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On nonlocal diffusion of gases

H. DEMIRAY (ISTANBUL) and A.C. ERINGEN (PRINCETON)

A NONLOCAL continuum approach to nonreacting binary gas mixtures is given in this paper.
The balance laws, jump conditions, and the constitutive equation are obtained generalizing the
classical inviscid fluids to include the nonlocal effects. Thermodynamic restrictions are used to
obtain the specific forms of the constitutive relations and the nonlocal field residuals for the
binary mixtures. As one of the consequences of nonlocal effects, it is observed that, by contrast
with the classical case, the hydrostatic pressure of the constituents is a space variable quantlty
Finally, the diffusion equation for small disturbance is obtained.

W pracy zaproponowane jest nowe przedstawienie nielokalnej kontynualnej teorii mieszaniny
dwoch niereagujacych ze soba gazéw. Podane sa rownania zachowania, wdrunki dla skokow
odpowiednich wielkosci oraz réwnania konstytutywne, stanowiace uogoblnienie klasycznej teorii
nielepkich cieczy na przypadek nielokalnych efektéw. W celu wyspecyfikowania formy rownan
konstytutywnych oraz nielokalnych reziduéw dla dwuskladnikowych mieszanin wykorzystano
ograniczenia termodynamiczne. Zaobserwowano, ze w przeciwienstwie do klasycznej teorii
wystgpowanie nielokalnych efektéw powoduje, ze ci$nienie hydrostatyczne staje si¢ wielkoscia
Emicn;ajch si¢ w przestrzeni. Wyprowadzone jest rowniez rownanie dyfuzji dla malych za-
urzef.

B pabote nmpeanored HOBBIH MOJXOA K HEJIOKAIHHON KOHTHHYAJIBHON TEOPHH CMEIIeHHA NBYX
Hepearupyemsix ¢ coBoit rasos. IIpaBenennl ypaBHEHHA COXPAHEHHA, YCIIOBHA VA CKABUKOB
COOTBETCTBYIOIMX BEJIHMYHH, 2 TAKXKE ONpe/e/IAIolHe YPaBHEHHA, cocTaBsomue obobuienune
KJIACCHYECKON TEOPHH HEBA3IKHX >HHMAKOCTeH Ha ciryuail HesoKanbHBIX addextoB. C nenso
crerduunrpoBaHuA GOPMBI ONpeNeIAIILNX YPABHEHMI M HEJIOKAIbHBIX BBIYETOB U1 ABYX-
KOMIIOHEHTHBIX CMecell MCIIONB30BaHBI TepMOAMHAMHUECKHe orpaHmuenusa. HaGmromaercs,
YTO B NPOTHBOBEC IJIACCHYECKOH TEOPHH BBICTYNAHHE HENOKAMBHBIX 3¢¢eKTOB BhI3LIBAET
diakT, UTO HAPOCTATHYECKOE AaBJeHHE CTAHOBHMTCA Be/IMYMHON MeHsioleiicd B MpOCTpaH-
cree. BriBeneHo Toxke ypaBHerue MuddysnH A MAIBIX BO3MYLUIECHHHA,

1. Introduction

THE IMPORTANCE of nonlocal interatomic forces in the frequency spectra of solids has long
been recognized (c.f. [8-9] and references there given). However, the incorpotation of these
effects into continuum is only of recent origin. In this context, we may mention the works
of KUNIN [4], KRONER [10] and the recent works of ERINGEN [1] on solids, and of DEMIRAY
[2] on elastic dielectrics.

The nonlocal effects in fluid mechanics have been explored by ERINGEN [11, 12]. In these
works, Eringen showed that the nonlocal theory includes the surface tension in the consti-
tutive equations.

