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Quasi-perfect elasticity
II. Experimental evidence

A. PAGLIETTI (CAGLIARD

THe am of the present article is to show that the theory of quasi-perfect materials developed
in [6] has experimental support. First of all, we shall prove that this theory is nearer than the
classic theory to the experimental results about adiabatic temperature variations of elastic
materials. We shall demonstrate next that the temperature of a quasi-perfect material has to
increase as a result of adiabatic cycles of deformation and that, moreover, a quasi-perfect material
can behave in an elastic way only if its deformation does not exceed certain limits. However
realistic such a behaviour is, it is not implied by the classic theory. The analysis we present is
not merely qualitative; qualitative results are accompanied by formulae for quantitative com-
putation, A discussion on isothermal and adiabatic elastic moduli is also introduced. This
may, we hope, be useful for a clearer understanding of the rather confusing experimental data
on the subject. The problem of the experimental determination of free energy and entropy is
briefly discussed.

Celem niniejszej pracy jest wykazanie, ze teoria quasi-idealnych materialébw opracowana w [6]
posiada fizykalne uzasadnienie. Przede wszystkim wykazemy, Ze teoria ta jest blizsza wynikom
doswiadczalnym otrzymanym przy adiabatycznych zmianach temperatury materialow sprezy-
stych niz teoria klasyczna. WykaZemy nastepnie, Ze temperatura w materiale quasi-idealnym
wskutek adiabatycznych cykli odksztalcenia musi wzrastaé i ze ponadto quasi-idealny materiat
moze zachowywac si¢ w sposOb sprezysty wtedy, gdy jego odksztalcenie nie przekracza pewnej
granicy. Chociaz takie zachowanie si¢ materialu jest realistyczne, to jednak nie jest implikowane
przez teori¢ klasyczng. Analiza, ktéra przedstawiamy, nie jest jedynie jakoiciowa; wynikom
Jjakosciowym towarzysza formuly dla obliczen iloSciowych. Zalaczona jest rowniez dyskusja
na temat izotermicznych i adiabatycznych modutéw sprezystych. Wszystko to, mamy nadzieje,
postuzy dla lepszego zrozumienia raczej sprzecznych danych doéwiadczalnych na ten temat.
Przedyskutowany zostal w skrocie rowniez problem do$wiadczalnego okreélenia energii swo-
bodnej i entropii.

Ieneto HacToAwe paboThl ABIAETCA HOKA3aTELCTBO TOTO, YTO TEOPHA KBa3WIHHEHHBIX Ma-
TepHaIOB, pasBHBaemasa B [6], umeer cduamveckoe obocHoBaHHe. IIpexae Bcero TMOKaXKeM,
9TO 3Ta Teopusa Gonee GIM3Ka SKCIEPHMEHTATEHBIM DE3y/IbTaTaM, IOJYyYeHHbIM Npu aguaba-
THYECKHX M3MEHEHHAX TeMIIePaTyPhl YNPYTHX MATEPHAIOB, UeM KIAaCCHUeCKas Teopusa. 3artem
TNOKaXKeM, YTO TEMIIEPaTypa B KBaSHH/ICAJIEHOM MaTepHasle, BCJIEJCTBHE afnabaTHYECKHX
UHKIoB fedopmaimii, JO/DKHA BO3PAcTaTh H YTO KPOME 3TOr0 KBASHHIEAILHBIN MaTepHas
MOYKET BECTHCh YNPYrHm o0pasom Torjaa, Korga ero aecopmala He IIPEBLICHT HEKOTOPOrO
npepena. XoTA Takoe IIOBEIEHHE MaTepHaNa PEATMCTHYHO, OJHAKO HE BBITEKAET M3 KIIACCH-
YecKoit TeopuH. AHalH3, KOTOPBI IpeJCTaBHUM, He ABJIACTCA TOJNBKO KAUeCTBEHHEBIM, Kaue-
CTBEHHBIE Pe3YJILTATHI COMPOBOXAAIOTCA opMynamu A KOMHYeCTBeHHBIX pacueroB. Ilpu-
TIOYKEHO TOXe ofCyrt[ieHue H30TEepMHYECKHX M amuabaTHuecKMX Mopmyneil ympyrocru. Bee
310, HafeeMcd, MOCHYXKHT OJIA JIYYLIEr0 MOHUMAHHS AOBOIBHO IONYTAHHLIX 3KCIEPHMEH-
TaJIbHBLIX NAaHHBLIX Ha Ty Temy. OOcys/eHa ToXke B COKpallleHHH NMpodiema IKCIepPHMEHTANb-
HOTO OmpefeNieHuaA CBOOOMHON SHEPTHH M SHTPOITHH.

