - u; ),uc - u;) - (f c,lle - u;) - ( Pe (ur, ),Itr, - u;)+ (Pe (u! ),ue) - (/'1: (u: ),111~) = / k 

We can find now lhe limit of / k for kn • oo uslng for Il successlvcly lhc lcmmas :1.5, :l.6, 

3.8, the rclallon 3.12 and lhe properly of the strong convergcnce of 11!" lo u„ 111 i!. 'l11c11 

we gel lim Il k I= O. Il shows lhe truth of thesls (c) and ends the proof of theorem 3.1 • 
kł,➔-

Theorem 3.2. IJ lhe esllmallon 

(3.15) 

X2 holds where X 5 = 
112 

lhen the approxlmaled solutlon of Ule problem (2.3) ls unique. 
(2Xu) 

We prcccde the proof of lhe lheorem uy some lemmas. 

Lemma 3.9. Foranyfunctlons u, v the lnequalily 

holds. 

We gcl. fhl~ fncąualily using succcsstvcly lite lemmas 3.7, 3.1 and 3.2 Lo esllmalcfrom <AIJOve 
thefollowlng expresslon 

I 2 I 2 
(Pc(ll)- Pc(v),u - v) =z(A.L, (u; - V; )D;u,11 - v) +2(AL, v;D;(u - v)-

i=I i=I 

I 2 I 2 -2 L, (A(u; -v; )11, D;(u - v))- 2 L, (Av;(II- v), D;(u - v)) 
i=I i=I 

thai resullsfrom (2.4/ like (3.12} clocs. 

I k Lemma 3.10. For any solutions Uc, "c of the problem (2.3) the inequality 

8 



lwlds. 

Aflcr l11serli11g UE ee u! l11to {3.13) a11d usl11g succcssively lhe leuunas :J.9, 3.6 and 3.8 we gel 

the relalion 

I k I k H I *1 2 
I I .,. I .t 11

2 
ff 'I H„1 k11

2 
H I kl2 

(L.11,-L,u,,11,-11,)~iu,-u, u+i:µlldiv(u.-u,)j -z2,u, ur•-"r u-z411u,-u, u 

from wltlch the lenuna's lnequalUy results afler constderlng Lhe estimalion /3. 7). 

Proof Let us assume that two dlfferent solutlons u!, u; of the problem (2.3) exlst and we 
u 

will show thal lhcy arc cqual In U. For lhc solullons and for any fu11cllon uE U lhc 
followlng rclatlon 

+(Cgra<l(u!-u;),v)+(G(u!-u;),v)=Oaa/1 

rcsults from (3.2). Afler lnsertlng u= u!- u; and uslng the lemma 3. I O we get 

from whcrc wllh lhe help of(3.14) lhe lnequallly 

o 

holds. lt means that u! = u; In U and thls cnds the proof• 

Theorem 3.3. lj t: • O Lhenfrom Lhe sequence {uE} of the solutions of tlie pro/Jlems Jamily 

/2.3) one can choose a subsequence t/1al conuerges slrongly tn U to lhe solulio11 u„ of lhe 
problem /2.2). 

Proof. The proof eonslsts of two steps. We show the weak convergencc of the solutlons {11,} 

In U to uw In the first step and the strong convergenee of {ur} In U to u„ In the second 

one. 

We can sec from (3. 7) lhal lhe sequcnce {11r} Is unlformly uoundcd In U l.e. such a 

functlon u„ EU and a subscqucnce {11m} exlst that {um} convcrges wcakly In U to 11„ 

9 



for e,. -+0 . 1l1cn {u,,,} converges strongly to uw In L2 and L4 accordlng to lhe lemma 

{ 
- } - 2 3.3 and also <li v1101 convcrges strongly lo <li vuw In L . Uslng (3.7) we gct lite cxlstcncc 

of a suuscqucncc {<li vu„1111 } lhal convergcs strongly In L2 lo O for e 11111 -+O. l'rom Il 

<li Vllw=O holds. To show thal llw Is a solullon of (2.2.) we wrllc down the ldcnllly (3.2) for 

u„1111 EU and for any ue U for whlch <li vv = O holds. '!ben we have lhe relallon 

I - -
(Lc1101111 , v) = (11„1111 , v)u + (Pc(11„1111 ), v) +-(<li vu„1111 ,<l i vv) + (Cgradu0111„ v) + 

Eµ 

+(Gu„1111 , v) = Uc, v) 

l'lndlng for Il lhc llmlt for e 11111 -+ O undcr conslderallon of (3. 14), (2.3) and of lhc condlllun 

<ll vv = O we gct. the ldcnllly (3.1). Thls cnds the nrst slcp of the proof. 