The main purpose of the present study is to establish a nonlocal theory of nonreacting
binary mixtures extending the range of classical inviscid fluids to include nonlocal effects.
The balance laws and associated jump conditions of nonlocal mixtures are given in Sect. 2,
and the second law of thermodynamics in Sect. 3. In Sect. 4, we develop a set of nonlinear

5 Arch. Mech. Stos. nr 1/78



66 H. DemirAY AND A, C. ERINGEN

and linear constitutive equations for nonlocal mixtures of inviscid fluids. Invariance require-
ments and appropriate thermodynamical restrictions are studied. Finally, as some appli-
cations of the theory, the hydrostatics of mixtures and the problem of nonlocal diffusion
are discussed. It is observed that, by contrast with the classical case, the hydrostatic pressure
of the constituents is a space variable quantity rather than a constant. It is quite probable
that this fact is the result of surface tension which may exist in the gases.

2. Motion, kinematics and balance equations

We consider a collection of continua called the body B, consisting of #n elements capable
of reaction in a region ¥+ S of Euclidean Ej; space. A material point X,, of ath continuum
(¢ = 1,2, ...,n)at time ¢ is carried to a spatial position x through its appropriate motion:

(2'1) X = x(a)(x(a}: t)! o= 1: 2! seey M.

Throughout this work, Greek indices enclosed within brackets mark the species. These
indices are freely placed either in subscript or superscript positions, to avoid crowding
with tensorial indices. The summation convention is applied only on the repeated latin
indices (not on the Greek indices).

The inverse motion of the constituents occupying the spatial point x is given by

2.2) Xw = X(x, 1).
Existence of such an inverse motion implies that
Joy = det(dx*/0Xf) #£0, «=1,2,..,n,

except at some singular points, lines and surfaces.
The velocity vfu, of a material point X,, occupying the space point x at time ¢, is
definedy by:

ox* |
kK — !
2.3) Vo) = = Ix(m)-

The acceleration a,, of the ath component at (x, ) is defined by:

5v‘(‘a,| _D® &
ot X Dt @

249 Yy = Ay

The material time derivative of any tensor function v, following the motion of the «th
component, is given by:

i D® i,
2.5 y® = Dr Vi) = 'g;m) L +T’fa}'i’<a):&-

Assuming the existence of a partial mass density o.)(x, 7) of the th continuum, the density
of the whole mixture is given by:

2.6) 0= ew-
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The average value y of ths tensor field y, is defined by
@7 v =D eove-

By means of (2.7), various average fields associated with the whole mixture can be calcula-
ted. For example, if we take () = V), We obtain the barycentric velocity v:

@39 v = D 0¥,

The integral balance laws of multicomponent media may be expressed in the general

form:
f P dv@ — f {Vdaf® — f gta}d”ta}] =0,

OGS @)~ %) Yy~ @)

(2.9)

where ¢4 is a field of ath continuum over the body B at time ¢, having material volume v,
excluding the discontinuity surface o), which may be sweeping the body at velocity u,;
8w is the source of ¢; and 4, is its influx through the surface S, of v, excluding
those points of g, Which intersect S, .

By means of the generalized Green-Gauss theorem, (2.9) may be converted into
(c.f. ERINGEN [3]):

ey S [ [Hes@ou- g do

& Yy " %)

j [¢(ﬂ}(¥)?€l) T u{‘a)) a t?g) ] "iﬁ)da(a)} = 0 ¥

(G

where the square bracket | | denotes the jump across oy (?).

In classical mixtures, it is posited that (2.10) is valid for every part of the body and,
therefore, the integrands of (2.10) are set equal to zero. As a result, we obtain the local
laws of mixture. In nonlocal continuum physics, we do not impose this severe restriction.
Localization may still be accomplished by writing (2.10) in equivalent forms:

o .
(2.11) _QS(E)— + PV s— 80— T2 =8P in  reu—0w,
(2.12) [¢(;](ﬂ?a}"'uf¢))_“rfa)l”;:m =G@w On Ow,
such that
(2.13) D [ btewdwt+ [ Cwda®]=o.
& Uy "% %)

A L) - . - -
The new fields g, and G, introduced are called the “localization residuals” or “nonlocal
interactions”. Determination of the nonlocal interactions is, of course, an integral part
of nonlocal continuum physics.

