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1 Basic definitions and notations

Let (Q, F(Fe)eer» P) be a probability space with filtration. We assume that
T = [0,t00), too < 00, Fo contains all sets of measure P zero and F; = n.'F,

8>t
for each t € T'. Let R be the space of the real numbers and let H be a real
separable Hilbert space with the norm ||.||.

Definition 1 An H-valued stochastic process X is a semimartingale if it
admits a representation as a sum X = M +Y, where M is a locally square
integrable martingale and 'Y is a cadlag process of bounded variation.

Definition 2 An H-valued stochastic process (X;),er is said to be quasi-left
continuous (see [1]), if for each e > 0 there exists § > 0 such that for all stop-
ping times 71,72 : Q=T P(|n1—71| >0) <d= P(| Xy, — Xnllg >¢€) <
€.

We define a truncation function 6 : H — H by the formula:

h
h for ||hllg <1

We denote by L = L§ (2, F, P) the space of H-valued Bochner measurable
random variables with the F-norm ||Y||§" = Ef (||Y||g). If H = R, we denote
LH by Lo.

Definition 3 We shall say that an H-valued process X satisfies condition
(b), if for arbitrary € > 0, there exists s > 0, such that

d (Z 1 (6 (%o, = X)) ) s > ) <e,

k=1
for every finite sequence 1 = {0 =1ty <t; < ..<tp=te}-

Let £ be the space of bounded linear operators from H to H with the
norm || ||, HS be the space of Hilbert-Schmidt operators from H to H with
the norm || ||, and A be the space of nuclear operators from H to H with
the norm || ||,.



For a function f : [0,tx] — B ((B,]|.]lg) is a Banach space) of finite
variation Var (f), the symbol ||df,||g denotes the measure on T' = [0, )
described by the formula ||df, |5 ([0,¢]) = Var (f - Ijp,) for t < to.

If (By,|.lls,) and (Bz,|l.|lp,) are Banach spaces, then (R) denotes the
class of functions f : B; — B, such that

L. 350 Vaen, If (@), < ¢

2. 3r50 Vaifolip, <r f (&) =0;

3. 3o If (@) = F WDIs, < k110 (= Y)ls,» .y € Bi.

We denote by Ry the following family of predictable rectangles:
Ro={(s,t] x A:s<t, s,te€T and A€ F;}.

2 Definition of an abstract integral

In this Section we repeat the relevant material concerning general theory of
integration from Kwapien’s lectures.

Let Z be an arbitrary set, Ay be an algebraof its subsets, F' be a
complete linear metric space with metric p and m : (Z, 4g) — (F,p) be an
additive set function.

We denote by S® a linear space of the form f () = 3 i, aly, (z), where
o; € Rand Aj, As,..., A, € Ap. Let SF = {f eSR:fRIN<L1Vze Z}.
For every f € S® we define

/z §(ym(dz) = Y am (4)

and p (f) = sup,esr P (f;vo fdm,0). We also define, for arbitrary A C Z,

m*(A) = inf sup p(m(B),0).

100
AclUiZ:6n Cieto Bl J2, ci, Beso

In the remainder of this section we assume that the following condition holds:

(C*R) If {fa}p, C SE and m* (limp—co fn # 0) = 0, then p(f,) =0

n=1



Definition 4 We shall say that a Teal measure p on A is called a control
measure of m if Veso Js>0 Voea, 1(C) <= m*(C) <e.

Definition 5 We shall say that a function f:Z — R is m-integrable, if
there exists {fa}ow; C S such that

@ m ({zez:fax) = f2)}) =0
(ii) p(fa— fm) — 0 for m,n — oo.