Now we form from (2.2) and (2.3) lhc rclatlon 

(Luw - Lc 11v,m•uw - u,,,m) = (uw - 11,,,m,Uw - Uv1111>u + (P(uw), 11 w - 1101111)- (Pc(Uo,,n),u- 1101111) + 

+(Bgrad(p- /101111 ),u., - u„1111 ) + (C(uw - u„1111 ),uw .- 11„1111 ) + (G(11w - u0,111 ),u,. - 11„1111 ) = O 
(3. 16) 

2 

whcrc 1'(11,.)=AI11w;D;uw, 
i=I 

I -
p„111, =---<li vu„11 • . lf we nnd now lhc 1111111 for (3. 16) for 

E,,,,, 
E: 11111 -+ O taklng for IŁ undcr conslderatlon (3.13), the lcmmas 3.5, 3.6, 3.8. the condlllon 

di vuw = O and lhc csllmallon (3, 7) succcsslvcly, lhcn we gct lim !u., - u,,.,,.11~ =O . '111a l 
c_ • o 

encls lhc proof of the thcorem • 

4. The dlfference approxlmatlon 

To solvc approxhnatcly lhe problem (2.3) the nnlle cllffercnce mclhod will 1,e usccl. In lhc 

rcclanglc TI we dclcrmlnc the followlng grlcl 

Lei us lntroducc lhc flllucrt spaces Ll and U„ ofgrlcl vector-funcllons u{, =(u1,1,u„2,u1,_1) 
- 2 

dclcrmlnccl on n,,. 111c scalar proclucl and the norm for L1, arc as follows 

(4. 1) 

ami for U 1, arc as follows 

IO 



(4.2) 

where Bh = - li h Is the Laplace dilTerence operator. 

02 
Let us introduce also the space Lh c L~ equtpped wtth the norm (4.1) and defined for the 

functions uh that are determined on nh and are zero on the grid bound rh. 
o 

Qh = ilh U rh. We introduce either the space Uh CU h equlpped wtth the norm (4.2) and 

defined for the operator Bh that is determined for the vector functions being zero on rh. 

We take the followtng denotation 

uh (x) = uh (ih1, j½) =uf. 

aluh =(d1uh+a1uh)/2, 

d1uh =(U~+l,j _u½)lh1, aluh aea(uf-u~-l,j)lh1, 

°a1d1uh =(u~+J,j -2uf + u~-l,j)I hf 

whereby the ftnite defferences concernlng the vartable x 2 are to write down analogtcally. We 
have as well 

2 

dxuh ={d1uh,d2uh}, axuh ={°a1uh)2uh}• -11huh aea-°axdxuh = '}:);d;Uh. 
i=l 

We can approximate now the differentia! problem (2.3) wtth the followtng dlfference problem 

!
Lchuh = -lihuh + Pch (uh )- ~ BgradhdT vhuh + Cgcadhuh + Guh = fh, x E nh 

" (4.3) 

Uh = 0, x E rh 

where 

2 

Cgradhuh = AL, whiaiuh, 
i=l 

2 

divhuh = L,diuhi, 
i=l 

2 

Guh =Fuh +AL,uhiaiwh 
i=l (4.4) 

I -::; - -
D; =-(d;divhuh +d;divhuh), i=l,2 

2 
- 2 

di vhuh = L,aiuhi 
i=I 

The functions tł = (f hl ,f h2 J1r3) E L~ and wł = (whl, W1r2, wh3) E U h are some 

approximations of the functlons f, E L 2 and w E H 1 
. 

11 



5. Solvablllty of the dłfference boundary problem 

We will show now the ex:lstence and unlqueness of the solutlon of the problem (4.3) and the 
convergence of thls solutlon to the solutlon of (2.3). For the farther conslderatlon we will 
need the followlng Jemmas: 

o 
Lemma 5.1. For anyfunction uh EU h the inequality 

holds where JJjJh4 meWlS the nonn in Lh that is the grid approximation of L 4 
( l]. 

o 
Lemma 5.2. Foranyfi.mction uh E Uh the inequality 

holds (1). 