1. Introduction

IN THE PREVIOUS article [6] the theory of quasi-perfect materials was developed as a gener-
alization of the classical theory of perfect materials and the motivations for such a gener-
alization were discussed. We didn’t show, however, why the theory we proposed is exempt
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from the objections which can be raised to the classical theory, nor did we point out the
experimental support to our approach. This task is worked out in the present article which,
therefore, has to be considered as a complement to the previous one. The same definitions
and notations adopted in [6] will be mantained throughout this paper.

It has been known for a long time that a material undergoing a deformation process
suffers, in general, changes in its temperature. For a perfect material in the range of infinites-
imal deformations the theoretical determination of the variation of temperature consequent
to an adiabatic deformation is due to KELVIN [7] and [8], and leads to a formula [see Sect. 3,
Formula (3.1)] which has been accepted up till now. For a number of materials the experi-
mental check of this formula dates back to a famous paper by JOULE [3], in which the rise
or the fall in temperature was found to exceed, almost systematically, that foreseen by
Kelvin. Although Joule concluded that Kelvin’s theory was completely verified, nonetheless
it is the above systematic—though slight—discrepancy between theory and experimental
results which opens the way to proving the validity of our hypotheses. Indeed, as will be
shown in this paper, the theory of quasi-perfect materials enables to foresee temperature
variations greater than those calculated through Kelvin’s formula. Our theory, therefore,
will appear nearer to the results obtained by Joule.

We have been unable to find recent repetitions of the experiments reported in [3].
Those performed at the end of the last century are not well fitted to our ends. They were
done with the aim of pointing out the existence of thetmo-mechanical effects, rather than
of comparing the latter with the inferences of Kelvin. For this reason precise information
about some physical characteristics (like density, thermal expansion coefficient, specific
heat) of the tested materials often lacks. On the other hand, a considerable amount of
experimental work in this century has dealt with the determination of adiabatic moduli
of elastic materials. Clearly, these experiments are equivalent to those of Joule because
they give a description of the same phenomenon in terms of different quantities. It would
be arduous, however, to deduce the variation of temperature due to an adiabatic process
from data regarding adiabatic moduli. As pointed out recently by BELL [1, pp. 377-380],
only experiments with the best precision available today may give a meaningful correlation
between adiabatic and quasi-static (isothermal) moduli. Such a correlation is essential
to calculate the temperature variations in an elastic material during an adiabatic process
from the values of its isotermal and adiabatic moduli. As yet, no sufficiently precise experi-
ments have been performed for the materials we are looking at.

Agreement with the experimental results of Joule is not the sole reason why we rely
on the theory of quasi-perfect materials. As will be shown in Sect. 5, this theory leads
us to predict that an elastic material undergoes an increase in temperature when it performs
an adiabatic closed cycle of deformation. The heating of an elastic material following a
rapid loading-unloading process is a well-known phenomenon. For perfect materials,
however, this phenomenon has up till now been explained by introducing the somewhat
artificial hypothesis that both the loading and the unloading adiabatic phase of the cycle
are followed by an isotermal process at constant deformation. Clearly, such a hypothesis
cannot be easily accepted when very fast cycles are considered. We remain, therefore,
rather disappointed as we learn that if a cycle of deformation occurs so fast as to approxi-
mate an adiabatic situation, no heating of the material can occur. On the contrary, when
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our approach is followed, not only are we able to find a reason for the increase in tempera-
ture but also we have a means of calculating it.

Finally, we shall show in Sect. 7 how the elastic range of the materials under considera-
tion can te deduced in the grounds of thermodynamical arguments. We shall point out,
moreover, that the values of the limit deformations at the boundary of the elastic range
are related to the isothermal and adiabatic moduli at zero strain. It will tecome apparent,
therefore, that the constitutive equations of a quasi-perfect material imply, in agreement
with the experimental evidence, a limit to the deformations which an elastic material can
undergo without yielding or breaking. In this way a great step can te made towards predic-
ting the yield limit through non-destructive experiments.

2. Isentropic and adiabatic temperature variations

“Ne shall henceforth refer to the formulae established in [6] by introducing between
the parentheses containing their reference numters the symbol I. Consider an element
of material in a state of deformation F at temperature 0. Let F*dr te an isentropic loading
deformation increment. By introducing Eq. ((4.10), I) and ((5.14), I) in Eq. ((7.5), I) we
obtain
2.1 0 = si+c,0.