Let us assume that f is m-integrable. Since (F,p) is a complete space -
and

P(/z fndm,/lfmdm) < p(fa— fm) = 0 for m,n — oo,

there exists I (f) € F such that [, fudm — I(f) in F. We define

/f@mua:zm.
V4

From (C*R) it follows that the integral does not depend on the choice of
{faknzs € 5™

3 Integration with respect to real valued semi-

martingales
In this Section we recall the description of the space of real predictable pro-
cesses, which are integrable with respect to a real quasi-left continuos semi-
martingale. This description was made by Kwapieni and Woyczynski in [2]
and (3].
We follow the notation used in Section 2. Let Z = T x , Ay = Ry,
F =Ly, p(F,G) =||G — F||, and let m : Rg — Lo be defined by the formula

m((s,t] x A) = (Xe — X,) Ia, s,t €T, A€ F,.
Let (mn)oe; be a nested normal sequence of partitions of 7' of the form

T={0=1f <t} <..<tf =tx},



i.e., Vmzn M C Ty and hm D MAXig(1,2,..kn} |t -t l| = 0. Let 7 = Fip and
dp = Xop — Xz fork—12 k.

Let X be a quam—]eft contmuous semimartingale. Equivalently, X satisfies
condition (b) (see [3], Theorem 9.5.1). Then Jacod-Grigelionis characteristics
are defined as follows.

The first characteristics is a continuous process (B;),cr of bounded variation,
defined as the uniform limit in probability of the sequence of processes

B.()= Y E(0(&)IFy).

kitp<t

The second characteristics is a random measure 2 on B(T x R\ {0}) such
that for each f: R — R, f € (R),

lim 3 B @)1F) @) = | " | f@mnas iz P

kit <t

The third characteristics is the nondecreasing continuous process (C}), . de-
fined by the formula C (t) = W (t)_fn\{o} fot 62 (x) p (ds, dz,w), where W (t)
is the uniform limit in P of the sequence W, (t) = Zng E (62 (dp) |71y)-
The existence of the above limits follows from [3], Theorem 9.3.1. The space
of predictable processes, which are integrable with respect to X, is analyti-
cally described by using (B, C, p).

Let us define a random measure v on T by the formula

v (ds, w) = |dB,| + |dCy| + / 62 (|2]) 1 (ds, dz,w) ,
R

where |dB;| and |dC,| are measures defined according to the definition of
||dfs||gin Section 1. We also define predictable processes b(s,w), c(s,w)
and a predictable random measure ¥ (s, dz,w) such that dB, = b(s) v (ds),
dCs = c(s)v(ds) and p(ds,dz) = v (s,dz)v(ds). Let v be the measure
on B (T) ® F defined by the formula v (dt, dw) = v (dt,w) P (dw). Moreover,



let for s € T and = € R,
bom,w) = [ 60 @D (5, duw) + ¢(5,0) 2%,
R

i(s,x,w)=/R(t9(a:u)—:c0(u))f/(s,du,w) + b(s,w)z,

l(s,z,w) = sup 1(s,y,w) and ¢ (s,z,w) =k (s,z,w) + (s, z,w).
lyl<lz|

For each process F' € S®, we define the following random variable
Oy (F) = / ¢ (s, F (s,w),w) v (ds,w).
T

We also introduce the space LY, ; (dv) of v a.e.~equivalence classes of real
predictable processes F' such that ®x (F') < oo a.s. with modular ¢ (F) =
|@x (F)|ly- L, (dv) is a complete modular space.

We repeat the main theorem ([3], Theorem 9.4.1) describing the space of

predictable processes.

Theorem 6 Let X be a quasi-left continuous process. Then the additive set
function m generated by X on Ry extends to a stochastic measure on the
predictable o-field P if and only if it satisfies condition (b). In this case v is
a control measure of m and a predictable process F' 1is integrable with respect
to X if and only if F € LY ,(dv). Moreover, for a predictable step process
F, the modular p (F) is small if and only if 1 (F) is small.

4 Integration with respect to Levy processes

At the beginning we recall the notion of Levy process.

Definition 7 We call an R-valued cadlag stochastic process (X;),er a Levy
process if

a) Xo=0 a.s.;

b) for each n > 1 and each collection to,ty,...tn, 0 < to < t1 < ... < ty, the
variables Xy, Xy, — Xig, -0, Xt,, — X4, are independent;



c) foralls >0 andt >0,
Xevs — Xo £ X, — Xo;

Definition 8 for allt >0 and e > 0,
lsiLx%P([X, - X >€)=0.