One can see that these lemmas are dlfference equlvalents to the lemmas 3.1 and 3 .2 . 

Tbeorem 5.1. Foranyfi.mction fh EL~ andforany h=(h1,h2)>0 
o 

(a) the problem (4 .3) has at least one solution uh E U h if the inequality 

(5.1) 

JFJco 1/41 J 1/2 holds where Xit =-- and X22 =2 Ac0 ; 

2 
o 

(b) Jor any solution uh E U h the following estimation 

(5.2) 

We precede the proof of the theorem by 4 lemmas whlch are the dlfference equlvalents to the 
lemmas 3 .5 , 3 .6, 3.7, 3.8, respectlvely, and whlch are to prove slmllarly as the last ones. 

o 
Lemma 5.3. For any Junction uh E U h the equality 
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holds. 

o 
Lemma 5.4. Foranyfunction uh E Uh the equality 

holds. 

To get this equality the conditions d Tv h wh = d Tv h »\ = O are to be used. 

o 
Lemma 5.5. Foranyfunctions uh, vh, wh E Uh the inequality 

o 
Lemma 5.6. For anyjunctions uh, v h EU h the inequaltty 

holds. 

To get this inequality the lemmas 5.5, 5.1 and 5 .2 must be used. 

Proof The problem (4.3) is a system of N=(N 1-l)(N2 -1) nonllnear aJgebraical equations 
o 

determined in U h. A solutlon of this system one can formula te as a grid functlon 

N . { .}N o 
uh = L C; vi, where C; ER and v,. ._ is a base in U h. Then we can wrtte down the vector 

i=l /-I 

equation (4.3) as the equivaJent system of scaJar equatlons 

i=l, .... N (5.3) 

After multiplying each equation of (5.3) by corresponding c; and summing all equatlons we 
get the relation 

(Ldiuh,uh)h =lluhll~, +(Pdi(uh),uh)h + 
2
;µ <llctTvhu1,II: +jlctfv„uhll) + 

+(Cgradhuh,uh)h + (Guh,uh)h = (fh,uh)h 

from which wlth the help of the lemmas 5.3, 5.4 and 5.6 the inequaJily 
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(5.4) 

results where X«= Xi i+ x22 łlwhllu . One can see from (5.4) and the lemma 3.4 that the 

equatlon system (5.3) and also the problem (4.3) has at least one solutton for 1- X 44 > O 

and for h=(h 1, lzi) flxed . Thls proves the thesls (a). 

Jfwe w111 use the lnequallty (3.3) wtth Tj= I to estlmate (5.4) we will get the estlmatlon (5.2). 

It shows the truth of the thesls (b) and ends the proof of the whole theorem • 

Theorem 5.2. ifthe estimation 

(5.5) 

X22 holds where X 55 = 
11 

then the solution of the problem (4.3) is untque. 
(2Xoo) 2 

We precede the proof of the theorem by 2 1emmas whlch are the dlfference equlvalents to the 
1emmas 3.9 and 3.10 and whlch are also slmlrlarly to prove. 

o 
Lemma 5. 7. For any Junctions uh, v h E U h the inequality 

holds. 

We get this inequality after transforming (4.4) stm!larly as it was clone in the lemma 3.9 and 
ustng successively the lemmas 5.5, 5.1 and 5.2 to esttmate the transformation. 

o 
Lemma 5.8. For anyfunctions uh, vh E Uh the inequality 

holds. 

From (4.3) we will get the relation 

(Le,uh-LEilvh,uh-vh)h =-(lih(uh -vh),uh -vh)h +(Pe,(Uh)-Pe,(vh),uh -vh)h + 

+-
1
-((divh(uh -vh),divh(uh -vh)h +(divh(uh -vh),divh(uh -vh))h)+ 

2t:µ 

+(Cgradh(uh -vh),uh -vh)h +(G(uh -vh),uh -vh)h 
(5.6) 

from which the lemma's inequality results aft.er using successively the lemmas 5. 7, 5.4 and 5.6 
and considering the estimation (4.6). 
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Proof Let us assume that for a f1Xed h=(h1, /ii) two dllTerent solutlons uk, ul. of the 
o 