If we denote 6;, the time derivative of 6 during this process, we can express Eq. (2.1) in
the form

7 1 =
22 i = — }:Si:-
Similarly, by considering the isentropic unloading deformation increment —F*dt we can
deduce from Egs. ((4.11), I), ((5.15), I) and ((7.7), I).

. 1._
(2.3) o = ——c:s;{;
the meaning of the symbol 0}, is obvious. The relations (2.2) and (2.3) solve the problem
of finding the temperature changes produced by an isentropic process in a quasi-perfect
material.

‘We shall now pursue the analogous analysis for adiabatic processes. Otserve, first of

all, that Eq. ((7.3), I) is valid for every loading process (not necessarily an adiabatic
one) and that by means of Eq. ((5.14), I) it can be written as

(2.4) & = tr[p )R+ 0tr[(8pn)TF] +¢,6.

On the other hand, the analogous relation valid for every unloading deformation incre-
ment can be obtained from Eqgs. ((7.6), I), ((7.7), I) and ((5.15), I) and reads

(2.5) & = tr[(Cp")T Fl+ tr[(&7")TF]+c,0.

Consider then a generic adiabatic loading deformation increment F*dt. The relation (2.4)
can be written as

(2.6) ta = tr[(Oep)TF*] 4 0tr [(97) T+ ¢, 0,



788 A. PAGLIETTI

where F* and 6 are to be understood as constrained in such a way as to be relevant to an
adiabatic process. If we introduce Eqgs. ((4.10), I) and ((7.11), I) in Eq. (2.6) and if we
denote explicitly 6.4 the quantity 6 which appears in Eq. (2.6), we get

2 1 | " P
(2.7) ;a = ? {—3;14' E— [‘I‘(TF_IF*)—tI'[(aF'P )TF‘]} %
A similar reasoning for the adiabatic unloading deformation increment —¥F*dt leads
from Egs. (2.5), ((4.11), I) and ((7.11), I) to the relation

(2.8) gy = CL l—.i'.f{ - —E:— tr(TF-1F*)+ tr[(ap{o”)ri‘*]} :
The relations (2.7) and (2.8) give the temperature variations caused by an adiabatic de-
formation process in a quasi-perfect material.

From Egs. (2.7), (2.2) and ((2.9), I) we can deduce that

(2.9) O > 6.
Similarly from Egs. (2.8), (2.3) and ((2.15), I we obtain
(2.10) blq > 6}

3. Comparison with Kelvin’s formula and Joule’s experiments

For perfect materials in the range of small deformations KeLvIN [7] and [8] derived
a formula relating temperature changes to adiabatic increments of deformation. This
formula can be expressed as (cfr. [2] for a modern derivation)

(]
@G0 Oug = ~ EE-“(PL),

where g, is the mass density in the initial stress-free configuration, L = FF~! and @ is the
second-rank tensor defined by

32 B = —000 08P (E,0).
In Eq. (3.2) E is the infinitesimal strain tensor
(.3) - %(F+F")—l

and ¥ = E@"(ﬁ, 0) is the free energy of the perfect material, a quadratic homogeneous
function of E (remember that for small deformations every perfect material can be con-
sidered as a linear elastic material). If the material is isotropic and if we denote o the thermal
expansion coefficient (positive if an increment of 6 produces an increment of volume),
then @ is given by

M
(349 B=pl= =, o

where £ is a scalar, M is the isothermal Young’s modulus and » is the isothermal Poisson’s
ratio.
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Our previous formulae (2.7) and (2.8) are valid for a class of materials which is wider
than that considered by Kelvin. For perfect materials both formulae (2.7) and (2.8) re-
duce to

(3.5) boq = ?l-i —sit+ % Wad— tr[(ﬁﬁ)’ﬁ‘]} 2

where ¢ is the free energy of the perfect material. We shall now demonstrate that in the
range of small deformations — the only one in which Eq. (3.1) holds — the relation (3.5)
is completely equivalent to Eq. (3.1). For a perfect material Eqs. (2.4) and (2.5) reduce to

(3.6) & = tr[(9e)TF]+0tr[(9e7) K] +c,0,
where
3.7 n=—0pp

is the entropy of the perfect material. Writing Eq. (3.6) for an adiabatic deformation
increment and remembering Eq. ((7.11), I), we can express Eq. (3.5) in the form

. 1 ———
(38) 0“{ = -?- {—Sn+6tr[(aw)rF]+CvG.¢}.
Since for perfect materials Eqs. (2.2) and (2.3) yield
(39) Sig = _cuéin = —C,B.;j,
Eq. (3.8) becomes
: 0 ;
(3.10) —0aa = - tr[(3en)"F].