5%
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The Eqgs. (2.11)—(2.13) are the master balance laws of nonlocal mixtures. We new employ
these equations to obtain special balance equations for mass, momentum, moment of
momentum, and energy.

i) Conservation of mass

If we take Py = 0mys Thay = &y = 0, Where g, is the partial mass density of ath con-
tinuum in the mixture, then (2.11)-(2.13) give:

a .
g:‘d) +e@¥)k = Cw N Vg~ T,
(2.19) low @y~ )M’ = Cay  ON 0,
2[ f €y @0y + fcta)da(ml] =0,
« Y%, %

where ¢, and éfu, are-the rate of mass production of ath constituent in 9, — 0, and
on o, respectively. These quantities may have local characters as well as their nonlocal
natures.

i) Balance of momentum

By setting dw) = 0mVwy» Tooy = tay 8@ = 0 I in (2.11)-(2.13), we obtain the
nonlocal balance law for momentum:

2+ 0@ Vi) k = CVamr—F@ M V=0,

(2.15) [Qm"(“)(”?a) (a)) tka)]"i) R{'zj on 0O,

Z [ f imd"(a3+ﬁta) dﬂ(a)] =0,

% YT %)

where T, and ﬁm are the rates of linear momentum transfer, or production, within the ath
constituent, due to interactions with other species in the mixture, in ¥, — 0, and on o),
respectively.” Here £, is the body force per unit mass. The above equation may be written
in component form as:

10+ 0 (i —of%) = E(a)”f“’ -H® in Uiy — Oy

lo@v® @ —u)—4PIn® = R®  on 0@,

where #{{” is the partial stress tensor of the «th component of the mixture.

iii) Moment of momentum

To obtain the nonlocal balance law for the moment of momentum, in (2.11)-(2.13)
We set ey = XX 0 Viays Teay = XX thy, 8y = XX 0ay fy» and use the Egs. (2.14) and
(2.16) to arrive at:

(2.16)

sm(xjr‘“) t}:)) = "}Ea‘ in V)~ Oa) s
A
(2.17) sfﬁxj[?(ﬁ)via) (f’fa)"'dzu)) toln® = M®  on o,

Z[ f m{Pdv g, + JM ‘“’da&,] =0.

@)% @)
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At this point, it will be very useful to decompose the m{® as

(2.18) m® = my® 4+ mj'®,
such that

A A -
(2.19) Mm@ = e i Ve — 0.

Such a decomposition is the result of the consideration that part of the Eq. (2.17) should
be invariant under the translational motions of the spatial frame of reference. Employing
(2.18) and (2.19) in the Eq. (2.17) we obtain:

(2.20) et =m®@  in ve—0w,
subject to
Ay %l A
(2.21) 2 f mPdyg, = — Z [ f & XAV
® Uay—Oay & Yy~ %a)
+ f €41 [0 ¥y (Vy — Uwy) — t@,]nﬁ“’da“’]
O'(a)

As is known from the classical theory of mixtures, the partial stress tensor is not symmetric.
iv) Conservation of energy
The nonlocal law of energy conservation is obtained if in (2.11)-(2.13) we set:

Py = £ ; V2 ko=t Vot g5
@ = 0w+ 5 @V T =t V@ oY)

g = @i " Y+ owha

and make use of (2.14) and (2.16). Here, &, is the partial internal energy density per unit
mass, g, is the surface energy influx (e.g. the heat vector), and h, is the energy source
per unit mass. Thus,

W A 1
(222) O = R+ ekt 0 By — PV VP + 0@ (‘2— i AS
- 8(«)) +ew N V=0,

1 A
[(Qm £+ 3 E’(a)"(zaa) (ﬂ?u)‘""faa)—fﬂ)”f” —Qfa)] n? = Eq on 0w,

such that
Z [ f e v + f E‘,)dﬂw] =0,
* Y@ %) %)

where &4, and E},,‘ are the rates of energy production in 9()— 0, and on o,. The Egs.
(2.14), (2.16), (2.20), (2.21) and (2.22) are the fundamental balance laws of nonlocal con-
tinuum mixtures. They are valid for all types of bodies (fluids, solids, viscoelastic mate-
rials, etc.) irrespective of their geometry and constitutions.
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3. Second law of thermodynamics