If X is a Levy process, then there erist constants b, ¢ > 0 and a positive
measure U (dz) on B (R) such that B, = bt, C = ct and p (ds, dz) = v (dz) ds
with a = [, 6% (z) 7 (dz) < oo.

Definition 9 Let X be a Levy process. Let h : R — R be an arbitrary
bounded function with bounded support satisfying the equality h (z) =z in a
neighborhood of 0. The notation X~ (b, c,7), means that

Ee™Xt = exp [(zlm - CUTQ + /R\(O) (€™ —1—iuh(z)) ¥ (da:)) t] .

The characteristics (b, ¢, 7), are called the Levy-Khinchin characteristics. We
will use them to describe Levy processes. Let us mention the following remark
(Remark 8.2.2) from [3]:

Remark 10 If X is a stochastically continuos process with independent in-
crements, then the Levy-Khinchin formula holds:

Xy . C{U? ‘ iTu .
Ee™*t = exp | iByu — + (e — 1 —iub (z)) u(ds,dz) | .
2 R\{0} Jo

1)

Taking into account the above considerations, the formula 1 implies

2

EeXt = exp [(ibu - C“T + /R o (€™ — 1 - iub (z)) 7 (d:::)) t] )

e, X7 (b,c,0),.



Therefore, v (ds) = Kds and b (s,dz) = 1v (dz) for k = |b| + ¢+ a.
Obviously, b(s) = £, c(s) =

)C’

k(s,z) =k(z) = —,1;(/R 6% (zu) 7 (du) + cz?) and
1,2 =T(e) =L aup ( [ @@ -w0@)pan+ by)

K lyl<le|

and finally
®(F(s,w) / / 6% (F (s,w)u) 7 (du) + cF? (s,w)

+ sup (/R (0 (yu) — yb (u)) 7 (du) + by)]ds.

lyI<|F(sw)|
As an example we describe a space of X-integrable processes for X being
a-stable Levy process (a € (1,2]).
Definition 11 We call a Levy process (X;),e an a-stable Levy process (o €
(0,2]) if for each a > 0 there exists d € R (dependent on a in general) such
that {Xa, t € T} "2 {aixt tdt, te T}.

In the remainder of this section we denote the function z/zj<1;by h (z).
Let a € (1,2] and let X be an a-stable Levy process with the Levy measure

I, I,
p (dz) = (<_,>|+_{_-l) dz, 71,2 >0,
If a € (1,2) then X~ (b;,0,7),.
If @ = 2 then X~ (bs,c,0),, c#0.

Let us describe the space of predictable, X-integrable processes.

Ko(2—a)

(J—Z2 s 4 2) faf? for a=2

Kka(2—a)

_ L[ 62 (zu) 7 (du) = Z02|z)® for a € (0,2)
(.’E) _ & JR
and, for |y| > 1,

% ( /R (0 (yu) — y0 (u) 7 (du) + by)

)l - s+ 2 forae (0,20 (1}

ka(l—a



1. Let @ € (1,2). Then b, = b — 2. Since 1y > 0 or 13 > 0,

LY  (dv) = { P-measurable F': /T|F' (s,w)|*ds < co a‘s.} ;

2. Let a=2. Thenb, =b+1ry —11.

LY, (dv) = { P-measurable F: /T|F(s,w) [2ds < oo a.s.} .

5 Integration with respect to Hilbert space
valued semimartingales

Let (X3),er be a quasi-left continuous semimartingale with values in H. Our
main goal in this section is recall the characterization of the space of L-valued
predictable processes, which are integrable with respect to X. This charac-
terization was made in [5], and therefore we repeat the relevant material from
this paper. Some theorems and definitions from [4] and [5] had to be shorten
to adopt them to this presentation.