problem (4.3) exist. For any function v h EU h we get from (4.3) the expression 

(LEhuk-LEhuLvh)h =0=1 from whlch (5.6) results after insertlng vh =u}.-u~ . Uslng 

the lemma 5.8 and consldering (5.5) we will get from (5.6) the estJmation 

I?: O 11IH - uJ.11~. ?: O whlch shows that u1 = ul In lh . Thls ends the proof• 

Theorem 5.3. If 
o 

{a) the Junction u h E U h is a solutton of the problem /4.3) and 

(b) thefunctions iih, J ;iih are the segmental constant extensions in il oftheftmctions 

uh, J;uh• respecttuely, 

then from the set { h} of different discretization steps of il one can choose such a sequence 

{hn t conuerging to zero that iihn and J ;Uhn are conuerging strongly in L2 (il} to UE and 

D; uE, respecttuely, where uE is the solution of the problem /2.3). 

Proof We obtaln from (4.6) that the sequence { uh} of the solutions of (4.3) Is unlformly 

o 
bounded In Uh 

step functions 

02 

and also In Lh (ilh) for X 00 >O. The result Is that the sequences of the 

{ud, {a;uh} which arc lnduced by the grid functlons uh• a;uh, 

respectively, are uniform bounded In L2 (.Q} (5]. lt means that sucha function uE E Ht and 

a subsequence { iihn} E { uh} exlst that iihn converges strongly to uE and a; uh11 converges 

weakly to D;uE In L2 for hn • O. 

For showing the strong convergence of J;uhn to D;uE In L2 we form the grid function uEh 

that Is a grid cuttlng of the limit functlon uE . Then from the sequence of the step functions 

{uEh} whlch arc lnduced by uEh one can choose sucha subsequence {uEhm} that uEhm 

converges strongly to uE and a; iiEhm converges weakly to Di uE In L2 for hm • O. lt means 

that (uhnm - u,hnml converges strongly to O and (J;ii1u,m -a;uEl,nm) converges weakly to O 

in L2 and also that (uhnm - u,hnm)converges strongly to O and (J;uhnm -J;uEhnm) 

converges weakly to O In L~ (17]. We can wrlte down the expression 

from whlch uslng (4.3) for uh = uhnm and ustng (5.6) for uh = uhnm and vh = UEhnm we get 

the relation 
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t 11a i ( Uhnm - UEhnm )li: + 
2

~µ (11d I V h ( Uhnm - UEhnm )11: + lid i V h ( Uhnm - UEhnm )[) = 

2 

= {jh,Uhnm - UEhnm)h - L,(a;ud,nm,ai (uhnm - UEhnm))h -
i=l 

(5.7) 

__ l_((dt V hUEhnm ,dt V h (uhnm - UEhnm))h +(div huEhnm ,div h (uhnm - UEhnm))h)-
2t:µ 

-(PEI, (uhnm), Uhnm - UEhnm)h - (Cgradhuhnm• Uhnm - UEhnm)h - (Guhnm• Uhnm - UEhnmh 

Flndlng the limit for (5. 7) for hnm • O we get that the right slde of the relallon converges O. 

lt means that a;(uhnm -uEhnm) converges strongly to O In Li and subsequently 

(a;uhnm - a ;iiEhnm) converges strongly to O In L2 and llnally a ;iihnm converges strongly to 

D;uE In L2
. 

In the second step we show that uE E Hi Is the solutlon of the problem (2.3). Uslng (4.3) we 

can wrtte down the expresslon 

2 

(LEhuEh, \\) = -(L,a;a;ud,, iih) + (PEh(uEh ), iih )-...!_(Bgradhdi vhuEh, ~\) + 
~ € ~~ 

+(Cgradhiid,, iih) + (Gum , iih)- (lh, iih) 

where the functlons uEh, iih E L2 mean segmentally constant extenslons of the grtd 

funcllons uEh, vh E L~ whlch are some grtd cuttlngs of UE and of any functlon v EH i, 
respectlvely. Flndlng for (5.8) the limit for h • O we get the lntegral ldenllty (3.2) . Thls ends 
the proof• 

6. Iteratlve algorłthm 

The difference approxlmatlon of the dlfferentlal problem (2.3) leads to the system (4.3) of 
nonllnear algebralcal equatlons whlch should be solved approxlmately wtth lteratlve 
methods. One can use here the followtng algortthm [3] 

n=O,I, ... (6.1) 

o o 
where Bh : U h • V h Is a positiv, llnear and self conJugated operator, Le. Bh = B; >O . We 

can takeBh = -11h. 