Studies on thermodynamics of mixtures are meager, and have not gone beyond certain
propositions whose physical bases are yet unknown. Most authors who are dealing with
either continuum or statistical approaches use the entropy inequality for the whole system
(c.f. CoHEN [5], MULLER [6]). On the other hand, ERINGEN and INGRAM [7] have proposed

"the entropy inequalities for each species. Such a formulation provides sufficient restrictions
on possible thermodynamical states of the body in such a way that each individual species
in the mixture has a stable equilibrium. In the present work, we also postulate the entropy
inequalities for each species. We do this by replacing the sign (=) by (>) and setting

_ Kk _ .k —
P = 00N> T = dw/fe» & = 0@hw/fw,

where 7, and 0, are respectively the entropy density and absolute temperature of ath
species subject to

0 i e N — @ f@) k= el /0y —Nay =2 0 in vy~ 0y,

(€X)) [0 M@ @y = Ua)) = G 0] M =Ny 2 0 on 0y,
E [ f My @0 oy + f N{u)da(a)] = 0.
Ygay ~%a) (@)

Here N, and N, are the volume and surface nonlocal rates of the entropy productions.
Now, we transform (3.1) into a more convenient form by introducing the Helmholtz
free energy function:

(3.2) Y = &0~ N>
and eliminating the A, between (2.22); and (3.1). Thus we have:

5 1 - - Cay 1
33 - 9() ('!’(a3+’?(=)9(=>)+ ‘mﬂ 2+ = 0{“ A 09— 6{ (’i’(a} 2 9(2&)

o

(x)

‘f-’{“) + (é‘“’ ﬂg(u) = a(u}) >0 in V)~ Oy -

The inequality (3.3) is fundamental for nonlocal thermodynamic processes and it is some-
what of a generalization of Clausius-Duhem inequality. We shall use this inequality
to obtain certain specific forms for the constitutive equations.

4. Constitutive equations of a binary mixture

The balance laws formulated in Sect. 2 are inadequate for the determination of motions
of nonlocal mixtures. The nature of the medium must be characterized by means of a set
of constitutive equations. We need to construct equations for the constitutive dependent
variables 7§, ¢i”, 9, and 7). In addition, the nonlocal residuals must be determined.
We assume that the constitutive dependent variables are functionals of the following inde-
pendent state variables:

(.41) 9(.3)’ viﬂ)! e(ﬂ]! Xk s 92}1)- ﬂ;(m! BEﬂ]) x)k (a =1 ’ 2)'
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As is seen from the above list of independent variables, we are dealing with nonlocal mix-
tures of two non-heat conducting inviscid fluids. Thus the constitutive functional should
have the following form

(4.2) Y@ = Y@ (0@ 0s)» o, xi; L’;ﬂ)’ 06y » 9P, x}).

Similar forms of constitutive functionals are valid for the other dependent variables.
Now let us construct the time rate of y,,. Bearing in mind the definition of the Fréchet
derivative of a functional, we have:

o= Dortred| 2o+ [ (2) ay] 4y surap),
#

{ﬁ) gy~ %B)
*
an [T [ (S]] + @ supno [ 2o
0.5 | 005 vy
By "%p)
P a 5"P<«) My * ‘
+ f (éw'm win| +o0| g+ | (5] o
Y8y~ % Y(a) ™ %a)
+ f (¢(&) = (D(*:r)) dv(ﬂl ’
Y(a) ™ %)

where the quantities u{*” and @y, are defined by:
(4.9) uf® = o —of),

(4 5) qj(ﬂ) — 6\"{:(} r(a)+2 (Q +ur(¢g) »(g])+ 5‘P(¢) (O(ﬂ)