From this and from Eq. (3.7) we get
@A) b= ci tr[(0,0¢9)7F] = —f- tr [F(3,0p9)TFF~1] = ci tr[F(0,0rp)"L].
v L v

As a consequence of the frame-indifferent character of ¢, it can be shown (see [10, p. 309])
that
(3.12 orp(F, 0)" = dgy(E, )FT,

where ¥ is an appropriate function of E and 0, while E is the strain tensor defined by
(.13) E = % (FTF—1).

For infinitesimal deformations E and E coincide. Since the reference configuration is
supposed to be stress-free, if we multiply from the left both sides of Eq. (3.12) by F, if we
remember that for infinitesimal deformations F = 1+R+E (where R = —RT is the infini-
tesimal rotation tensor), and if we expand ¥ in power series of E, then, we can easily obtain
from Eq. (3.12) the relation

(3.14) tr[F(3, OeP)"L] = tr[d, 05 ¥ (E, O)L).
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Here of course the equality sign holds to within small quantities of the same order of
magnitude as sup (JE|2, |R|2). From Egs. (3.11); and (3.2) we get, finally,

. 6
(3.15)  E— -t (BL).

0

That is, in the range of infinitesimal deformations the relation (3.5) coincides with Kelvin’s
formula (3.1).

We shall henceforth denote .9351 the value of 6,4 calculated by means of Eq. (3.1).
Since we have seen that Eq. (3.1)—when valid —is equivalent to Eq. (3.5) we may substitute
(3.5) for (3.1) in the forthcoming reasoning. Consider an element of material in a certain
state of deformation F at temperature 6. Suppose we make it follow an adiabatic loading
deformation increment Fdr. If we consider the material as perfect, we can apply Eq. (3.5)
to calculate the variation of @ during this process. Since for perfect materials T = oF(dp$))™
and since for an infinitesimal deformation increment starting from a given value of
F and 0 we have that w. = wy = otr[(dg9)"F], we obtain

(3.16) 0% = — cl_ s

On the other hand, if the hypothesis of perfect material is not introduced, the quantity (.9_..,
has to be calculated by means of Eq. (2.7). By subtracting Eq. (3.16) from Eq. (2.7) and
remembering Eq. ((4.8), I) we obtain

. . 1 — ANTH
@3.17) bra—6 =~ (=5icksi) = - {— vt u[(aw')"m}.

L

From Eq. (3.17), and from Eq. ((4.12), I) we get
(3.18) Bia < 6.

A similar reasoning for the adiabatic unloading deformation increment —Fdt leads to

. . 1 _ 1 1 e
(3 19) 6;:[ e 6:5) = (,'_ (—Sj? + Sit) — _(,'_ i - F Wi+t [(alﬂp' )TF‘]} f
From Egs. (3.19) and ((4.13), I) we get
(3.20) g > 6,
In view of the hypotheses on @ and b made in [6, Sect. 3] the equality sign in the relations
(3.18) and (3.20) can hold only at the reference state or for values of strain which are at
the boundary of the elastic range. Therefore, for states of deformation within the elastic
range the relations (3.18) and (3.20) are, in general, strong inequalities.

The above results can be checked experimentally if we compare them with the experi-
ments of JouLE [3] and [4]. It has to be said, however, that Joule’s papers are concerned
only with loading processes. For unloading processes we have been unable to find adequate
experimental works. As observed in the Introduction, the experiments of Joule give values
of B4 which are systematically in slight disagreement with those foreseen by Kelvin. Let
6 denote the value of 6,4 measured by Joule. For uniaxial increment of traction in axially-
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loaded rods Joule found that 5}.{,’ < 6% < 0 for steel and for a number of other materials
with « > 0. Similar experiments for vulcanized rubber in situations in which a < 0 (re-
member the anomalous behaviour of rubber as far as the thermal expansion coefficient

.