We follow the notation used in Section 2. Let Z = T x 2, Ay = Ry,
F = LY p(F,G) =||G - F||g' and let m : Ry — Lo be defined by the
formula m ((s,t] x A) = (X, — X,) Ia, s,t € T, A € F,. We replace the
spaces S® and SPby S* and Sf, where each f € S¢ has the form f(z) =
Yot ilg, (2) with a; € £ and A; € Ry. We also replace the condition
(C*®) by (C*£) in the obvious way. Then, for every f € S, we define
J2 £ (Z)m(dz) = 3, i (m(Ay)).

Let (75)5.; be a nested normal sequence of partitions of T' defined in Sec-
tion 3. To define Jacod-Grigelionis characteristics we introduce the following



auxiliary processes.

B.(t)= Y E(0(dp) |7y,

k’l"<t
Wa(t) =Y E (6 (@)l |7y)
Ict"<t
Vat)= > E(6(d})®06(dp)|Fry),
Ict"<t
P.(t)=Pl(t)= > E(f(dp)|Fr,), forafixed f: H—HS, f € (R).

kit <t

The next theorem, being a combination of two theorems from [4], is extremely
useful in the proof of the existence of Jacod-Grigelionis characteristics.

Theorem 12 If X an H-valued quasi-left continuous semimartingale, then,
for each t € T, the limits in probability

B (t) = lim B, (t),
W (t) = lim W, (t),
V(t) = lim V, (¢),
n—oo
and
P(t) = lim P, (t)
n—oo
exist; they are continuous processes, and the convergence is uniform on T'.

We are now in a position to define the characteristics.

Definition 13 The first characteristic of X is the process (B (t)),er - The
second characteristic is the measure p defined on B (T x (H\ {0})) by con-
dition: iMn-s00 Y jin<e B (f (d7) 1F71) (@) = e g0y Jy f (z) p(ds, dz,w), in
probability, for each function f : H —HS belonging to (R). The third char-
acteristic of X is the process (C (t)),er defined by formula

C(t)=V(t)—/H\m/0 0(z) ® 0 (z) p (ds, dz, w) .



The characteristics B and C' are continuous processes of bounded varia-
tion. Moreover, [ fot 16 (x)llf{\{o} u(ds, dz,w) < oo a.s. We define a random
measure v on B (T') as follows.

v(ds,w) = [|dBs|lg + [14Cs |l +/H(92(lelu)u(d3, dz,w),

where ||dBsl|y and ||dC,||, are measures defined in Section 2 for B =H
and B = N respectively. We also define predictable processes b (s,w) with
values in H, c¢(s,w) with values in A/, and a predictable random measure
U (s,dz,w) such that dB; = b(s)v (ds), dCs = c(s)v (ds) and u(ds,dz) =
 (s,dz) v (ds). Their existence is a consequence of Radon-Nikodym property
of H and M. Let v be the measure on B (T") ® F defined by the formula
v (dt, dw) = v (dt,w) P (dw). Moreover, let for s € T and z € L,

k(s,z,w)=L0(|lx(u)||ﬂ)29(s,du,w)+tr(a:c(s,w)z"),
l(s,x,w)=/H(0(zu)—-z6(u))i/(s,du,w) + a{b(s,w)),
I(s,z,w) = feug [IH(s,7z,w)|lg -

Additionally, let ¢’ (s, z,w) = k (s, z,w)+! (s, z,w) and ¢" (s, z,w) = 0 (||z||f_[)
For a process F' € S*, we define the following random variables

¥y (F) = /T ¢ (s, F (5,0) ,w) v (ds,w),

& (F) = / o (8, P la,0), i) w{dw) and
Px (F) = @y (F) + 0% (F).

We introduce the space ¥ of v a.e.~equivalence classes of £L-valued predictable
processes F' such that ®x (F)) < oo a.s. with modular 9 (F) = ||®x (F)||,.

We formulate the main result from [5], which describes the space of X-
integrable processes.

Theorem 14 Let (X;),.r be a quasi-left continuous semimartingale with val-
ues in a separable Hilbert space H. Then m extends to a measure on P and
v is a control measure of m. Moreover, a predictable L-valued process F is
integrable with respect to X if and only if F' belongs to V.

10
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