+H*t¢ﬂ)g'(ﬁ))+ 6‘”“) (0;(#)4_“;‘(«&0'(2))

Here, the symbol 8/4( )’ is used to denote the Fréchet (or functional) gradient, and @f,
is a function obtained by interchanging the primed and unprimed variables. We also note
that

(4.6) f f (P~ P& 40y dvia, = 0.
Y@~ %
For convenience in the subsequent analysis, we introduce the following quantities:
-~ a *
(4_7) N, e(ﬂ 3%:) + ( ?’E‘)) do! ]’
“® = By | 00ay ﬂmj“ s b | P
*
(4.8) Hagy = 2D0B 0Py 4 f 5';"50) d ]_
o 7 90s) Q) g
v ﬁ - ’
@p — Q@ | %@ e
o gl [ (e
Y@y~ %m
(4' IO) R}') = 0 [ a"n”t’a) f (&P(c)) d‘!)(‘)].

Y@y %)
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Employing these definitions in (4.3), the material derivative of ¥, may be expressed as:

(4 11) "1’ Z[”(ﬂﬂ)ﬂw) (é +u£“"’ (B}) ¥ (Gﬂlﬂﬂll (9 +u¢ﬁ)g{ﬁ})]

Q@) %) (75

TG, . R®6,,
+ [—"—*} © (9P + Hﬂ’mﬂﬂ))] + 2o 4 f (Pay— P (ay -
€@ %@ ey

Introducing (4.11) into (3.3), and assuming that there is no mass transfer (locally and
nonlocally) among the species, we obtain:

(4.12) (Qm ??m‘l“Nth)ﬂm*l' [; +“(¢a16u] ofR + 2 (m«m S — T{ePufed )v £

B#a

F 00— > Nl HP0D)— ) Hia e~ P3P
() fra B

— i RO+ it [ @w- ) > 0.
Y@~ %)
If we integrate the inequality (4.12) over the volume of the body, the last term in the expres-

sion disappears (see Eq. (4.6)). The inequality is linear in 6(3,, 9P, o), o and 6.
In order that this inequality may be valid for all independent variations of these variables,
the coefficients of these quantities must vanish. Thus, the following relations are obtained:

(4.13) Nay = — bo Naw (x=1,2),
2@

(4.14) P = -0y (x=1,2),
(415) Tapy = N(aﬂ) =0 (a # ﬁ),
(4.16) TiP = 0g® =0 (a,8=1,2).
The remaining parts of the inequality take the following form:

e _» 1 B @@
4.17 B e g (RIV+7{Wi” | dvgy 2 0.

Y@y (a) (z)

The constitutive equations are further restricted by the principle of objectivity. This prin-
ciples requires that the free energy functional should have the following form:

(4'18) Yo = w‘“)(g(ﬁh B(ﬁ) ’ uiuﬁ); Q;H)! B;ﬁj’ r;‘.s ui(aﬁ))!
where
(4.19) U = o -0, ' =0, P -0y, = x—X,

and ¢, is an isotropic functional (spatially) in its vectorial variables.
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The Eqgs. (4.15) and (4.16) place certain restrictions on the free energy functions. These
stipulations lead us to some integro-differential equations whose solutions are extremely
difficult. From (4.15) and (4.16), some of these restrictions are given bellow:

ﬁ”.‘ﬂ+ J‘(&pm) dv' =0 (x#p),

90 00¢p)
Py W |*
(a {a F *
(420) 68(,8) + fa( a@(rm) dv' =0 (0’. 7 ﬁ)!