is concerned) showed that 0 < éﬁ’ < 68. These results are collected in [3, Sect. 93].
Joule also performed experiments in simple compression. The latter, however, do not
seem sufficiently accurate. Joule himself pointed out a possible source of error in his
compression experiments on specimens of vulcanized rubber (cfr. [3, Sects. 115-116]).
Since specimens of the same shape were used in all his compression tests, it seems likely
that an analogous error also affects (at least under large compressive forces) the results
on the other materials he tested. For small compressive forces, however, Joule’s experiments
on wrought iron(*) are still in agreement with the relation (3.18); see [3, Sects. 94-95].
The same can be said for the compression experiments on vulcanized rubber (cfr. [3, Sect.
114]) provided that we confine our attention to the results relevant to small loads and
remember that the anomaly of the thermal expansion coefficient of rubber disappears in
compression (that is « > 0 for every value of the compressive force). In a subsequent work
Joule performed experiments on compression of water. The results are reported in
[4, Table 1]. The latter show that at temperatures for which water has a positive thermal

expansion coefficient the relation 0 < é:ﬂ’ < é:ﬁ’ is almost always verified for loading
deformation increments. At temperatures for which water has a negative expansion coeffi-
cient, the same experiments show that éﬁ'}’ < éﬁf’ < 0. These results on water are again
in complete agreement with the relation (3.18) and, therefore, afford further support to
the hypothesis of quasi-perfect elasticity.

4. Adiabatic and isothermal Young’s moduli
Confining our attention to the case of infinitesimal deformations, consider an isotropic

thermoelastic material for which the stress-strain relation is given by the familiar linear
equation

My - M - M
or, equivalently, by
" » 14
4.2 E= — W (trT)1 + W T+ ad01.

In these relations M and » are respectively the isothermal Young’s modulus and the iso-

thermal Poisson’s ratio already introduced in the previous Section; E is the infinitesimal
stress tensor (3.3) and A0 is defined by

4.3) A6 = 0—06,.

0y is the absolute temperature relevant to the stress-free reference configuration.

(*) Joule did not perform compression experiments on steel.
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Consider a right cylinder of material with the axis parallel to the x,-axis of a reference
system which for simplicity’s sake will be assumed to be rectangular. Since we are consid-
ering infinitesimal deformations, the superposition principle holds. We can, therefore,
suppose that the cylinder is in a stressed state represented by a certain stress tensor °T and,
notwithstanding this, we can refer to the initial configuration when we consider further
increments of deformation. To avoid complicated formulae, we shall assume that °T has
the following form:

4.49) °Tyy=T and °T;=0 for [i,j]#[l,1]

where, of course, (i, ) € {1, 2, 3}. We shall denote °F and °E respectively the deformation
gradient and the infinitesimal strain tensor relevant to the state of stress °T. Let the cylinder
be in the stressed state °T and suppose we increase the tension at the bases of the cylinder
by applying an infinitesimal force dT (per unit area) directed along the exis and uniformly
distributed over the bases. The components of the homogeneous stress field !T induced
in the body by dT are

4.5) 'Tyw=dT and 'T;=0 for [i,j]# [1,1].
The strain tensor 'E produced by dT when the latter is applied in an isothermal way is

given by
v 1
(4.6) o +7 47>

(47) l.Egz = IE~33 = —Tv{"dT, lE{j =0 for i ?éj,

as follows from Egs. (4.5) and (4.2) because in this process 46 = 0. On the other hand,
if dT is applied when the body is thermally insulated, we have

(4.8) A0 = dB,q = B.adt,

where dl,q is the variation of temperature produced by dT whereas dt is the infinitesimal
time interval in which the process takes place. If we assume that the body is made up
of a perfect material, Kelvin’s formula applies. From Eq. (3.1), from Egs. (4.6) to (4.8)
and from Eq. (3.4) we can, therefore, obtain

o

(4.9) 40 = 6%0dt = —0, dT.

QoCo
Inserting Eqgs. (4.9) and (4.5) in Eq. (4.2) we can calculate the components of the strain

tensor 2E which are produced in the cylinder when dT is applied adiabatically:
1 o?

1 .
= 4Dt = —— dT—0
o +of®dt = — G

(4.10) 2 = dar,

2 _2p. — _ Y ar_p. % 2 = i £
@.11) By = 2By =~ dT~0g—-dT, *E;=0 for i#].