For farther conslderatlon we will need the followtng lemmas (4(: 

o 
Lemma 6.1. For anyfunctions uh• vh E Uh the inequality 

(6.2) 
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holds where 82 = I- X44 -xnllu,,llu . . 
We will get tltis incquality Jrom the relation /5.6) ujler usilig successively the lemmus 5. 7, 5.4 
w1<15.6. 

o 
Lemma 6.2. ForanyjwJCtions U1,, v1, E U1, andfor 81, = -ó1, the tnequality 

holds whcrc 

For proving the lenuna we lntroducc the uwdllaryjiu1ctlo11 

and with the help oj il and oj /4.3) we canforntulate Llie relatlon 

(8;; 1 (LrJ,ul, - Ld, v1,), LrJ,ul, - Ld, v,,h = (LrJ,ul, - Lrl1v1,,,1·1,)1, = 
= (81,(u1, - v1,),s1,)1, + (Prl1(u1,)- Prl1(v1,),sh)1, + 

+-
1
-(ci1Tv,,(u1, - v1,),divhsl,)/, +(Jiv,,(u1, - V1,),div1,s1,)1,)+ 

2t:µ 

+(Cgrail 11 (u1, - v11 ),.1·1,)1, + (G(uh - v1,),s,,)1, 

(6.:1) 

(6.4) 

We will get /6.3 ajlcr estimatlng the components oj the right slde oj /6.4) uslrtg succcsslvely the 
Holder iliequalily /3.5) and the lemmas 5.1, 5.2, 5.5 and 5.6. 

Theorem 6.1. lj Jor the operator Ld, u 1, In /4.3) 

(u) llw ilw11ualltles /6.2) a11d (6.3) holdjor 82(1)>0 w1djor 8 2(t)wul -8_1(/) Lieiny 

Liounded and 1w11growiJ1g Jimctions, where IE (O, r), u/t = uj;, vlt =u;,, u1, - v1, = z;; and 

u;;, u;, are an approximat.ed and the exaclly solution oj the problem /4.3), respeclivel!); 

/bJ iz,:lłu, ~ r 
(c) r > O in /6.1), 

tlienfor 81, = -!l. 1, the ilrequulity 

(6.51 

holds. Here p(y)=(l-2y82(r)+y 283(r)) 112 wid suc/1 lhe value Yo exisls thai p(y)< I 

forD<r<r 11 and minp(y)=p(y•)=(l-8~(r)831(r)) 112 whcre r• =82(r)oj'1(r). 
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'l11c proof of thls 1.hcorem Is glvcn by IJJakonov 13). The lrulh of (6.5) shows lhc co11vcrgcncc 
of the ll.cratlvc algortlhm (6.1). 

7. Numerlcal calculatlon 

As a eomplement to the Lhcorellcal dlseusslon some numerleal calculallons wcrc donc for 
the boundary value problem rcprcsenllng a model of the mollcn glass now In a real tank 
furnace. To shortcn the computlng time the model cquatlons ( 1.1) wcrc takcn In a slmpltllcd 
form wtth the matrix A changcd as follows 

[
o o o l A=E.oo o . 

µ O O c,µI). 

Thls slmpltllcatlon means physlcally that the lnlluence of the lnertlal forces on the ltquld 
moUon has becn omltted bccause of the small veloclttes of the glass llow. 

The slmpltncd problem I I. l) can be wrltten In the scalar form 

µ(D:v, +D~v1)=D 1p 

µ(Dh+ D~v2) = 02/J- pgµ(T-1~) 

).(Df T + D~T) = pc,(v1 D1 T + v2D2T) 

o,v, + D2V2 =0 

(7. 1) 

wllh the boundary condlllons addcd whlch rcsult from the pracllcc and whlch arc: v1 = O 

and v2 = O on the uottom and on the sicie walls of the glass tank (l.c. on 

r1, r2 and r4 of Il); v1 = v1 (x1) and v2 = v2 (x1) on the free surface of the glass mass 

(t.c. on r 3 of Il) wtth v2 beelng quadrattc In sccttons I and 3 of the tank; T~7{x) on all 
uounclarlcs and the functlon Is ltnear on the sicie tank walls and lt Is cublc clscwhcrc. 