0 z '
pa v [ (ma) a =0 @xn.
Y@

From the Eqgs. (4.18) and (4.20), it is seen that, by contrast with the results of local
(classical) mixture theories, in nonlocal theories, the free energy function of a particular
constituent of the mixture depends on the densities, temperatures and the diffusion veloc-
ities of the other species as well as its own. However, this dependence is not arbitrary,
but rather restricted by the Egs. (4.20). One of the particular solutions of these nonlinear
integro-differential equations is obtained by selecting the free energy densities of the form:

(42” 1}’(1) = '}J(u)(g(a}, 6{”; Q;w}s 8;:) ] r;‘) (fI = 11 2)

This form of free energy function automatically satisfies the Egs. (4.20). For our future
purposes, this form of free energy will be used in the remaining part of the work.

Since ,, is independent of the diffusion velocity, and has the form of (4.21), it may be
convenient to express the rate of momentum transfer vector as:

*
o rmen [ () ()]s

(2)” %a)

where ,7{® is the diffusive part of the momentum transfer vector subject to

(4.23) o7 [y#n o = 0.

Introducing (4.22) into (4.17), the entropy inequality becomes:

(4-24) f (e“) A(a) l o’ (")v("))df}(¢) = 0.
LS. O O

The principle of objeclivity further requires that the free energy should have the fol ow-
ing form:

(4'25) Y@ = wtul(e(a}’ 6{1); 9(':}! 6{::)' r')!
with
= |x'—x]|.
From this general formulation, we can obtain nonlinear constitutive equations of va-

rious orders for nonlocal mixtures. In what follows, we shall give the constitutive relations
which are linear in the diffusion velocities.
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Constitutive equations linear in diffusion velocities
In this special case, the form of the rate of linear momentum transfer should read:

(4.26) 1 = X bt + [ vint D),
Y@
where ¥4,(0(5) and ¢, (1) are respectively the local and nonlocal collision frequencies
of « and f§ species.
Moreover, the partial stresses have the following form:

(427) !(’) = —ﬂ'(,}am (a = l, 2)

with

(4.28) Tay Q> Cay ') = 0y 630(«) f( ?gw) 1U.'].
(@)

Introducing the Egs. (4.22), (4.26), (4.27) and (4.28) into (2.16), the following field equa-
tions are obtained:

2
@29) 29 4 (guni®)s = 0,

on™
CED +em(f“’—ﬂ:‘“’)+arf"+Z(mmui“” [ viaiemar)= 0

¥(a)

where, in the interests of brevity, we have defined

(4.31) 7O = —0w f [ o )", ‘}""“’] " (@=1,2).

or' or’
Ya)
By means of these field equations and properly posed boundary conditions, one can,
above all, solve certain problems which may be of some practical and physical interest
to workers in this domain. As a very special case, let us assume that the body forces are

zero and the body is at rest i.e. 9{® = 9, = 0. Thus, the field equations take the follo-
wing simple forms:

(a) \¥
(4.32) aﬂ“ +Qtﬂ) f[ 6';’(!)) + 6‘0(“)] rl d ' =

ax; or' or'

Y(a)
where o7‘® is the hydrostatic pressure and o, is the initial mass density of the ath compo-
nent.

As is seen from the Eq. (4.32), by contrast with classical theories of mixtures, the hydro-
static pressure for nonlocal mixtures is not a constant; it must rather be determined from
the solution of the Eq. (4.32). If the initial mass distribution throughout the body is uniform,
then, one of the solutions of the Eq. (4.32) is given by

(4.33) o7 = 200y (),

where 9% (") = Yy (0cay; Olays )b ay=plsy» Which is not necessarily a constant, but is
rather a functional in r'.
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Diffusion of nonlocal gas mixtures

As another application of the theory, here we formulate the nonlocal diffusion problem
(or generalized Fick’s law). To this end, we assume that:

i) the body and inertia forces of the body are negligible;

ii) the total mass density of the mixture is constant —i.e., 0 = g9y +0¢2) = 00 =
= constant.