Since the adiabatic Young’s modulus is defined by
@4.12) M = dTy, PE,,,
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we get from Eqs. (4.10) the following relationship:

1 1 o?
L o
which was deduced in 1878 by Kelvin in his article on Elasticity in the Encyclopedia Britan-
nica [9]. The index (K) attached to M,q reminds us that M,q is calculated on the assumption
that the material is a perfect elastic one, that is on the assumption that E'i.., = é{{,‘*.
Let us discuss now the case in which the material is quasi-perfect. Consider again the
above cylinder under the deformation process produced by d7T and assume, for the time
being, that this process is a loading deformation process. If dT is applied adiabatically,
we can repeat an analogous reasoning to that done to arrive at Eqs. (4.10) and we get

(4.13)

(4.14) 3y, = 7\? AT+ afqdt.

In this relation 3E,, is the (1, 1)-component of the strain tensor 3E which is produced
by the adiabatic loading dT. By means of Eq. (3.17) we can express Eq. (4.14) in the form

(4.15) 3, = ;-Zdrq- aé;pdr—i{l— wie—tr[(Oe")T F]}dr
€y Qo

v

Here the index 0 attached to (dpp")" means that this derivative has to be calculated at the

state of deformation relevant to the stress °T. Remembering Eq. (4.10); we get from
Eq. (4.15)

(4.16) 3E, = 25“_;1 {ei wie+tr[(Oep")s ia']}d:.
[ 0

From this relation, from Eq. (4.12) and from Eq. (4.13) we obtain

1 _ 1 o 1 1 _ AT T
(4.17) M’ = (K} c -ﬁ'{a Wit tl‘[(é‘plp )oF]}dt

where Mgq denotes the adiabatic Young’s modulus relevant to the loading process of the
quasi-perfect material. Since the process we are considering starts from a state in which
the stress tensor is °T, we can deduce from the relations (4.4) that for this process

dar
Tll. M
To calculate the quantity tr[(dgp’)5 Fld¢ which appears in Eqs. (4.15) to (4.17), observe

that Fdt is the deformation gradient consequent to the application of d7. Therefore, since
dT does not produce any rotation of the cylinder and since we are considering infinitesimal
deformations, we have

(4.18) wiedt =

(4.19) Fdt = (1+3E)dr Edr = K.
By exploiting the relations (4.19) we can write
(4.20) tr[(e )3 Fldt = tr[(p')] °E]

or, equivalently,
4.21) tr[(3g9")5Fldt = tr[°F -1 °F (")} *E].
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In this relation °F is the deformation gradient relevant to the state of stress °T. Since °T
does not cause any rotation of the cylinder, we have
(4.22) °F = 1+°E.
We can, therefore, infer from Eq. (4.21) the following relations:
4.23)  te[(@py))5Fldt = tr["F(op )} °F 1 °E] =
= tr[°F(rp)5(1+°E)~13E] = tr[°F(ds9")3 E].

The relation (4.23); follows from the relation (4.23), since °E°E is a negligible quantity
for infinitesimal deformations. Since the only non-vanishing component of °T is °T},,
it follows from Eq. ((3.22), I) that the only non-vanishing component of °F(dg$')} is
[°F(0¢#')5]11. We can therefore deduce from Eqgs. (4.23); and (4.14) that

Ay - Ay A dT ny
4.249) tr[(Op )5 Fldt = [°F(089")5)i1 *Ery = [F(Or9)5]11 (7 +a3.¢dt).
Introducing Eqgs. (4.24) and (4.18) in Eq. (4.17) we finally get
425 ° : z . (o7 OF(dp '
(4.25) —.;—G'=M—(.P—W{ 11— Qo[°F(Or 9)5l11}

to within negligible quantities. A similar procedure for unloading processes would lead
to the analogous relation

1 1 o a4)
(4.26) MG == 75 + P {°T; 1 —o[°F(dr%")0)11}

where M,; is the adiabatic Young’s modulus relevant to unloading processes.
From Egs. (4.25), (4.26) and ((3.21), I) we can deduce that for a« > 0

@.27) W>M® and  Mi> M®.

When « < 0 the inequality sign in the above relations has to be reverted. The relations
(4.25) to (4.27) offer another clue for an experimental check of the proposed theory.
As mentioned in the Introduction, however, no sufficiently accurate experiments have
been as yet performed. We think it better, therefore, to refrain from discussing the available
experimental results.

5. Adiabatic loading-unloading cycles

Let an element of material be in a state of deformation F at temperature 6. Consider
two opposite deformation increments, say F*dt and —F*dt and suppose that F*dr is a
loading deformation increment. If both these increments are performed adiabatically,
we can argue from Eqgs. (2.9), (2.10), (2.2) and (2.3) that the temperature variations they
produce are as follows:

. 1
1 O = ——35;,
&) ) d p- Sit
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and
(5.2 64> ——3y.