'l11e boundary eondltlons for the funetton p arc unknown and thls makes neecssary Io 
transform (7. 1). lt Is then advlsable to replaee the veloclttes v1, v2 by the eurrent funetlon 

1/f where 

(7.2) 

wtth a
11 

= ~ and ). 0 = A('f;,) . Uslng (7.21 one can transform (7. 1) to the followlng form 
pe, 

a4'1' +2~+ J41/f - pg/J iJT =0 

Jxf Jxt Jx} axt µao ax, 
(7.3) 

J2T J 2T ). dl/f iJT rll/f iff 
-+--_Q._(-----)=0 
Jxf Jxf ). Jx2 Jx, Jx1 Jx2 

(7.4) 
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that conslsts of only two equatJons In contrary to the four ones In (7.1). The reduction of the 
number of equatJons shall cause a better convergence of the future lteratlve algorithm. On 
the other hand the order of the new equatlon (7.3) lnreased to four and such an order 
change leads usually to a worse stability of dlfference quotlents. 

The boundary conditions for the equations (7.3), (7.4) are 

l/f=0, Jl/f =0 
Jx2 

for X2 =0 

ljl=0, Jl/f =0 
ax, for Xi =O and x1 =L 

l/f = l/f 1 (x,), Jl/f =0 
Jx2 

for X2 =O and 0$x1 $ /1 

;;21/f 
for X2 =H and 11 Sx1 SL-I2 ljl=ljlff, -=O 

Jxi 

l/f=l/f2(x1), Jl/f =0 
Jx2 

for X2 =0 and L-l2 sx 1 SL 

T=T1(x1)=a1xf+b1xf+c1x1 =0 for x2 =0 

T = T2 (x2) = a2x2 + b2 for x 1 = O 

T=TH for x2 =H and 0Sx1sl1 

T=T3(x1)=a3(x1 -11)3 +b3(x1 -11)
2 +c3 (x1 -l1)+d3 

for x 2 = O and L - 12 S x1 S L 
(7.5) 

where L and H mean the length and hight of the tank fumace and 11 , /2 lndlcate three 
sectJons on the suńace of the melt (see Fig. 7.1). These relations related to the walls and the 
bottom of the tank result easy from the boundary conditlons concerning the velocities 
v1 and v2 and the temperature T as glven generally wlth the equatlons (7.1) . Some more 
detalled assumptions connected wlth the tank surface have to be done. In the first surface 
sectlon (0 S x 1 S 11) the raw materials are put lnto the tank and there v1 = O holds and a 

quadratlc function for v2 is assumed 18). In the second sectlon (11 S x1 S L -12) v2 = O and 

D 2 v1 = O are assumed from which lj/ H = const results. In the third 

sectlon (L-12 S x 1 S L) in wh!ch the glass sheet Is drawn out of the tank also v1 = O holds 

and a quadratic function for v2 Is assumed. There Is stated that the temperature is 

constant (TH = const) and equlvalent to the melting point of the glass In the first sectlon of 

the tank surface and lt changes accordlng to a third order functlon In the region 11 Sx1 SL 
consistlng of sectlons 2 and 3 . 

All parameters In the equatlons (7.3), (7.4) are constant wlth the exceptlon of µ and A. for 
which the follow!ng approximatlons 



{
µ=cxp(A1 +B1/('/'-C1)) 

A= A2 cxp(B2 (T - C2 )) 

hold (91 . 

(7.6) 

A dlscrclc appruxlmallon uf lhc cqualluns (7.3) , (7.41 occurs wllh lhc classkal dlllcrcncc 
quollcnts. ·mcy lead, howcvcr, In the case uf high urder dcrlvatlons to a bad slablllly al lhc 
edge of the dllfcrcncc cquatluns. Thls Is cxplalned by an lnaccuratc approxlmatlun al the 
edge of the knotted grld [21 . Becuase of that some new central dllference quotlents have been 
devclopcd for the fourth urder derlvallons of 'I' 

ł
a4111 111. I . - 2111 .. + 111 ._I. _.,,_=-16'1'1+) .,,,, .,,, 1 

axt 1,t 
a4 Ili Ili . . i - 2111 . . + I/I . i • _'l'_=-)6 'I' I)+ 'I' I) 'I' I- J 

ax~ "~ 

(7.7) 

They contaln a smaller number of the grld knotted polnts than the classlcal dlffcrcncc 
quotlents. Thls allows to approxlmate more approprlate the edge region of the grld and to 
choose some grcatcr dlscretlzatlon steps whlle calculatlng the equalluns. 