Under these assumptions, the field equations for each species become:

(4.34) %
ot
— o'V 5 12t
(4.35) G ! >+f {2y’ = 0,
(4.36) 69‘ ) ), =0,
on®
4.37) e + gD — {1 —~ fv ¥y’ =0,

v
where we have defined » and »' as
(4.38) Vay = —Van =¥, Vun = —Vap) = ”;r';-

Let g, be the deviation of mass density of the species from its initial value —i.e.,
O = C@y—0%,; then, in the accoustical approximation the above equations become:

aA

#.39) *%;L +0¢) vk =
(4.40) K. ﬁg;n faK(”Q(nd” oD 4 fvu{“’dv i 0

1
(4.41) a%(:, +0%,v8% = 0,
(4.42) ~ K3y 39‘2‘ f oK 0(2)dv’ — ' — fv’u}“”dv’ =0.
In obtaining these equations, we have made the following assumptions:
(4.43) 2@ = o+ K 3y 0ay+ f Ky 0(ayd0',
where

K(;) = ‘;)(r’)‘l vKF(cl) = Constant,
and (7® is the solution of

(4.44) aog'[("} x (ﬂ)f[( csﬁoq::') 6‘0(«)] :l: dvr = 0
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Noting the relation 0K, /0x; = — 8K, /0x}, and making use of the Green-Gauss theorems
in (4.40) and (4.42), we obtain:

(445) —K(l) 9{1) + f‘K(l) ae(l) dﬂ"l"l'“ 12)+ f '“”df)'— fK('l}at’l)";da, — 0,
s

(446) —Kg, 39‘2’ f Kl 69‘” do’ —vud— f YUOD dy’ — f K500y mida’ = 0.
5

v

Here n; is the unit exterior normal to the material surface S, and da; is the infinitesimal
area of the surface at x'.

In this work, we are interested in an infinite body, so that the surface effects may be
disregarded. Keeping these facts in mind, and taking the divergence of the Egs. (4.45)
and (4.46), we have:

(447 =K ;,V?05)— fKmV'szdﬂ"""("“"”’z’) .’.”(’U'(” viP)dv' = 0,

(4.48)  — K3y V30— f Ko V78, dw'—r(v‘"—v;mf Y @ —oiP)dv’ = 0,
(2) (2) (2) (2)

where V2 is the Laplacian operator in space variables. Making use of (4.39) and (4.41)
in the Egs. (4.47) and (4.48), and eliminating (%’ among these equations, we obtain

P
(4.49) f Dy (%' —X)]| V' 27ty dor + f 2 (%' = x) 58 dof = 0

(4.50) f Doy (X = X))V 2ty o’ + f £ —x) 27 gy = 0,

where d(x’—x) is the Delta function, and we have defined:
D¢::) = [K;at)'l'K(a) o(x’ '_x)]/@‘),

1 _
E“(E’m el )[vé(x —x)—7'(Ix'=x)],

My = 0@y/0°  (mass concentration deviation),

(4.51) =

and made use of the fact that

(4.52) Z‘ M = 0.

If the condition (4.52) —i.e. m, = —Mmi,, — is employed in the Eqgs. (4.49) and (4.50),
we obtain the following relation:
Dy = D¢
(4.53) or
Ky =K and  K(, = K.
In fact, such a result is to be expected as a consequence of the incompressibility of the
mixture,
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If the contribution of nonlocal diffusion velocity on the rate of momentum transfer
is disregarded — e.g. »* is negligibly small — the diffusion equations take the following
form:

(4.54) fD'([x’—xj)V”m’dv'+ —a;?]- =0,
where, in the interests of brevity, we have set:
: ot 1 i ; L\
(4.5%) D(x'—x)| = — [K(1)+K(1)a(x —x)] TRy, e s
4 Qw2
My = m.

This integro-differential equation is the generalization of classical Fick’s law.

The Eq. (4.54) and properly posed boundary and initial conditions may be used to
solve the problem of mass diffusion of a gas in a mixture. Yet, the form of the Kernel
function D'(Jx’—x|) is not known to us. In solving certain practical problems, it might be
a good approximation to select this function as an exponential in |x'—x| or [x'—x|%.
The former is valid for somewhat strong interactions (c.f. ERINGEN [11]), while the latter
is for a weaker nonlocal interaction.
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