Since the behaviour of the materials we are considering is for many respects very near
to that of a perfect material, we have to expect the differences between AT, oF(dp9’) and
oF(dpp”)" to be small. Thus we can reasonably argue from Egs. ((4.8), I) and ((4.9),I)
that 5s;t and 53}’ have the same sign of the quantity s;; when the latter is respectively relevant
to loading or to unloading deformations. Since the amount of heat absorbed by the body
during an isothermal deformation increment is equal to the amount of heat lost by the body
during the opposite deformation increment(*), it turns out that 5; and si{ are quantities
of opposite sign when calculated for F* and — F*, respectively. From this observation and
from Eqs. (2.7) and (2.8) we can, moreover, argue that 0, and 8} too assume values
of opposite sign when calculated for F* and —F*, respectively.

We have seen in Sect. 2 that a quasi-perfect material undergoing an adiabatic deforma-
tion process suffers changes in its temperature. We want to demonstrate here that the
positive variation of temperature relevant to a certain adiabatic deformation increment
is always greater than the absolute value of the negative variation of temperature relevant
to the opposite adiabatic deformation increment. This implies, clearly, that the temperature
of a body at the end of an adiabatic deformation cycle between two different states of
deformation must be greater than the temperature possessed by the body at the beginning
of the cycle. As observed in the Introduction, this result is much more realistic than that
foreseen by the theory of perfect materials. According to the latter, indeed, no temperature
variation is brought about by an adiabatic closed cycle of deformation. The analysis which
follows should, therefore, provide further support to the hypothesis of quasi-perfect
elasticity.

Consider a quasi-perfect material (e.g. non cold-worked mild stecl) with a positive
thermal expansion coefficient. This material absorbs heat during the isothermal loading
increment ¥*dr and loses heat during the isothermal unloading —F*dt. From the above
remarks on the sign of s, si; and si{ we can argue that in this case

(5.3) >0 and 35 <0,
and that, consequent:, .
(5.9 Ju<0 and 64%>0.

Since s;¢ relevant to F*dt is equal and opposite to s; relevant to —F*dr, we can easily
infer from Eqgs. (5.3), ((4.12), I) and (4.13, I) that

(5.5 (iefsic) = —1.

On the other hand, keeping in mind the inequalities (5.3) and (5.4) we can deduce from the
inequalities (5.1) and (5.2) that

(5.6) Balbis) = Gie/5).

(*) This is a direct consequence of the energy conservation principle and of our assumptions on £
and T.
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Finally, from the inequalities (5.5) and (5.6) we get

G.7 at = —0ua.
The relations (5.4) and (5.7) prove that for opposite adiabatic deformation increments the
positive variation of temperature is greater than the negative one. Since an adiabatic cycle
between any two states of deformation is composed of opposite deformation increments,
it turns out that the temperature at the end of the cycle must be greater than that at the
beginning. Observe that from the hypotheses on @ and b introduced in [6, Sect. 3] the
equality sign in the inequality (5.7) cannot hold during all the cycle.

The case of a material with « < 0 (e.g. vulcanized rubber under appropriate tensile
forces) can be studied in the light of the previous one. Instead of the inequalities (5.3)
and (5.4) we have in this case

(5.8 sik<0, 5 >0

and ) )

(5.9 0 >0, 0Og<0O

From the relations (5.8), ((4.12), I) and ((4.13), I) we can arrive at

(5.10) (5itfsie) < —

On the other hand, from the inequalities (5 1), (5.2), (5.8) and (5.9) we can derive
(5.1D) (02a/0) < GLfsH).

Finally, from the inequalities (5.10) and (5.1 l) we get

(5.12) boa = —0L2,

which proves that also when o < 0 the positive variation of temperature caused by an
adiabatic increment of deformation is greater than the absolute value of the negative
variation of temperature caused by the opposite deformation increment.

6. On the experimental determination of free energy and entropy

Ay -‘\N

Information about ¢, §” and, hence, about 7’ and 7’ can te experimentally obtained
in a number of ways. The formulae (3.17) and (3.19) relate dg9’ and Cx” to the experi-
mentally measurable quantities 5;,,9;.; and w;. Analogously, dp9’ and dp$)"”’ can be
determined by means of Egs.(4.25) and (4.26) once the adiabatic elastic moduli are experi-
mentally determined. We shall discuss in this section how ', %", 7’ and %'’ can be deter-
mined from experimental measurements of the amount of heat s; absorbed in the
unit time during an isothermal deformation process.