Aflcr the appruxlmatlun Is dunc the folluwlng dlffcrence schcmcs 

2 · I 
'l'ij=(l6d ('1';+1j+'l'i-lj)+l6d2('1'ij+1+'1'ij- 1)-

• 2('1f i+lj+I - 2'1f ij+I + 'lf I-lj+I - 2'1f l+lj - 2'1f i-1/ + 'lf /+lj-1 - 2'1f ij-1 + 'lf i-lj-1) + (7.8) 

p,:{Jfift 2h1h2 2 I 
+~--~~(T;+lj -1i-1;))/(8(4d + 1+4-)) 

2µao d2 

(7.9) 

+ :l «1i;+1 - 1i;-1 )(VI i+lj - 'I' /-li) - <1i+1j - Ti-lj )('I' ij+I - 'I' ij- 1 ))) / (2(d + ~)) 

result from (7.3). (7.4) for 1=1,2, .... M andj=l,2, .. . ,N where f. i, ft are some standarlzatłon 
conslants: cl= Hh2 I it,1: /i1, li2 are dlscretlzatlon stcps: h1 = li (M + I) and 

h2=H/(N+l) . 

TI1c schcmcs (7.8), (7.9) arc solvcd by mcans uf lhc rclaxatlon mcthud uslng the fulluwlng 
llcratlvc algorllhm 

n+I (I ) " V'6 = -(t)I 'l'ij +W,'lf;; 

•r1J+I (I )T." r 'ii = -W2 ij +W2 1 ;; 

(7. 10) 

(7 . 11) 

whcrc w1, w2 arc rclaxallun cocfficlcnts and 1i;, 'lf ij arc calcu lal cd frum lhc cqualluns 

(7.8) and (7.9) In cach lterallon n=O, 1,2, .. . 
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For lhc numcrlcal calculallon lhc valucs of the physlcal cocnlclcnls and of lhe space 
dlmenslons of lhe model were ehosen accordlng lo lhose of a real lank furnacc. The 
convcrgcncc of lhc ltcratlvc algorllhm was rclaUvcly fast wllh hlghly satlsfaclory accurncy of 
lhc calculalton oulalned. Some examplary results of the temperature and current flclds arc 
shown ln 1r1gure 7.2. They were outalncd for the grld of 600 modes wllh lhc accuracy of 

calculallon IO-<> for Tand IO-s for 1/f. 'The compulallon was sloppcd afler the total numuer 

of 2900 llcrallons for uoth lhe temperature and current schcmes. The llerallon numucr for 
lhc tempcralure schcme was 800 and for lhe current scheme was 2100. 

8. Conclustons 

In thls paper lhe ,-approxlmallon melhod for the analysls and the flnlle dllkrcnces mclhod 
for solvlng of a nonllnear uoundary value proulem were used. The non-homol(cnous 
uoundary proulcm conslsls of Navlcr-Slokcs and energy cquallons and lhcy dcscrluc lhc 
How of vlscous lncomprcsslulc llquld. For llluslrallng the thcorellcal consldcraUon the 
compulallon of a glass tank furnacc was made. 11Jls tank furnace ls a pracllcal example of 
uslng the Navlcr-Slokcs and energy equallons for malhcmallcal modclllng. 

The theorcms of exlstcncc and unlqucness of the proulcm solutlon and the thcorcms of the 
convergence of uolh mcthods are presented. The lheorems of exlstence and unlqueness arc 
condlllonal, Le. thcy are true lf some condlllons are fulfillcd . Thcsc condlUons arc the 
lncquallllcs (3.6) or (4.5) ln the case of exlslence of lhe solullons of the dlffercnllal or 
dtncrcncc cquallons and lhe lnequalllles (3.15) or. (5.5) ln the case of unlqueness of lhcsc 
solullons. 'lbcsc condlllons are rather slrong uut In generał they dcpcnd on the llquld 
paramcters and on the dlmenslons of the area where the equallons are determlned. 