Consider an isothermal loading process. From the first principle of thermodynamics

((4.2), ) it can be easily seen that s;; can be always expressed as
©.1) s = $u(E, 0, F) = tr(HF).

Here

(6.2) H = H(F, 0) = (0s8)"— % F-'T
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is a second-rank tensor which can be determined from Eq. (6.1) once 5,(F, 6, i‘) is known
from experiments. Introducing Egs. ((3.8), I), ((6.3), I) and (6.1) in Eq. ((4.6), I) we can
deduce the relation

A . -] I . e
©3) ~0te[(2y 0w 9")7F) = tr(HIE) + - tr(TF~H)— tr[(@r )F].
Since Eq. (6.3) is valid for arbitrary loading deformation increments, we get from it
(6.4) Baﬂ(af'}:")r_(ali"}'r‘*- % F—1T+H - 0.

This relation represents 9 linear differential equations in the unknown components [dp$’];;
of the tensor-valued function dpy’. Observe that each of these differential equations involves
only one component of dg#’ at a time. These equations can, therefore, be integrated with
respect to 6 independently of each other and allow us to find dp9’. A further integration
with respect to F gives ¢'(F, 6) provided that the compatibility conditions for the existence
of a unique function ¢'(F, 6) are met. Finally, %'(F, 6) can be determined from (6.3). The
analysis for the determination of $”" and %"’ is completely analogous and will not be re-
peated.

7. Thermodynamical deduction of the elastic range

To conclude this paper we shall advance some ideas about the way in which the elastic
range of a quasi-perfect material can be determined by means of non-destructive experi-
ments. This section, however, does not attempt to be definitive. Its main importance is
that it shows how a relation between quantities calculated in the elastic range on the one
hand and yield limits on the other can be inferred. Hitherto, the existence of such a rela-
tion has been seldom suspected.

Consider for simplicity’s sake an axially-loaded thin rod. In this case a standard pro-
cedure allows us to simplify the analysis so that a full one-dimensional situation can be
considered. This will be emphasized by adopting light-face letters for the quantities which,
being tensors, have been previously denoted by bold-face letters. Let 6 be constant and
consider in the (T, F)-plane the curves T = T(F, ) and T* = oF(ép9'). Suppose that
these two curves intersect at a point [T, oF]. By means of the thermodynamical arguments
set forth in [5, Sect. 6] it can be easily shown that the body cannot suffer deformations
greater than oF keeping the stress-strain relation T T(F,6) unaltered.

A discussion on whether or not the material can really reach the state oF without
suffering previous plastic strains, as well as a discussion on whether or not an intersection

between 1" and oF(3g9’) exists, would lead far away from the scope of the present article.
We shall be content here to assume that a point such as [T, oF] exists and that this point
can be attained through the stress-strain relation T = T(F, 6). We shall suppose, moreover,
that for a given 0 the function T = T(F, 0) is represented in the (T, F)-plane by a straight
line. This occurs, for instance, when non cold-worked mild steel is considered. In such
circumstances, since the stress-strain response has to change when F > F, the behaviour
of the material cannot be elastic for F > (F, Therefore, oF must be the yield limit.

é*
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Since materials like non cold-worked mild steel can, for many purposes, be approxi-

mated to perfect materials, we have to expect that the curve pF(dg#$") is very near to T(F,0).
It appears reasonable, therefore, to approximate oF(dg9’) to a parabola whose axis is

perpendicular to the straight line represented by T(F, 6). This parabola, moreover, has
to pass through the point [T = 0, F = 1] in order to meet ((3.22), I). It turns out that
the curve pF(dpy’) is completely determined once its tangent at the point [T = 0, F = 1]
is known. This tangent may be obtained by means of Eq. (4.25) once the adiabatic modulus
M4 relevant to a state , F very near to F = 1 is determined from experiments. When this
adiabatic modulus is known, it, is therefore, an elementary task to find the second inter-
section of the parabola pF(dg9’) with the line T(F, 6) that is to determine the yield limit
oF. If the parabolic approximation for pF(dg9’) is not sufficient, the previous reasoning
does not essentially change: we have simply to determine the values of M,4 for a greater
number of states of deformation in the elastic range.
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