Analyslng the condltlons one mecls an addlllonal lrouulc wllh lhc cxlslcnce of an auxlllary 
funellon w (or lts dlffcrcncc approxlmatlon w,.) that Is dellned lmpllellly and whlch helps lo 
transform the prlmary non-homogenous proulcm ( 1. I) lnto the homogenous one (2.2). Lct us 
Lake for example the lnequallty (4.5) lhat condltlons the exlstence of lhe solullon of lhc 
dtncrcncc proulcm (4.3). We can show li In the form 

(8.1) 

whcrc IAj = p max( Cv I A., liµ), jFj = pg/J Iµ and C0 = 11111112. From (8.1) rcsulls lhal lhc 

cxlstence of the postulatcd funcllon w„ depends on the vlscoslty µ and on the conducllvlty 

A. of the llquld and also on the dlmcnslons 1111 ,1112 of n. Timt mcans lhat the lncquallt.y 

(8.1) ls truc lf µ and A arc ulg enough and lf n ls ralhcr small . 

The generał concluslon Is that the solutlon of the uoundary valuc proulcm (2.2) cxlsls for ulg 

cnough valucs of µ and A and for small cnough values of n and of the norm lwlu whcrc 

lhc funcllon w charactcrlzcs lhc lnhomogcnous uoundaiy condlllons 1/f. '1111s concluslon 
holds also for lhc slmpllllcd proulem (7. 1). 

lf lhc proulem conslsts of only lhe Navler-Stokes equallon wllh the homogcnous uoundary 
condltlons as wcll as wlth the lnhomogcnous oncs the proulcm solullon cxlsls 
uncondlllonally. Only lf lhe unlqucness of the solullon Is rcqulred lhc valuc of µ should uc 

large cnough and - In the case of lhe lnhomogcnous proulem - the valuc of an approprlalc 
norm of the uoundary functlon 1/f should ue small enough I 15[. 



'l11e lheorcllcal results arc confirmed wllh the numerlcal compulallon. 'l11e malhcmallcal 
model of the glass mass flow Is characlcrlzcd by lite rclattvc large valucs of the paramclcrs 
µ and ;., . 111c dlmcnslons of the consldcrcd glass lank rumacc. l.c. or lhc arca n, arc also 
large. 111crc wcrc somc lroublcs al lhe bcglnnlng of lhc calculallon wllh lhc convcrgc11cc of 
the ltcratlve algortthm (7.10).(7. 11) that Is a parllcular form or the algorlthm (6.1). These 
trouulcs wcrc cltmlnated allcr lntroduclng lhe new dlfrcrence quollents (7. 7). 
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Index of Figurcs 

Figurc I. I. Domain n of the boundary value problem ( 1.1 ). The boundary conditions are: 

v, =O for xer, url urland v, =y(x) for X Ef]; Y2 =0 for 

XE r, U r2 Ur. and V 2 = cp(x) for XE rJ; Y (x) =<p(x) = 0 for 
- - - -

X e(r2 Ur. )n f J; T=C,,(x) for X er, and C,,(x) =C,,., (x) for X eL (") L,,, 

i=l, 2, 3, and C, 1 (x) =C, 4 (x) for x ei\ n f c 

figurc 7.1. The boundary conditions dclincd for cquations (7.1) as wcll as for cquations (7.3 
and 7.4): the boundary valucs for vclocitics v 1, v 2 (ligurc a), currcnl 

function 1v (figurc b), and tcmpcraturc T (ligurc c). runctions 111 1,1v 11 ,111 2 and 

7;, T2 , T,,, T3 , T,, correspond with those in equations (7.5); /3 marks the highcst 
and the lowest tempcraturc points in the glass tank. 

figurc 7.2. Computcd tcmpcraturc (ligurc a) and currcnt distribulion (ligurc b) in the glass 

melt for the longitudinal section of the glass tank furnace; 1;.,,. = 1461 'C, 

T,.,,. = 12IO ·c' IV m .. = 7,68 cm 2 
/ s, 1µ min= -5,38 cm 2 

/ s. 
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